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Preface

This draft manuscript is for the course MA3D4 Fractal Geometry at the Uni-
versity of Warwick. In this 30hrs course, we will learn some basic as well as some
not basic results in the study of fractal geometry and related fields. The materials
are divided naturally into 3 themes.

e Foundations and basic constructions: Hausdorff dimension, Hausdorff
measure; Box dimension; self-similar sets; some graphs of functions;

e The geometry of fractal sets and measures: geometric theorems (Marstrand);
self-similar measures; random fractals;

e Non-examinable Number theory, Combinatorics and fractal measures:
algebraic linear self-similar systems; Shmerkin-Wu theorem; Bourgain’s
sum product theorem,;

N.E. marks non-examinable parts. Such parts will not be tested in the exam.
However, some N.E. parts are useful in gaining a solid understanding of other
materials including the examinable ones. All of the N.E. parts can be treated as
blackboxes, i.e. you are not required to understand their proofs.

Warning: This draft is not error free, at least for a long while!

Highly recommended books: [1, 4, 7].

Han Yu
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Part 1

Basic Topics






Some common notations

Let f,g be real-valued functions on a variable t. We assume that ¢ is never
zero. We use f = Oy, (g) or f <4y, g if for some C' > 0,

t
im SOl o
AR (o)
We omit ¢ — t, if this is clear in the context. Often ¢, is either 0 or co. In this

case, we also write

g=0(f),g> .
We write f < g if f < gand f> g. If C' =0, then we write
f=o(g).






CHAPTER 1

Some basic constructions of fractal sets

We study fractals in Fractal Geometry. However, it is not clear what a fractal
is. In fact, there is no standard definition telling us what a fractal should be.
Wikipedia nowadays suggests that “In mathematics, a fractal is a geometric shape
containing detailed structure at arbitrarily small scales, usually having a fractal
dimension strictly exceeding the topological dimension.” This is more of an idea
than a precise definition. In this chapter, we will see many examples of fractals
that fit the general idea stated in Wikipedia.

1.1. Random constructions

1.1.1. Brownian Motion. There are a lot of naturally formed fractals in the
real world. This is not at all strange! In fact, smooth and regular-looking objects
should be considered as being outliers.

Here is a list of fractals in nature. I did not include them in the notes for the
printability.

Landscapes https://www.fractal-landscapes.co.uk/photos.html
Snowflakes https://www.noaa.gov/stories/how-do-snowflakes-form-science-behind-snow
Fungi https://southern-highlands.naturemapr.org/sightings/4429351
River https://en.wikipedia.org/wiki/River_delta#/media/File:Lena_
River_Delta_-_Landsat_2000. jpg
e Lightning https://commons.wikimedia.org/wiki/File:Pink_Lightning.
jpg
e Browning Motion https://www.youtube.com/watch?v=ernnQJwaKTs&ab_
channel=StephenCurry

One way to explain such fractal structures is that many macroscopic phenomena
are actually caused by microscopic parts and interact with each other in a certain
way. A perfect example of such a phenomenon is Brownian Motion. In order to
have some intuitive ideas, let us consider that in a 1 x 1 x 1 box, we sequentially
throw in white balls of radius 10~5 one after the other. To simplify the imagination,
let us consider that the balls are all starting to move from the centre of the box
with a unit speed of a uniformly random direction. After we have put in enough
(like 10% many) balls, we can start tracking a particular ball. To do this, we can
choose a moving ball and dye it red. We can then get a red path. (Recommended:
try to write codes to simulate this procedure.)

Sometimes, our problem is not to understand the accurate mechanism for gen-
erating a natural fractal. We can then free ourselves from considering the physics
law and focus on modelling this fractal. For example, we just mentioned Brownian
motion by introducing a ’realistic’ environment. This is not necessary. In fact, we
could have chosen the following path.


https://www.fractal-landscapes.co.uk/photos.html
https://www.noaa.gov/stories/how-do-snowflakes-form-science-behind-snow
https://southern-highlands.naturemapr.org/sightings/4429351
https://en.wikipedia.org/wiki/River_delta#/media/File:Lena_River_Delta_-_Landsat_2000.jpg
https://en.wikipedia.org/wiki/River_delta#/media/File:Lena_River_Delta_-_Landsat_2000.jpg
https://commons.wikimedia.org/wiki/File:Pink_Lightning.jpg
https://commons.wikimedia.org/wiki/File:Pink_Lightning.jpg
https://www.youtube.com/watch?v=ernnQJwaKTs&ab_channel=StephenCurry
https://www.youtube.com/watch?v=ernnQJwaKTs&ab_channel=StephenCurry
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e Consider the lattice Z3. Let us consider the point P(0) = (0,0,0).

e Each time (modelled as an integer k), we can throw a dice and decide to
move the point from P(k) to P(k + 1) according to the outcome of the
dice. (There are six possible directions to move and there are six faces of
a dice.) We can then draw a red line from P(k) to P(k + 1).

e After a long time, say, N steps, we can take a look at the picture we drew
by rescaling the whole picture with a factor of 1/v/N.

e For large enough N, the picture will look like a path of Brownian Motion.

Paths formed by the bouncing hard-ball system look like the random walk pic-
ture. However, it is extremely difficult to rigorously establish the fact that those
two pictures are alike in a certain mathematical sense. See [2]. Even without math-
ematical justification, it is still impressive to obtain randomly generated pictures
that look just like those that come from natural and deterministic processes. In-
spired by the artificial construction of Brownian Motion, we now look at some more
ways of generating nice (and natural) fractals. Such techniques are quite useful in
Computer Graphics for procedural content generation.

1.1.2. Landscape. We consider the function T'(z) = sin(nz). Let 0 < a <
1 < b be numbers. Consider the function

W p(x) = ZajT(bjx).
j=0
This function is well-defined because the sum converges absolutely and uniformly
on R. Thus W, is a continuous function. If the product ab < 1, then Wy, is
differentiable. If ab > 1, then W, is not differentiable. If ab > 1 then W, is
nowhere differentiable and the graph looks like a fractal set. However, even for
ab < 1, we can generate interesting pictures. Try the following Mathematica code
that can run on Mathematica 13.3 (and perhaps on other versions as well).
Wla_, b_, x_] := Sum[a~k Sin[Pi b~k x], {k, 40}]; (¥Weierstrass

function definitionx)

Manipulate [Plot [W[a, b, x], {x, window, 0.005 + window}], {window, O,
1}]

LisTING 1.1. Mathematica 13.3 code

It is fun to set a pair of values for a,b and look at the generated graph. Here is a
list of examples:
e Mountain line: a = 0.4,b = 7.
e Stock price: a = 0.65,b = m.
We can also make the sum in Wy 3 to be random. Namely, we consider

Rop(z) =Y +a/T(Vz +0;)
Jj=0
where each + is chosen randomly for each j independently with equal weight and
6; is a random variable taking values in [0, 1] with uniform distribution. We can
insert as much randomness as we wish. The only obstruction is our imagination.
Try the following code.
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a = 0.45; b

c = 0.45; d = Pi;

RandomList = RandomInteger[1, {10, 103}];
Theta = RandomReal[1, {10, 10}]1;

= Pi;

Tlx_, y_] := Sum[2*x(RandomList [[k]I[[jl] - 0.5) a"k Sin[Pi (b~"k x +
Theta [[k]J]1[[jl])1*2*x(RandomList [[k]][[j]] - 0.5) c~jSin[Pi (d4d7j
y + Thetal[[kII[[jI11)], {k, 10}, {j, 10}];

Plot3D[T[x, y]l, {x, 0, 0.5}, {y, 0, 0.5}, Mesh -> 10, MeshFunctions ->
{#1 &, #2 &}, MeshShading -> {{Automatic, Automatic},{Automatic,

Automatic}}, ColorFunction -> "DarkRainbow"]

LIsTING 1.2. Mathematica 13.3 code

1.1.3. Voronoi diagram. Let [0,1]* be the unit cube. Let F' C (0,1)* be a
finite set. Then for each x € [0, 1]*, the minimal Euclidean distance d(z, F) from
x to the set F' is well-defined. In general, it can happen that there are multiple
points in F that achieve this minimal distance. However, for most of = € [0, 1]¥, the
minimal distance d(z, F') is achieved via a unique f € F. We can then colour this
point x by f. As a result, we decomposed [0, 1]* into a disjoint union of polygons.
This is the Voronoi decomposition of [0, 1]¥ via F.

We can choose F randomly and keep refining the decomposition by introducing
new points. We omit further details. See http://files.righto.com/fractals/
vor.html

1.2. Dynamical Systems

Generally speaking, a dynamical system is a pair (X,T") where X is a set and
T: X — X is a map. We want to understand the iterated actions of T. For
example, we can take X = C and T : z — f(z) by a polynomial function f. We
want to consider the following set

Jp ={z :sup |f"(2)|] < oo}
n>1

This is the set of points on the complex plane such that under the iterated action
of f, the orbit {f™(2)}n>1 is bounded.
If f(2) = 2, then Jy = C.
If f(z) = 22, then J; = D, the unit disk {2 : |z| < 1}.
If f(2) = 2+ 1, then Jy is empty.
What is J; for f(z) = 2%+ 17
For simplicity we write J, for J; with f(z) = 2% + ¢ where ¢ € C. Here are some
pictures of J. with different c. See https://en.wikipedia.org/wiki/Julia_set

Next, we see that for some of ¢, 0 € J.. It is curious to see the collection of ¢
with such a phenomenon. We define

M={c:0e J.}.

We can now draw M. See https://en.wikipedia.org/wiki/Mandelbrot_set
The study of J; for general f (not necessarily a polynomial) lies in the heart
of Complex Dynamics, a difficult research area with a lot of nice pictures.


http://files.righto.com/fractals/vor.html
http://files.righto.com/fractals/vor.html
https://en.wikipedia.org/wiki/Julia_set
https://en.wikipedia.org/wiki/Mandelbrot_set
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1.3. Iterated Function Systems (IFS)

Let n > 1 be an integer. An IFS on R” is a collection of functions
F = {fz :R" — Rn}iej

where T is an index set. Let U be a subset of R™. We say that U is (forward)
invariant under F if

fi(U)ycvu

for all ¢+ € I. The idea is similar to that of Dynamical Systems. The difference here
is that we could have more than one map to generate the ’dynamics’. Clearly, R™
is always invariant. However, this tells us nothing about the IFS. In fact, a large
part of the study of IFSs is the study of possible invariant sets.

If I is a finite set and F is a collection of linear maps we call it a self-affine
system. Any invariant set is called a self-affine set. If moreover F is a collection
of Euclidean isometries, we call it a self-similar system and any invariant set is a
self-similar set.

We will study linear IFSs in a later chapter. For now, let us see some examples.

Example 1.3.1:Middle Third Cantor set

Consider the IFS F = {f1 : ¢ — x/3, fo : # — (x + 2)/3} on R. There is
a compact invariant set K C [0,1]. It can be constructed via the ‘chopping
the middle third method’. More precisely, consider the unit interval Iy =
[0,1] We then remove the middle third part (1/3,2/3) and obtain a disjoint
union of two intervals of length 1/3. We can then remove from each of those
intervals the middle third part. This procedure continues indefinitely. As a
limit, we obtain K.

We can generalise the above construction in higher dimensional Euclidean
spaces. The following list contains a few examples. You can run the code on
Mathematica 13 and see how the construction goes in each example.

Example 1.3.2:Sierpinski Triangle

1 GraphicsRow[Table [MengerMesh[n], {n, 0, 4}]]
LisTING 1.3. Mathematica 13.3 code

Example 1.3.3:Sierpinski Carpet

1 GraphicsRow[Table[SierpinskiMesh[n], {n, 0, 3}]1]
LISTING 1.4. Mathematica 13.3 code

Example 1.3.4:von Koch curve
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I GraphicsRow[Table [Graphics [KochCurve[n]], {n, 0, 6}]]
LisTING 1.5. Mathematica 13.3 code

Example 1.3.5:Menger Sponge

1 MengerMesh [4,3]
LI1STING 1.6. Mathematica 13.3 code

1.4. Digit expansions in number fields (N.E.)

Many examples of IF'Ss can also be viewed from a number-theoretic perspective.
For example, we can consider ternary expansion of numbers, i.e. digit expansions
with base 3. Then the Middle Third Cantor set C' is the closure of

{z € [0,1] : a ternary expansion of x has only 0,2 as digits}.

Notice that some rational numbers can have two different ternary representations.
A lot of examples from the linear IFS can be constructed as missing-digit sets
like the middle-third Cantor set. We can continue from this point of view and
generalise the construction of missing-digit sets. Here, it is illustrative to consider
a non-integral basis, i.e. expansions with respect to non-integers. To do this, we
will make a small detour into algebraic number theory.

Let us consider the ring Z. For each integer b > 2, there is a filtration of ideals

) c)c() =2
One can expend this chain as follows
o) chc)=ZcOHchOHc...

Notice that (b~1) = Z/b is no longer a set of integers. It can be checked that for
all t € Z, there is a canonical isomorphism of rings

(/") = Z /3.

We can now 'complete’ the above chain by considering one-sided infinite sequences
with symbols in the finite set Z/bZ. A typical element is represented as

Ab = bkbk-—l ‘e bob_lb_g ‘e

for some integer k. We declare A; as an element of R by giving a sense of conver-
gence, i.e. a topology. In this way, we obtained b-ary expansions of real numbers.

If we ’complete’ the chain in the other direction, then we do not have R. In
fact, if b is a prime number, we have the local field Q; of b-adic numbers. To put
R into the context, it is often written as Q..

Let us consider a number field K with the ring of integers Og. As Ok may
not be a principle ideal domain, it would be too restrictive to only introduce digit
expansions with bases in Og. A more proper way is to introduce ’digit’ expansions
with respect to ideals. Of course, if Ok is a PID, there is no difference. Let I be
a non-trivial ideal. Then Ok /I is a finite set. As in the case of Z, we can forge an
infinite chain of fractional ideals

OxclItcli?.. . cK..
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In this way, we obtained I-ary expansions of elements in the torus K., /Ox. We
can finitely extend the [-ary ideal chain towards the left side and obtain I-ary
expansions of K.,. By using Galois embedding, we can identify K., with

R® x C*
where s, 2r are the numbers of real and complex embeddings and s+ 2r is the degree

of K/Q. By using the above ideas, we can now construct more exotic examples of
Cantor sets.

Example 1.4.1:real quadratic example

Planned

Example 1.4.2:complex quadratic example

Planned




CHAPTER 2

Measures and dimensions

2.1. The Lebesgue measure: a review

2.1.1. o-algebra and measure. The notion of o-algebra is central in mea-
sure theory and related fields, e.g. probability theory. We now briefly recall the
definition.

Definition 2.1.1:

Let X be a set. Consider the power set P(X). A o-algebra A is a collection
of subsets of X, i.e. A C P(X) such that

o if A c Athen A° € A

e given a countable collection Ay,..., A;,... of elements in A, their

intersection as well as their union are also in A.
e (*) The empty set ) and X itself are in A.

Note that (*) is redundant. A fact that will be useful is that for any collection
F C P(X), there is a smallest o-algebra containing F. That is, there is a o-algebra
o(F) such that any other o-algebra that contains F also contains o(F).

Once we have a space (X, .A) with A being a o-algebra of X, we will call (X, .A)
a measurable space. Now we want to introduce the notion of measure.

Definition 2.1.2:

Let (X,.A) be a measurable space. A measure y is a function
w:A—G
where G is a complete topological abelian group. In addition, u satisfies

e 1(0) = 0 the identity element of G.
e For any countable collection of pairwise disjoint Aq,..., in A,

(Ui 4;) = ZM(Ai)-

In most cases, G = R or C with respect to the addition. In case G = R, we
will also call i to be positive if u(A) > 0 for all A € A. We will always assume this
is the case.

There is no guarantee that such a measure p exists. However, in most of the
cases, one can construct measures via certain extension theorems (e.g. Carathéodory’s
extension theorem). The idea is that one can explicitly construct g on a much
smaller collection A’ C A. Then it is possible to extend u to o(A’). If o(A’) = A,

11
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then we have a satisfactory p at hand. This condition can also be checked via cer-
tain generation theorems (e.g. Dynkin’s m — A theorem). We will not provide more
details on measure theory where one can find ‘infinitely’ many excellent learning
materials (e.g. Wikipedia+references therein).

2.1.2. Borel sets. We will not encounter very general X as our universe. In
fact, we will only consider metric spaces. Let X be a metric space. In this case, its
metric topology T generates B(X) = o(T). This o-algebra is so important that we
give it a name: the Borel o-algebra of X. Each A € B(X) is called a Borel set. In
particular, any open/closed set is Borel. Not all Borel sets are open/closed. Then
half interval [0,1) C R demonstrates this fact.

We will not encounter very general metric space either. In fact, we will only
consider those metric spaces X that are separable (i.e. the existence of a countable
dense subset) and complete (i.e. the existence of all Cauchy sequences). Such a
metric space is called a Polish space. Nearly all spaces that we will meet in everyday
life are Polish, including any separable Banach space (basically, Polish linear space).

2.1.3. Continuity and Regularity of measures. Consider a (positive) mea-
sure p with value in [0, 0o]. From the definition, it can be checked that
u(A) = lim p(A,)
1—> 00
if A; is an increasing list of measurable sets with union A. It can be also checked
that
n(A) = lim pu(A;)
i—00
if A; is a decreasing list of measurable sets with intersection A and A; has finite
measure. These results are called the continuity of measures.

A related notion is the regularity of measures on Borel sets. In this context, we
have a topology at hand.

Definition 2.1.3:Regular measure

Let (X, B, 1) be a Borel measurable space. p is regular if for any measurable
set A,
w(A) =sup{p(K): K C A, K is compact}
and
u(A) =inf{u(0) : O D A, K is open}.

Unlike the continuity, the regularity does not come for free. However, most of
the measures that we will study in this course will have this regularity property. In
most cases, it is not too difficult. We will illustrate some simple examples later in
this chapter.

2.1.4. The Lebesgue measure. We will first encounter the Lebesgue mea-
sure on R* where k > 1 is an integer. Here recall that for any Euclidean space, we
have the Borel o-algebra B(R¥) which comes from the standard Euclidean metric.
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2.1.4.1. Step 1: The basic intuition of Lebesgue measure is the notions of
‘length, area, volume’. Let us focus on the case when k£ = 1 while other cases
are treated similarly. Consider the collection of open intervals

Z={(a,b): —o0o <a<b< oo}

This collection is not a topology nor a g-algebra. However, it can be checked that
the standard metric topology as well as B(R) on R are generated by Z. Now, we
begin by defining
M(a,b)) =b—a € [0, 0.
Here, b—a is the diameter of the interval (a, b). For higher dimensions, we can start
with the Cartesian product of intervals and give them the ‘natural’ volume which
is the product of the lengths of their sides. It is possible to check that the measures
we are given to the intervals (or higher dimensional boxes) satisfy the following
scaling property
AtB) = t"\(B)

where t > 0 and B is a box in R¥. Quite coincidentally, the scaling exponent k in
t* is the topological dimension of the space R¥.

2.1.4.2. Step 2: After we agree with the length of intervals, we want to extend
the notion of length to a larger class of sets. Consider

7' = finite unions of intervals

whereby intervals, we mean all kinds of intervals, not only the open ones. We first
declare that A({z}) = 0 for each = € R. We can then extend A by (finite) additivity.

2.1.4.3. Step 3: Suppose that a countable collection of pairwise disjoint I, ...
are in Z' and their union I is also in Z’. Then we can check that

ZA(L») = \(I).

To do this, we can assume that I is an interval and the general case would follow by
the finite additivity that we forced to hold. Next, we can also assume that each I; is
an interval. Suppose that I is bounded then its closure is compact by Heine-Borel
theorem. We can now enlarge each I; to open intervals. Namely, for each ¢ > 1 and
e >0, we let
Iz/ = (ai —&i,b; + Ei)
where ¢; = 5/2i and a;, b; are defining I;. We now shrink I to
I'=[a+¢e,b—el

We agree that I/ is a collection of open sets that covers I’. As I’ is compact, we
can find a finite sub-cover. Then we can deduce that

M) —2¢ < > ML) 426 <> OA(L) + 2.

i:a finite index set

On the other hand, it is clearly true that
Z )\(Iz) = A(Ui:any finite index set-[i) < )\(I)

i:any finite index set
From here we conclude that

D_A)

converges and the limit is equal to A(I). This is what is to be proved.
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2.1.4.4. Step 4: We can now use Carathéodory’s extension theorem (as a black-
box). The outcome is that we can extend A to all B(R). This A is a measure. This
measure is called the Lebesgue measure on R. We can also construct the Lebesgue
measure for RF k> 2.

2.1.4.5. The regularity: It can be proved that the Lebesgue measure is regular.
For example, when k = 1 we can first check the regularity at each interval. This
is obvious from the construction. We want to prove the regularity at all Borel
measurable sets. To do this, we call a set to be regular if A\(A) satisfies the condition
of regularity. Next, we check that being regular is kept by taking complements,
countable unions and countable intersections. Thus we conclude that all Borel
measurable sets are regular and this proves the regularity of the Lebesgue measure.

2.2. The Hausdorff measure and Hausdorff dimension

We now want to extend the notion of the Lebesgue measure. Before that,
we want to introduce some motivations. We have constructed for each k¥ > 1 a
Lebesgue measure A, on R¥. It is intuitive to associate a dimension for \;, which is
k. Next, consider R* for some k > 2. Let L C R¥ be a line. It can be checked that
Ak(L) = 0. This captures the intuition that L should have dimension one which
is smaller than k. Therefore its k-volume should be zero. More generally, for each
manifold M of dimension s < k — 1 we have A\, (M) = 0.

From here, we encounter a natural question: Can we introduce naturally a
measure on M that captures the same idea as the Lebesgue measure? To have
some intuitions, for L being a line, we can intuitively think that it should carry
a notion of length. That is, for each A C R* we can associate A N L a length,
i.e. we can transfer A\; to L in a natural way. More generally, for each manifold
M of dimension s, we can also transfer A\; to M in a natural way. To do this,
we need to invoke the definition of a manifold that it is locally an Euclidean ball.
We can then transfer the Lebesgue measure locally to M. The only problem is
achieving consistency. Namely, for two charts A, As, we need to make sure that
the Lebesgue measure transferred to A;, As are consistent with that to A; N As.
This can be accomplished with the help of a partition of unity. We omit further
details.

Now we have a more general question: Can we introduce a measure on a Borel
F c R* which may not be a manifold? To answer this question, we will introduce
the notion of the Hausdorff measure.

2.2.1. Hausdorff measure. Let £ > 1 be an integer. We consider the Eu-
clidean space R*. Let s € [0, k] be a number. We are going to construct a regular
measure H*® on R that can be interpreted as an s-dimensional measure.

Definition 2.2.1:s-Hausdorff measure

For each F C R¥, define
H3(F) = inf {Z diam(B;)® : U; B; D F, diam(B;) < 5}
where ¢ > 0 is a positive number. Moreover, we write

H'(F) = lim H3(F).
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The limit lims_,o Hj(F) exists and it can be infinite. If s = k, then we can
check that H* is a scaled version of the Lebesgue measure \;. More generally, for
each integer s < k—1 and an s-manifold M, ’H,lsM is a scaled version of the Lebesgue
measure on M that we constructed above. It can be checked that H? is a measure
on R¥ with respect to the Borel g-algebra. An intuitive way of understanding the
construction of the Hausdorff measure is that we really want to associate the ball
B, of radius r with a measure ~ r° instead of =~ r?.

If we want to check the regularity of H?®, we face a problem that unless s = k,
any open set of R has infinite measure. Thus we conclude that #* is not regular on
R* if s < k. However, it is possible to find subsets F' C R* such that the restriction
H|SF is regular. For example, this is the case when s is an integer and M is a smooth
s-dimensional manifold.

2.2.2. Hausdorff dimension. We now prove the following result.

Theorem 2.2.2:

Let F' C R¥ be a Borel set. Then there is a number s € [0, k] such that for
each s’ <'s

H* (F) = o0
and for each s’ > s,
H®(F) = 0.

Remark 2.2.3:

On the other hand, there is no control on H*(F). It can be 0, < 00, .

Definition 2.2.4:Hausdorff dimension

Let F' C R* be a Borel set. Then its Hausdorff dimension is
dimyg F = inf{s € [0, k] : H°(F) = 0} = sup{s € [0,k] : H*(F) = oo}.

PROOF OF THEOREM 2.2.2. Let s > 0 be such that H*(F) = 0. We are going
to show that H* (F) = 0 for all s > s. To do this, let ¢ > 0. Then for all small
enough 1 > 6 > 0,

Hi(F) <e.

Thus, we can find a collection of sets {B;}; that covers F and diam(B;) < ¢ for
each i. Moreover, we have

Z diam(B;)® < 2e.

Then as diam(B;)* ~* < 1, we see that

> diam(B;)* =Y diam(B;)¥ ~*diam(B;)" < 2.

This shows that for all small enough 9,

HY (F) < 2.
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Therefore H* (F) < 2e. Since this holds for each & > 0, we see that
H5(F) = 0.

Now, let s > 0 be such that H*(F) > 0. We want to show that #* (F) = oo for
all s/ < s. This time observe that diam(B;)* ~* > §~! as long as diam(B;) < 4.
The rest of the argument is very similar to what we have done earlier in this proof.
From here the proof is finished. O

Hausdorff dimension satisfies some useful properties.

Theorem 2.2.5:

Let I C R* be a Borel set. Then we have
dimyg F € [0, k].
For each set F' O F, we have
dimg F' > dimg F.
For any countable collection Fi, Fb, ..., of Borel sets, we have
dimy (U; F;) = sup{dimg F; };.

PROOF. We only show the last point. Let s > sup{F;};. Then H*(F;) = 0 for
each i¢. Then we see that

HA(UF) <> H(Fy) =0.

This shows that
dimyg U; F; < s.
Thus we see that
dimy U, F; < sup{F;};.
On the other hand, if s < sup{dimpy F;};, then there is at least one index iy with
dimy F;, > s. This implies that
H(F;) = 0.
Therefore we see that
H (U F;) > H? (Fy,) = oc.
This proves that
dimyg U; F; > s.
Thus we see that
dimy U, F; > sup{F;};.
This concludes the proof. (I

As an application, we see that the set of rational numbers has Hausdorff dimen-
sion zero because it is a countable union of points and each point has Hausdorff
dimension zero. Later, we shall prove a slightly stronger assertion that the un-
countable set of Liouville numbers (which are ‘almost rationals’) also has Hausdorff
dimension zero.
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2.2.3. Simple examples. It is in general not an easy task to determine the
Hausdorff dimension of a given set. Here we only provide some simple examples.
Later, we will prove further properties of the Hausdorflf measure/dimension and be
able to determine the Hausdorff dimension for more sophisticated sets.

Example 2.2.6:Manifolds

Let M be an s-dimensional C*°-manifold in R*¥ where k& > 1. Now, s must
be an integer. In this case, one can follow the construction of the Lebesgue
measure on R and deduce that

HY (M) > 0.
Moreover, if M is compact, then H*(M) < oo. This shows that
dimH M=s

which is the topological dimension of M. In particular, this fits our intuition
that a point should have dimension 0, a curve should have dimension one,
etc.

Example 2.2.7:Liouville number

Let z € R. We say that = is Liouville if for each w > 0, there are infinitely
many coprime integers p, g > 0 such that

q q
Liouville showed that such a number must be either rational or transcen-
dental. We want to consider the set of Liouville numbers in [0, 1], denoted

as L. We show that dimy L = 0. For each ¢ > 0, we use Ay’ for the union of

1

intervals
U B /g (p/q)-
p€{0,....p}
We use the cover C,
U 4z
n>q

by using the intervals in each Af. Observe that for s = 3/w,
n—1
1 n 1 C
DGR =2 =l m sy
n>q p=0 n>q n=q

for some constant C' > 0. For any ¢, the cover C; will be enough to cover
each © € L because x € AY for infinitely many n and in particular for one
such n > ¢. For each § > 0, we choose ¢ > 100/6 and conclude that

Hi. (L) < C'8
for some constant C’ > 0. Therefore, H*(L) = 0. This shows that
dimyg L < s = 3/w.

Since w can be chosen to be arbitrarily large, we see that dimy L = 0.
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Remark 2.2.8:

It is a more delicate problem to compute the Hausdorff dimension of the
following set for some fixed w > 2,

W, ={z €[0,1]: |z —p/q| <1/¢"}.

It is known to be 2/w. By refining the arguments in Example 2.2.7, it is

possible to show that

2
dimg W, < —.
w

The more difficult direction was proved by Besicovitch and Jarnik separately.
See [6].

2.3. Box counting dimension

As computing the Hausdorff dimension for a given set is difficult, it is interesting
to find some ways to estimate it. One way is to use the notion of the box-counting
dimension. Other than serving as a bound for the Hausdorff dimension, the box-
counting dimension is interesting in its own right.

Definition 2.3.1:Box counting number

Let F C R* be a set. Let § > 0. The number Ns(F) is defined to be the
smallest possible amount of J-balls whose union covers F'. If there is no such
finite cover, we set Ns(F') = 0.

Definition 2.3.2:Box counting dimension

Let I C R* be a compact set. Then we define

— log Ns(F

dimg F' = lim sup Lﬁ(),
log 61!

Timp F = liming 28 Y)
log 6!

If the above two numbers are equal, we can further set them to be dimg F.
They are called the upper box dimension, lower box dimension and the
box-counting dimension of F'.

From the definition, it is possible to show the following result.

Theorem 2.3.3:Some properties of box dimension

If F ¢ R*, then dimgF = dimpF, dimg F = dimg F.
If F C F' C R*, then dimpF < dimpF’,dimgF = dimgF.
If Fy,..., F, are compact, then

dimp UFL‘ = max{dimpF; }i=1, . n.

If F ¢ R*, then dimy F < dimg F.
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Remark 2.3.4:

The third point is not true for lower box dimensions. It is possible to find
examples F1, F5 so that

dimp (F; U F3) > max{dimp F7,dimp F> }.

Proor. We only prove the last point and leave the rest to the reader. Let
dimp F' = s. From the definition, for each € > 0, we know that it is possible to find
arbitrarily small § > 0 such that

Ns(F) < <(15) HE .

We can then use any minimal cover and find that
H3TE(F) < 1.
This implies that dimyg F' < s + €. Thus we see that dimyg F' < s. O

2.4. Dimensions of Cartesian product sets

Given a compact set F' C R*. Suppose that we know its (Hausdorff/Box/As-
souad) dimension dim F. We can ask what is the dimension of F' x F C R?*. One
intuition is that the dimension should be doubled. We will see that this intuition
is true in most of the cases and false in some cases. For the study of the Hausdorff
dimension, we will need some Fourier analytic tools. This will be carried out in the
next chapter. Here, we focus on box-counting and Assouad dimensions.

Theorem 2.4.1:

Let F' C R* be compact. Then dimg, dimg(F x F) = 2(dimg, dimgF).

PrOOF. For each § > 0. For each §-covering of F, we can create a J-covering
of F' x F whose d-boxes are the Cartesian products of those boxes for the covering
of F. This shows that

inf N5(F x F) < (inf N5(F))>.

Can we find a more efficient §-covering for F' x F'? In order to answer this question,
we find a d-separated set Fy in F. Due the the covering property, we see that such
F5 must be
= inf Ns(F).
We can then consider the finite set Fy x Fy. This finite set is J-separated as well.
Thus we see that
inf Ns(F x F) > (inf N5(F))?%.

From here the result follows. ([l

Now let us generalise the problem by considering E x F' where E, F are two
different compact sets in R¥. A fraction of the above proof still works and shows
that

MBE +mBF < MB(E X F) < MBE —I—MBF
and

dimgE + dimg F' < dimg(F X F) < dimgF + dimgF.
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All the above inequalities can be strict. Let us see one example of some of the strict
inequalities.

Example 2.4.2:

We start with a scheme for constructing compact sets in [0,1]. Consider a
one-sided infinite sequence w € {0, 1}, For each j > 0, we write w; as the
j-th digit. For ¢ = 0, we read wp. If wy = 0 we split [0, 1] into equal half
and keep both of them. If wy = 1 we split [0,1] into equal half and keep
only the left interval. For ¢ = 1, performs the same construction for each of
the half intervals from the previous step (there could be one or two). This
procedure goes on indefinitely and we have a limit compact set K.

We choose a fast increasing sequence, say, i1 = 0,1 = 22k,k‘ > 2. We choose
w such that w; = 1 whenever i9,_1 < 7 < i9; and 0 otherwise. We then find
E = K,,. Similarly, we choose w’ that is the sequence by flipping all digits
of w. We obtain F' = K.

It can be checked that dimpFE, F' = 0,dimgE, F = 1 and dimpFE x F =
dimgE x F = 1.

2.4.1. Examples. It is relatively simpler to compute dimp, dimp for subsets.
First, we see that

dimpQ N [0,1] = 1.
This is because the closure of Q is R. We also know that dimg Q = 0 and thus in

general Hausdorff dimension of a set can be strictly smaller than its box-counting
dimension. Next, we compute the box-counting dimension for some fractals.

Example 2.4.3:The middle-third Cantor set

Consider the middle-third Cantor set K as in Example 1.3.1. We can use

the scales 1/3™ for integers n > 1. It is possible to see that for each n > 1, F

can be covered by 2" many disjoint unions of intervals of length 1/3™. This

means that this covering is the smallest possible. Therefore we see that
Nyyzn(K) = 2"

From here, it is not hard to show that dimp K = log 2/ log 3.

Example 2.4.4:Kakeya sets in R?

A Kakeya set in R* is a set K that contains unit line segments in every
direction. Namely, for each § € S¥~1, there is a b € R* such that

l9$b:{b+teit€ [0,1]} C K.

It is a difficult problem to determine dimg (diimB, dimp) K for Kakeya sets.
It is largely believed that

dimp K = k.
For k > 3, this is still unsolved. We now verify this for £ = 2. We state the
result as a theorem.
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Theorem 2.4.5:

Let K C R? be a Kakeya set. Then
dimp K = 2.

Remark 2.4.6:

On the other hand, it is possible to find Kakeya sets K C R? with zero
Lebesgue measure. Thus the situation for Kakeya sets is not very trivial.

PROOF. Let 0 > 0 be a small number. We first consider a set of directions
which is é-separated. For this, we mean a subset S5 C S' such that each pair
0,0" € S5 has a distance at least § apart. It is true that #Ss < 1/6. This means
that #S5 < C/§ for some C' > 0. On the other direction, we can also find Sy so
that

#5Ss < 1/4.

This means that ¢/d < #S5 < C/6 for some ¢,C > 0. We will refine this choice
later in the proof. For now, we will dive into the proof to see the geometric ideas.
For each 0 € Sj, there is a by € R? such that

194, C K°.

Here for a set A C R?, A% is the d-neighbourhood of A, namely, the points in R?
that are d-close to A. We now give a lower bound for

Ns(Upes; 1§, )-

For convenience, we will write lg for lgs,. For each 6,6’ € S5, we want to examine
the intersection

15N
It can of course be empty. However, we want to have an upper bound for the size
of the intersection. We estimate the Lebesgue measure,

62
MI5N1S) < a0.0)

where d(6,0') is the arc distance between 0,0’ € S'. To see this, we can first check
that 13 N 13, can be contained in a rectangle of sizes < d,/d(6,6'). From here we

can use
A(Uges;lo) = 2/5 dr — Y / dz.
o s !

o207 15Nlgs
To see this, for each x € R?, observe that Y ,15(z) = k > 1, then
> @) (@) = k(k—1) > k- 1.
0467
where we used [ for indicator functions. The first sum in (2.4.1) is

= 1.
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We now check the second sum,
52 1 1 1

Z — :52227 < JQZlogf < log =.

/ /

G#yd(ﬁ,ﬁ) ralT do, 6" 5 ) )
Unfortunately, the second sum is too large compared to the first sum. We now
need to refine our choice of -tubes. Instead of using a §-separated direction set S,
we can choose € > 0 and use Ssi--. Then we will see that the first sum in (2.4.1)
becomes

= 0°.
The second sum is now

1
< 0% log 5= 0(6%).

From here it is clear that
Nis(Upes; 1§ p,) > 675
This shows that
dimpK > 2 —¢.
Since this holds for all £ > 0, we see that
dimp K = 2.

Example 2.4.7:Takagi graphs

We saw in Section 1.1.2 a class of functions with rough graphs (Weier-
strass functions). We can compute their box dimensions. However, for
those graphs, there are some technical difficulties that are not very pleasant
to deal with. For this reason, we consider here a simplified problem.

Let T : [0,1] — [0,1/2] be the tent function. Namely, T'(z) = z for = €
[0,1/2] and 1 — z for & € [1/2,1]. We then extend T to R in a Z-periodic
manner. We still use T for the extended function. Next, for numbers 0 <
a <1 < b we consider

Top(x) = Z a"T(b"x).
i=>0
The graph G, of T, over [0, 1] is fractal-like if ab > 1. We want to compute
dimp G, when b is an integer. This will be the content of the next theorem.

Theorem 2.4.8:Takagi graphs

Let 0 < a < 1<bbesuch that ab > 1 and b € N. Then

log(1
5> dimp G, p =2 280/D
’ logb

PRrROOF. Let n > 0. Consider the finite sum

wy(x) =Y a"T(b"x).
j=0



2.4. DIMENSIONS OF CARTESIAN PRODUCT SETS 23

Its graph is a union of 2b™ many line segments whose projections on the X-axis
have length 1/(2b™). To get a finer analysis, we decompose the unit interval into a
disjoint union of pieces of length 1/b™. There are exactly b™ many of them. Over
each such interval, say, I, T¢", is a union of two line segments. We now study the
slopes of those line segments. To do this, we introduce a convenient coding system
for those intervals of length 1/b™. Consider the leftmost point of each interval. Let
I, x be such an interval and a point. It is a rational number with a b-expansion
with at most n digits. This finite sequence of digits in {0,...,b — 1}" can be used
as the code for I. We write it as wy.

Let I,z be as above. For each point y € I, each j < n, we consider the fractional
part of b/y. It is determined by the sequence (wI)? w1 which is the segment of wr
from the (j + 1)-th to the last place. We only need to know whether the fractional
part of b/y is smaller or larger than 1/2. Thus, we can make a translation of the
code wy as follows.

For each digit (wr); < (b—2)/2, we replace it with '—’". For each digit (wr); >
b/2, we replace it with ' 4+’ . If b is odd, then there is a further possibility (b—1)/2
for which we replace it with '?’. After this, we associate this new sequence to y and
write it as wy,.

Observe that (17,)"(y) = Z;L:O a™b"T'(b™y) where T" is 1 on (0,1/2) and —1
on (1/2,1) and it is Z-periodic. We can then write

n—1
(Ta) (y) = Y a’blwy; £ (ab)".
j=0

The =+ is determined according to {0"y} < or > 1/2. We interpret w, ; as being 1
or —1 for +, — resp. For each '?’, we cannot decide the sign. However, in any case,
we have the following inequality

) (To) () = D a"bwy | < (ab)".

J=0wy,je{£}

As I ranges over all choices of intervals of length 1/b™, w; ranges over all possible
length n expansions with base b. Suppose that b is even. Then the sequence w,
for each y € (0,1) does not have '?". Therefore the value (77';,)(y) is determined
as a sum like 4(ab)?. As w; ranges over all possible length n expansions with
base b, the possible w, ranges over sequences of = with length n. Such correlation
is equidistributed in the sense that each + sequence of length n corresponds to
exactly b /2™ many b-sequences. We want to study the distribution of the values
Z?:o +(ab)’.

For ab > 1, we can consider the following multi-set

U, =< (ab)™" Z +(ab)" p C [—ab/(ab—1),ab/(ab—1)].
j=0

We can also construct p, as the counting probability measure on U, (with possible
multiplicities). Then p, has a limit x4 which is a probability measure on [—ab/(ab—
1), ab/(ab—1)]. (This follows from the weak compactness. This step is N.E. although
it also follows from some elementary arguments.) We claim that this measure p is
not concentrated on 0 in the sense that there is some r > 0 so that p([—r,r]) < 1/2.
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For the claim, if it is not true, then u({0}) > 1/2. As we will learn later
(Theorem 4.2.9), 11 is (non-trivially) self-similar and therefore it cannot have atomic
support. For now, we just take this result as a blackbox. This shows the claim.
(This claim is obvious if ab > 2. Try to prove it in an elementary way!)

From this claim, we see that there is some r > 0, for that for each large enough
n,

a([=7,7]) < 1/2.
This shows that the multi-set

(ab)"U,, N [=r(ab)™ ' /(ab — 1), 7(ab)" " /(ab — 1)]

has at most (1/2)(2") many of elements. From here, we know that the b-sequences
so that

n—1
L (ab)"+1
jgoajb]wy,j >r b1

must be at least b /2 in quantity. Such a b-sequence corresponds to an interval [
of length 1/6". On this interval, (T',)" is

n—1
Z ajbjwy’j + (ab)”,
§=0

where the + is — on the left half and 4+ on the right half. Let I = [z, zg]. By
integration over I, we then see that (the 4(ab)™ part does not contribute),

n—1
0 () — T (1)) = bin S @b, ;| > o,
j=0
From the construction, we have
Top=T7y + T3
where
T2 () =Y a"T(b").
j>n
Observe that for each interval I = [z, 2] as discussed above, T (vr,) = T, ;' (vr) =
0. Therefore we see that for at least /2 many such intervals I,
Tas(xr) = Tap(wr)| = [T5(xr) — Tg'p(xL)| > a™.

We can now describe the covering property of G, . We use boxes of size 1/b™. For
each interval I so that the above holds, we need

> (ab)”

many such boxes to cover G over I. Therefore we can already see that

s

b
Nyjpn (Gap) > ?(ab)" > a"b?m.
On the other hand, from (*) we see that for each I,

1
sup [Ty (z) = To4(2)] < (ab)" — = a™

z,x' el ’ ’ bn
where < does not depend on the choice of I. It is also clear that

max 1.} < a”.
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From here we see that to cover G, over any I, we need
< (ab)”

many of 1/b"-boxes. From here we see that

Nijpn (Gap) < 0" (ab)"™ = a”b*".
Thus we have the following box-counting estimate

Nijpn (Gap) < a6,
This implies that
log(1/a)

dimpG,p =2 — ———.
1B S logb

We finished the proof for even b. For odd b, some modifications are needed.
First, we only consider the ‘4, 7’ sequences that are without the symbol ’?’. There
are (b — 1)™ many b-sequences that give birth to such ’?’-free sequences. Out of
those (b — 1)™ many b-sequences, at least half of them will provide us with the
estimate (recall that xy,zr are the left, right endpoints)

Tap(xr) — Tap(zr)| > a™.
From here we obtain that
a"b"(b — l)n < Nl/b” (Ga,b) < aann.

Thus we see that

log(b—1) log(1/a)
logb logb

Tm log(1
GG < TG < 2~ 200,
7 7 log b

1+

To prove the theorem, we must consider the symbol '?” more carefully. The above
argument for even b still holds here as long as the symbol '?’ only appears at small
values j. More precisely, for each ¢ > 0, we see that for some large constant K, as
long as w, is '?'-free for digits from the (j — K)-th to the last place, then

n

(Tr) () — > a"b wy | < elab)™

J=0wy,je{£}

There are much more b-sequences with this weaker ’?’-free property. More precisely,
there are

bn—k(b o l)K
many of them. From here we see that

2n— K  Klog(b—1) log(1l/a) log(1/a)
+— - =2—-——
n n  logb logb

dimpG,p > lim <

n—0o0

log b

This finishes the proof. O
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2.5. Assouad/lower dimensions (not lectured), N.E.

After we introduced Hausdorff and box-counting dimensions, it became clear
that there are different notions of dimensions that one can explore. Usually, a notion
of dimension is introduced when people are considering a certain problem involving
certain geometric or measure-theoretic problems of sets or measures. After some
time, the notion of dimension became to be standalone as an independent subject.
In this last section, we introduce one such example.

Hausdorfl dimension and box-counting dimension are in some sense a global
property. To see this, let us consider a disjoint union E of a point and an interval
on R2. Then it is possible to check that

Thus we picked up the interval part of E. The information on the point part is then
missing. In order to rectify this, we can introduce the following notions.

Definition 2.5.1:Assouad and lower dimensions

Let F C R* be a set. We define the Assouad dimension of F' to be
dimp F=inf{a >0:0<r < R < 1,sup N.(Br(z) N F) < (R/r)*}.
zeF

We define the lower dimension of F' to be
dimp, F =sup{a>0:0<r < R<1, iglmeT(BR<x) NF)> (R/r)*}.

Thus, for the set E considered earlier in this section, we deduce that
dima £ = 1,dimp, £ = 0.

Originally, the Assouad dimension was introduced for considering an embedding
problem of metric spaces. Later on, this notion of dimension was reintroduced
by different people working on different problems, e.g. Furstenberg’s notion of
*-dimension.

Thus the Assouad dimension wants to pick up the densest part of a set and
the lower dimension wants to pick up the sparsest part. If a set has an equal
Assouad/lower dimension, then it is quite homogeneous in some sense. A union of
a point of an interval is not very homogeneous in this sense while a single interval is
quite homogeneous. We now compute dima K, dimp, K for the middle third Cantor
set.

Example 2.5.2:The middle third Cantor set

Let K C [0, 1] be the middle third Cantor set. Let 0 < r < R< 1. Let v € K
and consider the R-ball Br(x). There is no loss of generality to consider r, R
being powers of 1/3. For each x € K, the ball Br(z) will intersect at most
two intervals of length R in the construction of the middle third Cantor set.
For each of those intervals of length R, we need exactly (R/r)°82/1°83 many
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intervals of length r to cover it. Thus we see that

TEK r

This shows that dima K = log2/log 3.

On the other direction, observe that Br(x) will contain at least one interval
of length R/3 in the construction of the middle third Cantor set. From here,
it can be checked that

R log2/log 3
sup N, (Br(z) N K) < () .

dimy, K = log 2/ log 3.

Thus, we see that the middle third Cantor set is quite homogeneous. Later on,

we will introduce the notion of AD-regularity and generalise the above example.






CHAPTER 3

The geometry of Fractals and Fractal measures

3.1. Regularity of measures

3.1.1. AD-regularity. Consider the middle third Cantor set K, we know
that it has equal Assouad and lower dimensions. Intuitively, this means that the
densest and spareest parts of K are of the same size. In this section, we are going
to introduce a yet more precise notion of homogeneity of this kind.

Definition 3.1.1:Support of measure

Let k£ > 1 be an integer. Let p be a Borel measure on R*. Its support,
supp(u), is the collection of points

supp(p) = {x € R* : Vr > 0, u(B,.(x)) > 0}.

Lemma 3.1.2:

supp(u) is a closed set.

PROOF. If = ¢ supp(u), we can find a number r > 0 such that u(B,(z)) = 0.
Then for each y € B,(z) and v < r/10, By (y) C By(z). This implies that
(B (y)) = 0. Therefore y ¢ supp(p). This implies that supp(u)€ is open. There-
fore supp(u) is closed. |

Definition 3.1.3:Alfors-David regularity

Let k£ > 1 be an integer. Let u be a Borel measure on R¥. We say that y is
AD-regular, if there is a number s € [0, k] such that for each = € supp(u),

u(Br(x)) =< 1°
where implicit constant in < is uniform across all « € supp(u). We say that

a closed set A C R* is AD-regular if it is the support of an AD-regular
measure. We will also mention s-regularity if s needs to be explicit.

Let us see some examples.

Example 3.1.4:

Let M C R* be a smooth manifold. Then it is s-AD-regular. The AD-
regular measure that supported on M is the Lebesgue measure on M and s
is the topological dimension of M.

29
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Example 3.1.5:

Let K be the middle third Cantor set. We can construct a probability
measure on K as follows. First, we give the unit interval [0, 1] a measure
one. Then each sub-interval of length 1/3 has measure 1/2 (there are ex-
actly two of them). We can iterate this construction indefinitely and use
Carathéodory’s extension theorem to obtain a measure px on K. Notice
that this construction is similar to that of the Lebesgue measure on [0, 1].
We will call px to be the natural Cantor-Lebesgue measure on K. It can be

also checked that px = H‘l‘;{g /1983 and it is (log 2/ log 3)-AD regular.

AD-regularity is a very strong condition. It gives the intuition that a measure
should look homogeneous everywhere in its support and as a result, its support
must be quite homogeneous. Recall that a sense of homogeneity can be captured
by the equality of Assouad/lower dimensions. We now prove the following result.

Theorem 3.1.6:N.E.

Let F' C RF be a compact s-AD-regular set where s € [0, k]. Then dima F =
dimp, F' = s.

PrOOF. Let i be an AD-regular measure whose supportis F. Let 0 <7 < R <
1. Let © € A. Then the ball Bg(z) has a u measure which is < R*. We now cover
Bgr(z) N F by using r balls. We can do so in a naive way. We first cover Bg(x)
into a union of r-balls in such a way that the overlapping multiplicity is bounded
by some constant depending on k only. After we do this, we can then select those
r-balls that intersect F' and obtain a covering C for Br(z) N F. Observe that, as C
has bounded multiplicity,

S u(B,) < u(Bal@) N F).
B.,eC

This proves
#C < (R/r)°.

The reversed inequality is true for any finite cover of Bg(x) N F. From here, we see
that

dimp F' = s.

We omit the proof for dimy, F' = s which is similar to what we have done above. [

3.1.2. Frostman exponent (the upper regularity). As we pointed out
before, the AD-regularity is an extremely strong condition. In most cases, we
would only be interested in non-concentration conditions. That is for a certain
Borel measure p, we want to know whether or not a large amount of mass is
concentrated in a small area. In order to make sense of the previous intuition, we
first check some examples.
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Example 3.1.7:Dirac’s §-‘function’

Consider R. Dirac used the notion of §-function to indicate an object § that
behaves like the zero function on R\ 0. At 0, the ¢ function has a singularity
‘6(0) = oo’ with the condition that for each continuous function f € C'(R),

/ f(@)b(x)dz = £(0).

Clearly, there is no function that behaves like the object . Nowadays, we
understand that § is in fact a functional that maps functions to numbers.
In our context, we can realise § as a Borel measure as follows,

6(A)=1
if 0 € A and

5(4)=0
if 0 ¢ A. In this way, we see that for each continuous function f, it is indeed
the case that

/ f(2)dd(z) = £(0).

The notational difference is that now dd is a measure to be integrated
against. To understand the rationale behind the choice of notations, observe
that for each function g € L!(R) with respect to the Lebesgue measure, we
can define a Borel measure dg such that for each continuous function f,

[ t@dgta) = [ f@g@rite)

Thus, § is a measure that gives all its mass to the point {0}. Intuitively, we
understand that mass concentrates on extremely small areas.

Dirac’s §-measure is an extreme example. On the other side, we have the
Lebesgue measure A. For each r-ball B,., we have

\NB,) < rt.

Of course, A is in fact 1-regular and we have =< in the place of < . Here, the
exponent 1 is the largest possible such number. To see this, we prove the following
result.

Theorem 3.1.8:

Let s > 1. Let u be a compactly supported Borel probability measure on R.
Suppose that p(B,(z)) < r® for p almost all z where the implicit constant
in < is allowed to vary with . Then p is the zero measure.

PROOF. We assume that supp(p) C [0, 1]. Next, we can use Egorov’s theorem
to find for each € > 0, a compact set E C [0, 1] such that u(F) > 1 — ¢ and such
that p(B,(z)) < r® uniformly across x € E. Now, we can choose r > 0 to be any
positive number and cover E with a disjoint union of r-balls with

w(B,) < Cre.
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To see this, we first decompose [0, 1] into a disjoint union of r/2-balls. We then
select those that intersect E. For each such a r/2-ball B, /5, we can find x € B, oNE.
Then we see that B, /, C B,(z). From here the above inequality follows.

However, there are at most < 1/r many such r-balls because they come from
a decomposition of the unit interval. Thus we see that

w(E) < rér~t =57t

As s—1 > 0, we see that u(E) = 0. Thus p([0,1]) < e. Thus we see that ([0, 1]) =
0. (I

Having seen two extreme examples, we now introduce the notion of Frostman
exponent. It is the upper bound in the AD-regularity condition.

Definition 3.1.9:Frostman exponent

Let 1 be a compactly supported Borel measure on R*. We say that it has a
Frostman exponent s (or it is an s-Frostman measure) if

u(Br) < r®

holds for all r-balls where the implicit constant in < is not required to be
uniform across all x € R*. If < holds uniformly, we say that yu is uniformly
s-Frostman.

Thus all s-AD regular measures have Frostman exponent s. The Frostman
exponent is useful in the study of the Hausdorff dimension. We now prove the
following result which extends Theorem 3.1.8.

Theorem 3.1.10:The Mass Distribution Principle

Let i be a s-Frostman probability measure on R* where s € [0, k]. Then
dimpy supp(u) > s.

ProoF. By Egorov, for each n > 0, there is a compact set E,) C supp(u) with
w(Ey,) < nsuch that on supp(u)\ Ey, the s-Frostman property holds uniformly. We
restrict 1 on supp(u) \ E, and renormalise it to be a probability measure. Thus,
there is no loss of generality if we assume that the s-Frostman property simply
holds uniformly across all x.

Suppose that dimg supp(p) < s. Let 6, > 0. We cover supp(u) with a collection
Cs of balls with diameters at most 6. As dimy supp(p) < s, as long as § is small
enough, we can find such a cover with the property that

Z |B|® < e.
BeCs
Here we use |B| for the diameter of B. Since p is s-Frostman, we see that
p(supp(p)) < Y |B| <e.
BeCs

This implies that u is the zero measure, a contradiction. ]

On the other hand, it is possible to show a reversed version of the above result.



3.1. REGULARITY OF MEASURES 33

Theorem 3.1.11:Frostman’s lemma

Let £ C R* be compact. Suppose that H*(E) > 0, then there exists a
uniformly s-Frostman measure such that u(F) > 0.

Remark 3.1.12:

This result holds for all Borel sets rather than just compact sets. We will
not cover this more involved result. In our special case for compact sets, we
can restrict ¢ on E and obtain an s-Frostman measure whose support is E.
Moreover, we can in fact find a g whose Frostman property holds uniformly.

For the proof, we will develop some useful ideas that will appear repeatedly.

Definition 3.1.13:Dyadic decomposition

We can decompose R¥ into a disjoint union of cubes of side-length 1. To be
specific, the corners of those cubes are precisely Z*. We denote this collection
of cubes as Dy. Next, for each D € Dy, we can decompose it into 2¥ many
disjoint cubes of side-length 1/2. We denote the collection of all the smaller
cubes as D;. In this way, for each | > 0, we obtain a disjoint collection of
cubes of side-length 1/2!, denoted by D;. Clearly, for each point z € R¥, we
can find at least one nested list of cubes Dy D Dy ... so that

i>0
There are points with more than one such nested list. Those points are
dyadic rational points, i.e. Z¥/2!,1 > 0.
Let £ C [0,1]* be a closed set. Then we can represent E as a tree T. The
root of T is Dy = [0, 1]¥. For each D; C Dy with D; € Dy, we include it as
a child of Dq if D; N E # . This process goes on indefinitely. As a result,
we obtain an infinite tree T so that each node has at most 2% children. For
each path of T" with infinite length, there is one and only one = € E that
corresponds to the nested list of dyadic cubes this path represents. This
association may not be injective.

PROOF. We assume w.o.l.g. that E C [0, 1]*. Next, we consider the tree 7" that
represents E. For each [ > 0, we consider the space of non-negative weights W, on
T, (the vertices of T on the level [) satisfies the following

e Each 1 € W, is a map from T to [0, 1] where T} is the collection of nodes
at level [ (the root is at level 0).

e Each 1 € W, is s-regular up to level I in the sense that p([t]) < |t|® where
t € T, for some s <1, |t| = (1/2)", [t] is the collection of all infinite paths
that passes ¢ and [t] N T} is the collection of offsprings of ¢ in 7;.

We can view W, as a subset of [[,c1,[0,1] = [0, 1]#Tt. This subset is compact and
non-empty because of the existence of the zero weight. We can order weights in
a component-wise manner and we can find at least one maximal weight. Let this
weight be ;. Notice that y; defines a positive measure on 7;. Our aim is to take a
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limit lim;_, o, 14; as measures (take a subsequence of p;,1 > 0 if necessary). Observe
that the total mass is p;(T;) = w([to]) < 1. Due to the weak-compactness of the
space of bounded measures, such a limit po, exists and satisfy

poo ([t]) <[

for all node ¢t € T. However, there is no guarantee that .. is not the zero measure.
In order to rectify this, we need to use the condition that H*(E) > 0.
For each [ > 1, observe that each path tgty...t; in T contains at least one
0 <r <l with
pu([tr]) = [E2]°.
For otherwise, we can add u(#;) by some small number and obtain a strictly larger
weight than pu;. This is not possible. Thus, for each path of length [ 4+ 1, there

is a smallest r with u;([t,]) = |t,|°. Therefore there is a collection of nodes Cj in
U,.<; Tr such that

e For each t,t' € Cy, t is not an offspring of t'.

e For each t € T}, t is an offspring of some ' € C.
This strategy is often named the ‘stopping time argument’. It is extremely useful in
areas like Harmonic Analysis. Consider the dyadic cubes represented by C;. Denote
this collection of cubes by C;. Then C; is a disjoint collection of dyadic cubes that
covers E. For such a covering, we see that

S diam(D)* = 37 1 = (1),

DeC, teC

From the condition that H*(E) > 0, we know that for all § > 0,

H3(E) = o0t E{ > diam(B) } > 0.
BeCs
To see this, observe that 73 (E) > 0 for all small enough 6, say, 0 < § < dp < 1. For
d > 0o, we know that to get a possibly smaller sum of form ), diam(C)® we need
to let at least one C' to be larger than §y. Otherwise, our sum is considered already
in #3 (E). From here we see that in particular H{,(E) > 0. Thus we see that

(@) = 3 diam(D)" > Higg(E).
De¢
Since the above holds for all [ and the rightmost term is a constant, we see that
the limit measure o is not zero.

Finally, we can push forward g, from 7' to [0,1]* via the natural map that
assigns each infinite path (infinite nested list of dyadic cubes) in T the unique point
x € E that corresponds to the infinite nested list of dyadic cubes. The compactness
of E is crucial in this procedure. A more straightforward way of doing this is to
first observe that each j; defines a measure on [0, 1]" by giving weights to dyadic
cubes of side 1/2!. Then by passing to the limit, we obtain a Borel measure on
[0, 1]* which is the push-forwarded measure of yi,, that we mentioned earlier. Let
1 be this measure.

Clearly y is a non-zero measure with ([0, 1]*) < 1. Next, for each dyadic cube
D of an arbitrary size, we have

w(D) < c-diam(D)?®
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for some constant ¢ > 0 that depends on k only. Since any ball of radius r is
contained in a dyadic cube of size at most 2r, we obtain the s-Frostman property
for p.

Our last point to resolve is the fact that u(E) > 0. To show this, we need to
use the fact that u is a finite Borel measure on [0,1]*. Then u is regular in the
sense that for each Borel set B C [0, 1]*,

w(B) = inf{u(0) : O D B,0 open} = sup{u(K) : K C B, K compact}.

We can use the middle part of the above. Observe that if O D E is an open set,
then there is some 6 > 0 so that O D E? the §-neighbourhood of E (this is because
FE is compact). E? contains the union of cubes correspond to 7} for all large enough
[ > 0. Thus in particular we see that

p(0) = p(E®) > lim pu(Th) > Higo(E).
This implies that
w(E) =inf{u(0): O D E,O open} > Hiyn(E) > 0.

The proof is now finished. (]

Example 3.1.14:

From Theorem 3.1.10 (Mass Distribution Principle) we see that dimyg K >
log2/log 3 where K is the middle third Cantor set. On the other direction,
we know that dimp K = log 2/log 3 and therefore

dimyg K < log2/log 3.
Thus we see that dimpg K = log2/log3. In fact, for each s-AD-regular set

F, we have
dimyg F = s.

3.2. Supplementary material: Fourier analysis of measures (N.E.)

A significant portion of the study of fractal geometry is to understand the
statistics of small-scale structures of a certain fractal set. In mathematics, there
are two general tools for achieving this: Fourier Analysis and Ergodic Theory. In
this section, we introduce the basics of Fourier analysis and use it to prove nice
results on the geometry of fractal sets and measures.

Definition 3.2.1:Fourier transform

Let p be a probability measure on R*. We define its Fourier transform JF ()
to be

A(E) = / =26 ()

where ¢ € R¥ and (., .) is the standard Euclidean bilinear form.
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Theorem 3.2.2:Basic facts of Fourier transform of measures (To be
extended)

e [i is a continuous function and ||/ = 1.

e 1(0) =1.

e For each positive L!-function (integrable), the measure fdz has a
Fourier transform equal to the Fourier transform of the function
f-

e For two measures p, v the convolution p * v has Fourier transform
jv. Here pxv(E) = [ w(E —z)dv(z) = [v(E — z)du(x) defines a
Borel probability measure.

Example 3.2.3:

Let K be the middle third Cantor set and ux be the natural Cantor-
Lebesgue measure. We want to compute fig. Observe that uy satisfies
the following property (the self-similarity),

1 1
pK = §T1(/~LK) + gTz(MK)

where Th : ¢ — x/3 and T5 : * — (z + 2)/3 are maps [0,1] — [0,1] which
also push-forward measures. Then we see that

fix(6) = / e Qe (o)

= %/e”““dTl(uK)(az)-k%/efmfwde(ﬂK)(m)

1 —2mi&(x 1 —2mié(x
- 5/6 el /B)dﬂK($)+§/e A2 D e ()
1 1 :
= S (6/3) + S (§/3)e72m 2/

1+ 6727ri(2§/3) .
= k(¢/3)

1+ e—zm(2g/3ﬂ')

:...:H 5

Jj=1
For the above limit, we have used the fact that
lim i (€/37) = 1
j—o0

for all £ € R. We conclude that |k (3!)| > ¢ for some constant ¢ > 0 and all
1>0.

(N.E.)This is an exceptional phenomenon. In fact, consider the following
infinite product (with a in the place of 3 in ug),

14+ 67271'1'(25/0,-7)

J=1
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For now, we just treat 5\a as a name and do not treat 5\a as the Fourier
transform of A,. It can be proved that for most of numbers a, Ay(€) — 0
as €] — oo. In fact, we know that there is a set E € (0,1) of Hausdorff
dimension zero such that for all a € (0,1) \ E, there is a constant e, > 0 so
that R
[Aa(€)] = O(I€]7).

On the less probabilistic side, we know that if [\ (€)] /4 0 as || — oo, then
a must belong to a certain class of algebraic numbers (Pisot numbers).

3.2.1. The L?-theory. There is a strong connection between the Hausdorff
dimension and the Fourier transform. In order to explore this connection we use
the following standard result in Hilbert’s theory of L2-spaces.

Theorem 3.2.4:Plancherel theorem

Let f,g € L*(R¥) w.r.t. the Lebesgue measure. Then we have

[ 1€5@e = [ r@ig@is

Definition 3.2.5:Smooth approximation of a measure

Let p be a compactly support Borel probability measure on R*. Let § > 0.
Let
ps = Isx p

where I; is a smooth function with values in [0, 1] that is = 1 on the ball
Bs(0) and vanishes outside of Bas(0). To find such a function, we first find
a smooth function I that is = 1 on the ball B1(0) and vanishes outside
of By(0). Then we define Is(z) = 6 *I(x/§) for x € R¥. Thus us is an
approximation of p up to the scale §. Notice that us is a smooth function.
In a more concrete way, for each x € R¥, we have

ps(@) = [ T = 9)dity) € (6~ u(Bo(@)). 8 p(Bas(z)).
For example, if p is s-AD regular, then we see that for « € supp(u),
ps(z) =< §57F
and in general (uniformly across = € R¥),

ps(z) < 657k,

Example 3.2.6:A first encounter of Fourier argument

Continue the context from the above definition. From Theorem 3.2.4, we
see that

(3.1) / 3 (&) Pdr = / s (6) P = / (@) 2 () 2.
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We now study the function 5. Observe that
I5(¢) = 1(5¢).

As [ is a compactly supported smooth function, we know that

1(¢&) =0

very fast as |£] — oco. More precisely, for each n > 1,

(&) < [€]7™
This can be proved via the integration by parts. In fact, even more is true,
a result of (N.E.) Paley-Wiener says that the decay should be exponential.
Thus, we see that Iis roughly supported on the unit ball at the origin.
Therefore Iy is roughly supported on the ball B, ,5(0) and decays fast outside
of it. This correspondence between the two balls Bs(0) and B1/5(0) via
Fourier transform is a very useful fact. Intuitively, we can say that:

“The Fourier transform of Bs(0) is roughly B, /5(0).”
We can continue the chain (3.1). Observe that for each & > 0,

/KW () e < / ()P () 2de < / () e,

[E1<(1/0)r ==
For example, if p is s-Frostman, then

/‘Ué(m)ﬁdw <</ §25-2k 1y < )\(Supp(,u)é)(SQS_Qk.
supp(p)®

If i is s-AD-regular, then more is true. We have
A(supp(p)®) =< 6"7%.
Therefore we see that if p is s-AD-regular,

1
) Pdé < -
/|£|§1/6| & g

From here, we get that the exponent k — s controls the growth of the L2
integral of fi. As will be proved later, this exponent is in some sense optimal.

3.2.2. LP — L9 duality. The L>-theory plays a central role in the study of
Fourier analysis because of Theorem 3.2.4. It is possible to extend this theorem
further. However, the result is no longer as nice.

Theorem 3.2.7:Hausdorff-Young N.E.

Let p € (1,2] and ¢ > 0 be such that p~ + ¢=! = 1. Then for each f € L9,

we have
(fvieras)” <1115, = ([ pas) "

For p =1 we write ¢ = co and

1 £lloo < 11£111-
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The special case p = 1,g = oo is almost trivial to show. In fact, observe that

Fo1=| [ e o] < [1s@las =17l
In particular, let f be a function such that f € L', then

1flloe = I1flloo < IIF11-

3.2.3. Fourier transform and the absolute continuity of measures. In
fractal geometry, a question that is often asked is whether or not some fractal
measure u is not only a measure but also a function in a certain sense.

Definition 3.2.8:The absolute continuity of measures

Let 4 be a compactly supported Borel probability measure on R*. We say
that it is absolutely continuous w.r.t. the Lebesgue measure if there is some
f € L' so that f is the density function of p. We say that p is LP for p > 1
if f € LP. We say that p is continuous, smooth, analytic if f is continuous,
smooth, analytic.

The following result is useful in testing against the absolute continuity of pu.

Theorem 3.2.9:Riemann-Lebesgue N.E.

Let 4 be a compactly supported Borel probability measure on R¥. If y is
absolutely continuous, then ji(§) — 0 as £ — oc.

Corollary 3.2.10:

The middle third Cantor measure px is not absolutely continuous.

The following result is useful in testing the absolute continuity of pu.

Theorem 3.2.11:

Let u be a compactly supported Borel probability measure on R*. Consider
its Fourier transform ji. It is a continuous function. If i € L? then u is
absolutely continuous with an L? density function. If i € L' then u is
continuous.

PROOF. If ji € L% we see that the preimage F~!(ji) exists as an L2-function
(Hint: Plancherel’s Theorem). We denote this function as f,, and we prove that f,
is the density function of u. In fact, for each £ € R¥ we see that by definition,

/f#($)67277i(5’$)d$:/672ﬂi(€’w)d,u,($).

Since e~ 27(&%) for ¢ € R¥ is ||.||o dense inside the space of continuous function on
any compact set K, we conclude that for all continuous function ¢ on K,

[ fuwot@ds = [ ofa)duta).
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As K can be chosen arbitrarily, we see that the above holds for each compactly
supported and continuous function ¢. From here we conclude that the two measures
fudx and p agree on bounded open sets. Thus, as Borel measures, they are the
same. This is what we wanted to show.

If i € L', we consider us for § > 0. Since js is smooth and compactly sup-
ported, we see that jis is also smooth and has fast decay. Therefore, we see that
(Fourier inversion formula)

ps(o) = [ s € = [ @)1 e
As fi € L', we can set § — 0 and obtain
élm ws(x) = hm / L; e2mi(E I)df

We show that the RHS limit exists at all z and the limit is a continuous function.
Indeed, because fi € L', for each £ > 0, we can find some large number R > 0 such

that
JRRGIE
|¢€|>R
Observe that

/ O L5(&)e”™ M dg = /g<R/ft(€)f6(§)€2”(£’””)d§+ /Ig (&) I5(€)e™ & de.

|>R

The last term is bounded in absolute value by e. For the first term in the sum,
observe that I5(¢) — 1 uniformly for all |{| < R. We see that

‘/ I5 27” (&, a:)dé- / 27Ti(£,a:)d£

= / () 15(§)e*™ ) dg — ﬂ(x)er"”@v“")dé‘
<R

<R

_|_

/ A€ 5 ()P En g
>R

The last term is at most 2 and the first term in the sum tends to 0 as § — 0. As
this holds for all € > 0, we conclude that

o) = lim [ (O I© e = [ )€,

§—0

ﬂ(d?)G?m(E’z)df‘ )
>R

In the above argument, different choices of x do not make any difference therefore
the limit is in fact uniform. We see that the limit f, is a continuous function.
We have to check that f, is the density function of u. To do this, we can integral
against compactly supported functions as we did in the L? case. The crucial fact
we need at this stage is that f# = fi. We omit further details. This finishes the
proof. O

3.3. Energy and Hausdorff dimension

In Example 3.2.6, we illustrate the growth exponent of the L? integral of an
AD-regular measure p. In this section, we will apply this method to more general
measures. In order to do this, we want to get finer information on a measure.
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Definition 3.3.1:The s-energy integral

Let p be a Borel measure on R*. Let s € (0, k). The s-energy integral of 4

o= | [ ekt

In other words, we can write the double integral in the form of a convolution

- / K+ pla)dp(a)

where K, (.) = |.|7° is the s-Riesz kernel. Here the convolution is defined as the
integral
d
Ko+ plx) = / my)
[z —yl°

We do not claim that the above integral is finite in a pointwise sense. However,
notice that if the double integral form of I(u) is finite, then the above convolution
defines an L!(y) function. Another strategy that avoids this hassle is to use smooth
approximation s for p. This is because

o= [ [ o

is well defined for all 6 > 0. We can then use the Fourier transform and write the
above integral as

Is(ps) :/Ks:kua(f)ﬂé( )dg.

For the convolution term inside the integral, we have the following general result.

Theorem 3.3.2:

Let s € (0,k) and K, : @ — |#|~* as a function on R¥. Let ¢1, ¢2 be smooth
and compactly supported functions. Then

/ K, * $1(2)82@)ds = cus / Ko o(€)61(6)da(€)de

for a constant cj s > 0.

This theorem says that as a distribution K s is equal to Kj_s and as a distribu-
tion, KSA* ¢ is equal to Kk_sfﬁ. If K, Kx_s would be also smooth and compactly
supported, then this is simply K, = ck,s Kr—s. All the efforts we put into this theo-
rem are to rectify the fact that K, Kj_, are not smooth and compactly supported.
At this stage, it is beneficial to introduce the notion of distributions. This is not
the first time we have encountered such an object. Recall Example 3.1.7.
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Definition 3.3.3:Schwartz function

Consider R* for some k > 1. Let f: R* — C be a smooth function on R¥.
We say that f decays superpolynomially if for each n > 0,

[f(@)] < Ja| ™"

where < depends on the choice of n. Next, we define S(R¥) (or S if k is
clear from the context), the set of Schwartz functions in R¥, to be

S(R*) =
{feC™ (Rk) : all partial derivatives of f decays superpolynomially}.

The space S is a topological space whose topology is defined via the uniform
convergence for each of the partial derivatives.

Theorem 3.3.4:N.E.

Let f €S. Then f € S.

Definition 3.3.5:Tempered distribution

Assume the context of Definition 3.3.3. A tempered distribution L is a
continuous and linear map L : S(R¥) — C. We define its Fourier transform
L to be the linear map such that

for each ¢ € S.

Remark 3.3.6:Why ‘tempered’?

As each smooth and compactly supported function is a Schwartz function,
we see that a tempered distribution L is also defined as a continuous and
linear map C2® — C. The latter space is called the space of distributions.
In most cases, we do not really differentiate the two notions. However, we
remark that the space of distributions is strictly larger than the space of
tempered distributions.

Observe that for each measurable function f, the measure fdu is well defined.
Suppose that fdu is finite on compact sets. Then f : ¢ — [¢fdu defines a
tempered distribution. It may happen that f is not defined as a function but
as a tempered distribution. For example, the following lemma shows that K, =
cksf( k_s as tempered distributions.

Lemma 3.3.7:

Let s € (0, k). Then for each smooth and compactly supported function ¢,

/ Ko(2)o(@)da = cx.s / Ki—o(6)(€)de
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where ¢ ¢ > 0 is a constant that depends on k, s.

PRrROOF. We first show that the LHS integral is finite. Observe that
jRsrers

= Ky(z)o(x)dx + Ky(z)o(z)dx

|z]<1 |z|>1

The second part is finite due to the compactness of the support of ¢. For the first
integral, the singular part of K is at = 0. The result follows from the following

fact (s < k)
1
/ sd:zc < 0.
|z|<1 ||

Similarly, the RHS also converges.
Suppose that s > k/2, then

Kl <1 € L' K1, € L2

Therefore K, exists as a sum of L> + L2. Thus we can write
[ K@@t = [ R
Let § > 0 be a number. Then
[ K@it = [ K.w/s)ota/5)d(a/s)
= 55/K5(ac)6—k¢(x/5)dx
— 5 [ R©)d0)de
= [ Ru(e/o)ae)i.

Thus we have K, (&) = 6 *K,(£/6). Similarly by replacing the scaling by § with
a rotation centred at the origin, it is possible to show that K(¢) = K,(|¢|). From
here we conclude that
K, = Ck,sz—s
for some constant ci . The above equality is inside L* + L?. The constant Ck,s
can be determined by choosing a well-known function ¢ for which we also know
¢. A handy choice is the Gaussian o(x) = e~mlel® Although it is not compactly
supported, its fast decay at infinity will make all the above arguments valid. We
omit further details regarding the value of ¢j ;. We note that it is continuous with
respect to s and ¢y 12 = 1.
Suppose that s < k/2, then we can apply the above argument and show that

/Kk—squ Ck,k—s/Ks¢

where we used the fact that
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[ran e [

We proved the theorem for all s € (0,k) \ {k/2}. Then case s = k/2 follows by a
limiting argument and the fact that cj /2 = 1. (Il

Thus we see that

PRrROOF OF THEOREM 3.3.2. label=default

chs [ Kies 0195200 = [ Koo )1 * ()

— [ K@) [ 61(-0 - jo@dbds
:/Ks(—x)/qbl(—e— 2)62(0)dbdz

— [ K(@yin(~6 ~ 2)5a@duds
- /'(Ks « 61)(2)da(w)da

Thus we see that
L(is) = cns / K o(€) 715(6)2dE = e / m%m@)%(@wg.

By letting § — 0 we have the following result.

Theorem 3.3.8:

Let p be a Borel probability measure. Then

0 = [ 1O ez

as long as the RHS is finite. The RHS can be co. If this is the case, then
I (p) = oo.

We can now prove a more general version of Example 3.2.6.

Theorem 3.3.9:

Let 1 be a uniformly s-Frostman measure. Then for all ¢ € (0, s),

// Ifc—y\t

/\A( ) i < o

Therefore we have
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Remark 3.3.10:

We saw in Example 3.2.6 that for each s-AD regular measure we have
1

(6] < —.
/s<1/6 AN < s

In particular, this implies that for each ¢ < s,

/ \n(&)ﬁﬂ%dg < .

PROOF. Observe that for each y € R¥ such that u({y}) =0,
du(x du(x _
-y W) < 3 2 (B (1),
[z =yl 17 Y Bat W\ Byi+1 () |z -yl 1€,
This sum ends for some fixed L > 0 for all y. We can thus write

S 2 U (Bya (y) < Y2712 < ¢

I<L I<L

for a constant C > 0. Then we see that
Ii(p) < 1.
This is what we wanted to show.

We can now relate the energy integral with the Hausdorff dimension.

Theorem 3.3.11:

Let E be a compact set in R*¥. Suppose that dimyg F = s. Then for each
t < s, there is a Borel probability measure on F such that

Ii(p) < oo.

Conversely, if p is a Borel probability measure with Is(u) < oo, then
dimpy supp(u) > s.

PROOF. We see that H!(E) > 0 for each ¢ < s. Then we use Theorem 3.1.11
and find an ¢-Frostman measure p with p(E) > 0. We can restrict 4 on E and
renormalise it to get an ¢-Frostman probability measure (still be written as p) with
#(E) = 1. By Theorem 3.3.9, we see that

It’ (’U,) < o0.

Since t' < t < s are arbitrary the result follows.
Conversely, suppose that I;(u) < oco. Then for p.a.e. y, we have

/ |f’i(?|s =

From here, we see that for r > 0,

M(Br(y)):/_ - du(r)<<r3/ |5Mz)|s <r'.

From an Egorov argument, for each € > 0, we can find a compact set A, so that
u(Ee) >1—¢
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and B, (y) < r~* uniformly for each y € E.. Thus y|g,_ is s-Frostman and dimyg E. >
s. Therefore dimy supp(u) > s. O

3.4. Fourier decay properties (N.E.)
We saw that for a Borel probability measure on R*, if I,(1) < oo then
1

/ ) e < .

In this section, we generalise this condition. To do this, we first observe that the
above condition quantifies in a squared averaged sense how |i(£)] — 0 as || — oo.
Various notions around this idea are called ‘Fourier decay properties.” We now
introduce a stronger notion of the Fourier decay property.

Definition 3.4.1:Pointwise decay

Let 1 be a Borel probability measure on R*. We say that p has Fourier
decay if
lim ji(€) =0.

|€]—o00
We say that p has polynomial Fourier decay if
dimp g = sup{s > 0 : |a(€)| < |€]7*/?} > 0.

We name dimp p as the Fourier dimension of .

Theorem 3.4.2:

Let p be a Borel probability measure. If dimp u = s > 0, then () < oo
for each t < s.

PRrROOF. This is clear. |

It is not hard to find measures with polynomial Fourier decay.

Theorem 3.4.3:N.E.

Let M C R* be an analytic manifold not containing any lines, then any
compactly supported and smooth measure p on M has polynomial Fourier
decay. In particular, for each analytic hypersurface M with non-vanishing
Gaussian curvature, any compactly supported and smooth measure p on M
satisfies

|4(€)] < |g|~k=1/2,

Remark 3.4.4:

We do not prove this result here. It is a standard but deep result in Harmonic
Analysis and Analytic Number Theory. The result holds for more general
manifolds. See refs.

From this result of manifolds, we can now formulate the notion of Salem sets.



3.4. FOURIER DECAY PROPERTIES (N.E.) 47

Definition 3.4.5:Salem set

Let S C RF be a Borel set. We define its Fourier dimension to be
dimp S = min{sup{s > 0: Iy, dimp p > s}, 1}

where p ranges over Borel probability measures such that p(S) = 1. We say
that S is Salem if

Show that dimg S < dimpg S.

Example 3.4.6:Salem set

We can use Theorem 3.4.3 to see that the unit sphere in R¥ is a Salem set
for each k > 2. On the other hand, hyperplanes are not Salem as they have
zero Fourier dimension. The torus

T = O{Bi2(a):a = (aw,ay,O),ai + ai =1}

is not Salem. The Gaussian curvature vanishes somewhere on T2. (N.E.)
For a manifold M with a co-dimension greater than one, the study of
the Fourier transform of smooth measures on M is extremely complicated.
There are no satisfactory (i.e. simple) criteria telling us whether or not such
a manifold is Salem.

After pointwise Fourier decay properties, we return to the averaged version.

Definition 3.4.7:Fourier [? dimension

Let p be a Borel probability measure on R*. Let p € (0, 00], we define

dimg» p = sup {s >0: /|§|<R [a()|Pds < SI’“‘S} :

We have used [P rather than LP to help us remember that the [P is taken in
Fourier space (i.e. the space of &) rather than the physical space (i.e. the space of

Theorem 3.4.8:

Let p be a Borel probability measure. If dimz g = s > 0, then I;(u) < oo
for each t < s.

Proor. This is clear. O

We now make sense of the idea that the squared Fourier integral in Example
3.2.6 is optimal.

Theorem 3.4.9:

Let p be a s-AD regular measure. Then dim;2 u = s.
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PrOOF. In Example 3.2.6 we saw that
dimgz p > s.

We have to show that this cannot be improved. Suppose that dim;z u > s. Then
we see that Iy (u) < oo for some s’ > s. Then we see that dimg supp(p) > s > s.
This contradicts with the fact that p is s-AD regular and therefore its support has
Hausdorff dimension s. g

3.5. Hausdorff dimension of Cartesian product sets

We start our study of the geometry of fractal sets and measures with a discus-
sion on the Hausdorff dimension of Cartesian product sets.

Theorem 3.5.1:

Let E, F C R* be compact sets. Then we have
dimyg F x F > dimg F + dimg F.

Remark 3.5.2:

This result holds for all Borel sets.

Proor. Let dimyg ' = s,dimyg F' = t. We can use Frostman’s lemma 3.1.11
(and the remark that follows) to find Borel probability measures g, 1p that are s-
and t-Frostman resp., and pg(E) = pp(F) = 1. We consider the product measure
pE X pp. It is a Borel probability measure on R?* and supp(ug x pr) = E x F.
For each x € E x F and § > 0, we see that

pe X pr(Bs(x)) < pe(Bs(zr))ur(Bs(zr)) < 6°7.

where x = (xg,xr) is the coordinates of x. Therefore we see that ugp X pp is an
(s +t)-Frostman measure on R?*, From the Mass Distribution Principle (Theorem
3.1.10) we see that dimyg E x F' > s+ t. This finishes the proof. O

This inequality can be strict. We provide an example. For this, we will need
some results that will be proved later. Nonetheless, here is the best place for the
example to appear. We make no delay.

Example 3.5.3:

Recall the sets E, F' from Example 2.4.2. Observe that E+F = {z+y:z €
E,y € F} D (0,1). This is the image of E x F under the map (x,y) — z+y.
This map is Lipshitz. From Theorem 3.6.3 we see that dimyg F x F > 1.
However, dimyg £ = dimyg F = 0.

On the other hand, for regular enough sets, we do expect that an equality.

Theorem 3.5.4:

Let E,F C R be compact sets. Then we have
dimg E x F < dimyg F + dimgF.
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PROOF. Let dimy F = s,di7m3F =t. Let € > 0. Let § > 0 be a small number.
If § is small enough, we can find a C<5(E) covering for E with

Z diam(B)*™¢ < 1.
BECS(;(E)

Since E is compact, we can assume that C<s(F) is finite. For each B € C<;5(E) we
consider the set

BxFCFEXF.

We can cover B x F' by first covering F' with balls of size diam(B). The upper box
dimension tells us that the number of such balls that we need is

< (diam(B))~(#+e/2),

We can perform this covering strategy until we obtain a covering C for E x F. For
this covering,

> diam(B)* T <« Y diam(B) T diam(B)" T/ 2diam(B) " F/2) « 1.
BeC BeC<s5(E)

This implies that H*TT15¢(E x F) < co. Thus
dimg F x F <s+t+ 1.5¢.

Since € can be arbitrarily small, the result follows. ([

3.6. Projections

3.6.1. Image of fractals under Lipshitz maps. Given a fractal set F' C R”
and a map f from f to some metric space. It is of great interest to study the
structure of the image f(F). Of course, if f can be arbitrary, there is no hope to
extract any information from f(F'). We will only study the case when f is induced
from a continuous function on the ambient space R”.

3.6.1.1. Warm up: Euclidean Isometry. Consider the case when f : R¥ — R*
is an Euclidean isometry, i.e. f(|z —y|) = |f(z) — f(y)| for all pairs x,y € RF.

Theorem 3.6.1:

Let FF C R* be a Borel set and f be an Euclidean isometry, then
dim F' = dim f(F)

for dim being the Hausdorff dimension, lower box dimension, and upper box
dimension.

PROOF. We only prove this Theorem for the Hausdorff dimension. Consider
the sets F, f(F'). The map f establishes an one-one correspondence of coverings of
F and of f(F). As f does not change the diameter of any set, we can follow the
definition of Hausforff dimension and prove that dimy F' = dimy f(F). O

In fact, so much more is true. If p is absolutely continuous w.r.t the Lebesgue
measure, then the same holds for f(u). The core idea is that for all dimension-
s/regularities/Fourier transforms that have been developed are all invariant under
Euclidean isometries.

3.6.1.2. General Lipshitz maps. We now allow f to be more wild.
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Definition 3.6.2:Lipshitz map

A function f : R¥ — R! for k,I > 1 is Lipshitz continuous if there is a
constant C' > 0 so that
@)~ SO _

e -yl ~
for all z,3y € R*. We say that f is bi-Lipshitz if f~! exists and it is also
Lipshitz.

Theorem 3.6.3:

Let I C R* be a Borel set and f be a Lipshitz map, then
dim F' > dim f(F)

for dim being the Hausdorff dimension, lower box dimension, and upper box
dimension.

PrROOF. We prove it for the upper/lower box dimensions. The result for the
Hausdorff dimension follows similarly. For this, observe that a covering of F' can be
pushed to be a covering of f(F') by taking the images of each set in the covering.
As f is Lipshitz, it will not increase the size of the sets significantly. Thus a delta-
covering will be sent to a < d-covering. We can enlarge each of the images of the
sets in the covering if necessary and obtain a d-covering of f(F'). In this way, we
prove the result for the upper and lower box dimensions. [l

3.6.2. Projections. In this section, we introduce several special Lipshitz maps
that carry geometric intuitions.

Definition 3.6.4:Linear projection

A function L : R¥ — R! for k,1 > 1 is a linear projection if it is an affine
linear map. Namely, for some non-zero I x k matrix A and a vector b € R,
L(x) = Az +b.

The space ker(A) is called the direction of the projection L. We can then
identify im(L) in R* as the orthogonal complement of ker(A). Notice that
dimim(L) < k. We can then consider L ; where K = ker(A) and I = im(L)
to be the linear map with the corresponding kernel and image. Notice

that for each set ' C R¥, Lg ;(F) and L(F) defers by an invertible linear
transformation.

Example 3.6.5:

Consider R2. Let 8 € S' = {(z,y) : |(z,y)| = 1}. Then there is a linear
map Ly that maps 6 to (0,0). We can choose Ly to be such that it is an
isometry on 6. We see that Ly has the geometric meaning that projects
points towards #+ along the direction pointing along 6.
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Definition 3.6.6:Radial projection

Consider R*. Let a € R¥. Consider the map
T—a

R, :z—
v —adl

that maps R¥ \ {0} to the unit sphere S*~! C R¥. This maps is called the
radial projection around a.

Remark 3.6.7:

The geometric meaning of R, is as clear as linear projections. In fact, in
everyday life, our eye system receives images from our surroundings via
radial projections (at least approximately).

Linear projections and radial projections have the property that any fibre is lin-
ear, i,e. the inverse image of any point is a linear space. There are other projections
with non-linear fibres. We illustrate two such projections.

Definition 3.6.8:Multiplicative projection

Consider the map m : R¥ — R defined as
m((z1,...,2E)) =21 ... Tk.

This map m is not Lipshitz. However, for each compact set KX C R¥, the
restricted map m|K is Lipshitz.

Fibres of multiplicative projections are not linear. In fact, they are hyperbolas
except that the inverse image of 0 is a union of hyperplanes.

Definition 3.6.9:Distance projection

Consider the map A : R¥ — R defined as
A((Cﬂh 000 ,l’k)) = \(1131, 000 ,l’k)|
More generally, for each a € R*, we define

Ag(z1,. . x) = (21, .-, 26) —al.

Fibres of distance projections are spheres.

3.6.3. Marstrand’s projection theorem. Linear projections and radial pro-
jections are Lipshitz. Thus under projections, dimensions of Borel cannot increase.
See Theorem 3.6.3. Here a natural question to ask is how a set loses dimension
after projections. First, observe that it can happen that there are strict dimension
drops. For example, consider a line segment in R%. We can linearly project this line
segment onto one-dimensional spaces. It can be easily checked that for all but one
of the directions, the projected image is still a line segment and there is no dimen-
sion drop. There is exactly one direction (i.e. the direction along the line segment)
for which the projected image is a single point. Then we have a dimension drop.
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We shall see very soon that dimension drop is a rather exceptional phenomenon
and the situation is not too far away from the line segment case we just discussed.

Theorem 3.6.10:Marstrand’s projection theorem (special)

Let F C R¥ be a compact set. Let H be a k — 1 hyperplane. Let L, be
the orthogonal projection from R* onto H where w L H is a unit vector
(there are two choices and we write H = H,,). Then for Lebesgue almost
all w e SF—1,

dimyg L, (F) = max{k — 1, dimy F'}.
Moreover, if dimyg F' > k — 1, then for almost all w, L, (F') has a positive
Lebesgue measure.

Remark 3.6.11:

We use the Fourier transform in the proof. It is also possible to prove this
without using Fourier transform although the proof would be much more
complicated.

Proor. Let ¢ < dimy F. Then there is a probability measure p such that
I;(p) < oo and u(F) = 1. For each v € S¥~1 we consider the projected measure
L,(p). It is defined to be

Ly(n)(B) = p(L; 1 (E))
for each Borel E C L, (R¥). The measure L, (u) is a Borel probability measure and
L, (1) (Ly(F)) = 1. We now observe that as I;(u) < oo,

1
oo > / ) e
1
., / / )P gl L () s

where dw is the Lebesgue measure on the unit sphere S¥~!, dH,, is the Lebesgue
measure on the hyperplane H, and c¢; > 0 is a constant depending on k. Thus
ck|rw|dH, dw is the Lebesgue measure on R¥ under map (r,,,w) — 7, € H,, C RE.
That is to say, for each Borel function

o [ [ #elralaturado = [ )

We see that for dw-a.e w, we have

. 1
/ )P g el () < .

From here we see that for such w,

. 1
/ i) P AL ) < .

Now we consider the function r,, — ji(r,). Observe that

Lo(w)(€) = / e 2WED AL, (1) () = / e~ 2L gy (2) = (€,)



3.6. PROJECTIONS 53

where £, is the orthogonal projection of £ on H,. From here we see that for each
rw € Hy,

LwA(U) (1) = fi(re,).

Therefore the restricted function fi|H,, is the Fourier transform of L, (x). Thus we
see that
. . 1
It (Lo () = /ILw(M)(Tw)PWﬁdHW(TW) < o0.

If k—t—1> 0, then we see that dimygsupp(L,(n)) > ¢. If k —t —1 < 0, then
we have an even stronger conclusion that L, () is absolutely continuous with an
L2-density function. In this case supp(L (1)) has positive Lebesgue measure and
therefore with Hausdorff dimension k£ — 1. Observe that

supp(Lw (1)) = Lo (F).

This finishes the proof. (I

Marstrand’s projection theorem holds for general linear projections other than
the codimension one case we just considered. In order to formulate the general
version, we need the notion of Grassmannian. We will not discuss further details
other than its definition.

Definition 3.6.12:Grassmannian N.E.

Let 1 < I < k be integers. The Grassmannian G;(k) is the set of I-
dimensional linear subspaces in R¥.

Remark 3.6.13:N.E.

Gy (k) is in fact a manifold of dimension I(k — ). In addition, it has many
other structures as an algebraic variety, a homogeneous space, etc.

Theorem 3.6.14:Marstand’s projection theorem (general)

Let F C R* be a compact set. Let 1 < [ < k be an integer. For each
v € Gi(l), we use L, to denote the orthogonal projection onto the linear
space [. Then for Lebesgue almost all v € G;(k),

dimg L (F) = max{l, dimy F'}.

Moreover, if dimy F' > [, then for almost all v, L~ (F') has a positive Lebesgue
measure.

The proof of this result is very similar to the special case (Theorem 3.6.10). The
most crucial ingredient is to write the Lebesgue measure on R¥ as c |r, |*~!dH., (1. )d.
Such a relation is called ‘a disintegration of a measure’. Common places where such
a relation can be found include measure-theoretic ergodic theory (ergodic decom-
position), homogeneous spaces (Weyl’s integration formula), etc. We do not cover
further details of this topic here.
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3.6.4. non-Fourier arguments for projections. Having seen Marstrand’s
projection theorem, it is natural to ask for more general results that hold also
for other types of projections. However, the Fourier analytic proof we introduced
for linear projections depends crucially on the so-called trace formula. We did
not explicitly make use of it. In our context, we used the special fact that the
Fourier transform of linearly projected measure equals the restriction of the Fourier
transform of the original measure on a suitable linear subspace. Such a relation
reflects the fact that R* is a linear space with the natural translation action T}, :
x — x + a for fixed a € R*. The Representation Theory of Lie Groups has much
more to say about this. We do not cover further details.

We now discuss a different approach to study projections. This approach is
more flexible than our Fourier analytic method. We first prove Marstrand’s projec-
tion theorem again.

Theorem 3.6.15:

Let F C R¥ be a compact set. Let H be a k — 1 hyperplane. Let L, be
the orthogonal projection from R* onto H where w L H is a unit vector
(there are two choices and we write H = H,,). Then for Lebesgue almost
all w e Sk,

dimy L, (F) = max{k — 1, dimy F'}.

Remark 3.6.16:

If dimyg F' > k — 1, we know that L, (F') have a positive Lebesgue measure
for a typical w. This is difficult to show without Fourier analysis.

PrOOF. We prove the case with £k = 2. We reduce the situation a bit. First,
instead of considering L, (F') we consider the following set

Py(F)={z+0y: (z,y) € F}.

We see that Py(F') and L, (F') are scaling copies of each other with properly chosen
0 € (0,00) and w € S'. We can also restrict ourselves to 6 € [1,2]. This will not
cause any loss of generality.

Since dimy F' = s, we can find a uniformly s™-Frostman measure on F' for any
s~ < s. Suppose that s < 1. We need to estimate

I~ (,U'G)
where pg is the pushed-forward measure of p under the map (z,y) — =z + 0y.

Consider the integral
[ 1oy,
(1,2]

For this integral to make sense we need 6 — I,- (ug) to be Borel measurable. This
fact is simple to establish and we omit its proof. Observe that

e
S e
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For the last line, we used the fact that for each Borel function f: R? — R,

//dug Ydpg(y //du )dp(b) f(ay + Oay, by + 6by).
This can be viewed as the definition of pg. We can now use Fubini’s theorem to see
that
/// a)du(b)de
|ax—|—9ay (bz + 0by)|*~
dp(a)du(
//“ Heo /|am+eay — (b + 00y
<<//du )dp(b) 2 ks A
ke

Z

where | A| is the Lebesgue measure of the set
Ay, = {0 |(az + bay,) — (b, +60b,)| € [2F, 2 1)},
Consider the function
9(0) = (az + bay) — (by + 6by).
We have ¢'(0) = (a, — by). Thus we see that
k

2
A _
|Ak| < a0

From here we have

_ 1 _
ZZkS |Ak| <K mZQ(l—S )k:'
k

kEZ

Since s < 1, we see that the sum over k is < |a — b|1_57. We now have

f 1 warao < [ [

because p is s”-Frostman. From here we see that for Lebesgue almost all 6,

Is* (M@) <0

This implies that dimyg Py(F) > s~.
Now, if s > 1, we can repeat the above argument with s~ being replaced by 17,
a number smaller than one. We then obtain the result that for Lebesgue almost all
0,
I (pe) < 0.

We have now proved that for Lebesgue almost all 6,
dimyg Py(F) > min{1, dimy F'}.
The result follows because the above inequality also holds with > being replaced

with <. O

Recall Definitions 3.6.6 and 3.6.9. For F' C R¥, we introduced families R, (F), A, (F)
with parameter a € R*. From Marstrand’s projection theorem we can intuitively
think that dimension drop rarely happens. We will now prove the following result.
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Theorem 3.6.17:

Let F C R? be compact. Suppose that dimy F > 1. Then for Lebesgue a.e.
a € R?,

Aq(F), Ra(F)
has a positive Lebesgue measure. More generally, for Lebesgue almost all a,
we have

dimpg A, (F), dimyg R, (F) = min{1, dimy F'}.

We will assume that F' has zero Lebesgue measure otherwise the result holds.
In this case, we only consider a ¢ F. We show that for Lebesgue almost all such
choices the theorem holds. Since F' is compact, we will further localise our problem
by considering a € B where B is a ball which is disjoint with F. Then d(F, B) > 0.
Without loss of generality, we assume that d(B, F') > 1. We will need the following
lemmas that capture the geometry that we need for proving Theorem 3.6.17.

Lemma 3.6.18:two circles lemma

Let 1/2 <1y <19 < N where N > 0 is a positive number. Let § € (0,1/10).
Let x,y € R? such that d(x,y) < 1/2. Consider the circles C; = C,, (z),Co =
C,,(y) centred at z,y resp. Then consider the d-neighbourhoods C¢,C3.

Then we have
52

M NCY) <
(N < GGy = —mall
where the implicit constant depends on N.

PROOF. C?NCY has large intersection when d(x, y) is close to r1 +r5 or |rq —ra|.
Our conditions say that r1 + ro is much larger than d(z,y). Therefore, we only
need to consider the second case. The worst case scenario is when r; = rq and
r = y. In this case C{ N CY is seen to have Lebesgue measure as large as < §. If
d(x,y) # |r1 — r2| then the two circles Cy, Cy do not share tangent lines. In other
words, the tangent lines of C, Cy are their intersection are not the same. The angle
formed by those tangent lines is > |d(z — y) — |r1 — r2||. Therefore we see that

)
ld(z —y) = |r1 =7

MCINCY) < b x

We use this inequality when |d(z — y) — |r1 — r2|| > 0 and we use trivial upper
bound § otherwise. This proves this lemma. ([l

Lemma 3.6.19:two lines lemma

Let z,y € R2. Let a € R? be such that a is far away from the line segment
xy. More precisely, we assume that N > d(a,xy) > 1/2 for some number
N > 0. Let § € (0,1/10). Consider the two lines log,l4y. Consider the J-
neighbourhoods 1%, lgy. Then we have

2

A1 NIe .
(a:z: ay) < Zsray

The implicit constant depends on N.




3.6. PROJECTIONS 57

PRrROOF. The conclusion that

2
A, NI, <

Zxay
follows from what we did in the proof of Theorem 2.4.5. O

PROOF OF THEOREM 3.6.17. We only prove the conclusion for R,. The con-
clusion for A, follows via similar lines. We only consider the case when dimy F' < 1.
The conclusion for the rest cases follows similarly.

Let s = dimpg F' < 1. Let p be an s-Frostman measure supported on F. Let
d > 0. We consider the d-scaled smooth approximation ps. For some ¢ € (0,s). We
estimate I;+(R,(ps)) for a € B where B is a ball such that d(B,F) > 1. We can
further assume that the diameter of B U F' is at most N > 0. The strategy is to
estimate the integral

/umwmm

As It (Rq(us)) > 0 for all @ € B and I;(R,(us)) — I (Ra(p)) as 6 — 0. The limit
can be of course co. We know that

I(Ra(2)) = limsup I Ra(115)).

§—0

Then from the monotone convergence theorem, we see that

/It(R da = hm/[t o(ps))

Thus if we can show that as § — 0

/EWJMWM<L
then we see that
/ﬁmmmm<w

This will show that I;(R,(p)) < oo for Lebesgue almost all a € B. Therefore
dimg supp(R, (1)) > t. Ast < s can be arbitrarily chosen, we see that dimy supp(R, (1)) >
s. This proves the theorem.

Now we estimate

/Mmmmw

///M%m| P,
xfy
/// x )d dyda

Here, I, is the line starting from a with direction z € S' (the target set of R,).
We can continue the above computation

/ / / | ’”)d dyda
-[ [ ] ] ] v
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We know that a is far away from the line segment gh. We can integrate the variables
x,y. As long as the angle Agac > §, we have

1 L (9)Ls  (h) 1 6 B)
—wr oY " dad 1/Zgah
/5 |x— < G e gy (/490"
If Zgac < 6, this integral is
1
< = ———dedy < 5.
2l lyl<s 1T — Yl
We thus see that

// 11, (9)Ls (h)d < 1
T _ .
\at - \t Y max{Zgah, o}

As a € B and B is far away from F, we have as long as ¢t < 1,

1
/ max{lgah (5}t |g |t

To see this, without loss of generality, we assume that l,, N B # (. Then we have
for d < 0.1.

Zgah > d(a,l4n)|g — h.
For d > 0.1 we have

Zgah > |g — h|.
Then we see that
1

lg — _ t/
/max{égah 5}td <</ da lg = Al d(aalgh)tda.

The last integral is finite because it is < to the one dimensional integral fol 1/rtdr.
From here we have

[11] / " e e a4
<<//du —h|t )~ 1) < .

For the last line, we used the fact that p is s-Frostman and for ¢ < s, we have
I(p) < oo. O

3.7. Intersections

We have studied a certain projection problem for fractal sets. Now we study
the ‘dual problem’. To have some ideas, consider a projection problem for a finite
set £ C Z%. We want to consider the set

P(E)={r+y: (z,y) € E}.

For each z € Z, we have the fibre P=1(2) = {(z,y) € Z? : x + y = z}. Let #.(E)
be the cardinality of P~1(z) N E. We have the following relation

= > #a(
zEP(FE)

Thus consider #FE as being fixed (as a large number like 1 million). If #P(FE) is
large, then #.(F) is not too large for most of z € P(E). Conversely, if all #,(E) is
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not large, then #P(E) is forced to be large." The study of P(E) is similar to our
projection problem and the study #.(F) is then considered to be an intersection
problem. We now want to transfer this study from finite sets to fractal sets.

We first discuss some intuitive ideas. Let F C R? be a compact fractal. For
each x € R, we use F, to denote the x-slice of F’

Fy ={(z,y) € F}.

Suppose that dimy F' = s, then from the discrete consideration above, we have the
idea that an average F, should have dimp F' = max{0,s — 1}. This intuition looks
solid. However, we remark that it is not true in general. For example, for any
function over [0,1] with a graph F' with Hausdorff dimension bigger than one, we
see that F, is a single point for all x and will always have dimension zero. It is
not hard to find such graphs. In fact, the Takagi graphs have this property. We do
not prove this fact here. Another example of such a graph is a typical graph of the
one-dimensional Brownian motion. We do not prove this fact either.
We prove the following result.

Theorem 3.7.1:

Let E C R**! be a compact set. Suppose that dimy E = s > 0. Then for
Lebesgue almost all = € R”, the slice

E. ={(z,y) € E} C R**
satisfies dimyg F, < max{0,s — k}.

Remark 3.7.2:

This result holds for slices with different orientations.

PROOF. Suppose the opposite. Let L C R* be such that x € L implies that
dimyg F, > max{0,s — k} = p.

Then it is possible to find a p-Frostman measure u, on E,. Without loss of gener-
ality, we can assume that those p-Frostman properties hold uniformly across z € L.
We can then define the measure
p= / Pad
L

via the following relation that for each Borel A ¢ RF*!
p(A) = [ pa( )i,
L

Notice that p,(A) = (AN E,). Observe that p(E) = 1. Therefore p is a Borel
probability measure on E. For each r-ball, B,., say, we have

W(B) = [ nalB)de = [ 1B Ede < [ L ol <0,
L L L

¢ you like this problem for finite sets. Then perhaps you can have a look at the mathematical
subject: Additive Combinatorics.
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Thus p is a p + k-Frostman measure. Since p(E) = 1, we see from the Mass
Distribution Principle that dimg F > p + k > max{k, s}. This is not possible
because dimyg £ = s. O

It is very tempted to believe that dimyg E, < max{0,s — 1} for all 2. This is
not the case. A trivial example would be a line segment that is perpendicular to
the z-axis.

Next, we can generalise this intersection result.

Theorem 3.7.3:

Let E,F be compact sets in R*. Let dimyg E = s,dimg F = t. Then for
Lebesgue almost all a € R¥,

dimg F N (F + a) < max{0,dimyg F x F — k}.

Remark 3.7.4:

If dimy £ = dimg E or dimyg F' = dimp F' then
dimg E X F=s+t
and we have for almost all a € R,

dimg F N (F + a) < max{0,s +t— k}.

PrOOF. Consider E x F C R¥ x RF. The diagonal A = {(z,7)},cg+ has the
property that
ANExF

is ENE after some non-degenerate (invertible) linear map. More generally, for each
a €R* A, = {(z,7 + a)},cr+ has the property that

ANExF

is basically EN(F +a). Thus the result follows from the Marstrand slicing theorem.
O



CHAPTER 4

Linear IFS

4.1. IFSs and their attractors

An important class of fractal sets can be constructed via iterated function
systems.! Let fi,..., f, be functions R* — R¥., We write A = {f1,..., fn}. Let
K C R* be a compact set. We call K to be an attractor of A if

K = fi(K).

We need to have a convenient sufficient condition to test the existence of at least
one such K. This is due to Hutchinson.

Theorem 4.1.1:Hutchinson’s theorem

Let A = {f1,..., fn} be contracting. Namely, they are Lipshitz with con-
stants all strictly smaller than 1. Namely, |f;(xz) — fi(y)| < plz — y| for all
i,z,y s.t. © # y. Then there is a unique attractor K for A. We write it as
Ky.

To prove this result, we need to notion of Hausdorff distance.

Definition 4.1.2:Hausdorff distance

Let X,Y C R* be compact subsets. We define
dp(X,Y)=inf{6 >0: X € Y’ Y € X°}.

Thus, if dg(X,Y) = 4§ > 0, then for each x € X, the ball Bs(z) NY # 0.

Theorem 4.1.3:

Hausdorff distance defines a metric on the space of compact subsets of R¥.

PROOF. First observe that if dg(X,Y) = 0, then X = Y. Next, it is obvious
that dg(X,Y) > 0 for all compact X,Y. We now check the triangle inequality, i.e.

du(X,Y) +du(Y,Z) > du(X,Y)

for all compact X,Y, Z. Let ¢ > 0. Observe that for each x € X, it is possible to
find y € Y so that |z — y| < dg(X,Y) + . For this y € Y, it is possible to find a
7 € Z with

ly — z| <du(Y,Z) +e.

n fact, in some daily contexts, fractals and IFSs are equivalent.

61
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Thus we see that
|z —z| <|z—yl+ |y — 2| <dug(X,Y)+du(Y,Z) + 2¢.
From here we conclude that
du(X,2) <du(X,Y)+du(Y,Z) + 2¢.

This proves the triangle inequality as € is arbitrary. (]

Theorem 4.1.4:

The metric space (K,dp) is complete where K is the space of non-empty
compact sets in R¥.

PROOF. Let K;,i > 1 be a Cauchy sequence. We need to identify a compact
set K so that

lim dy (K;,K) =0.
1— 00
For each 6 > 0, there is an N > 0, such that for each i,5 > N,
dH(Kl,K]) < 0.

We can choose §; = 1/2! for [ > 1 and we choose N; accordingly. Consider the

sequence F; = K?fl’ for I > 1. Then F] is a decreasing sequence of compact sets. In
particular,
K =(F #0.
1>1
We already see that dp(Ky,, K) — 0 as I — oo. Use the Cauchy property, we can
upgrade this to
lim dy(K;,K) =0.

1— 00

This is what we wanted to show. O

PROOF OF THEOREM 4.1.5. Let K be a compact set. Consider A(K) = U, f;(K)
and A%(K) = A(A(K)). Let § = dy(K,A(K)). Let ¢ > 0. Then for each x € K,
there is some f; and some y € K so that d(z, fi(y)) < § + . Let z € A(K) be
arbitrary. There is some 2’ € K and j so that z = f;(z’). For this z’, we can find
y and 4’ so that

(', fu(y')) <0 +e.
We can then see that
d(z = f;(2"), fi o fiu () < pd(2’, fir(y')) < p(d +€).
For small enough ¢, we conclude that
i (A(K), A*(K)) < p*du (K, A(K))

where pt < 1. This implies that the sequence of compact sets A/(K),l > 1is a
Cauchy sequence. There is a limit K. This limit satisfies

dr(Kp, A(Ky)) =0.

This proves the existence.
For the uniqueness, consider the sequence A!({z}) for each singleton {z}. This
sequence converges to some attractor K,. For a different singleton {y}, we have
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a possibly different attractor K,. The argument above can provide us with the
following inequality,

du (A (z), A (y)) < (p*)'d(z,y).

Therefore we see that K, = K. From here the uniqueness follows. ([l

There is a version of Hutchinson’s theorem that also holds in the space of Borel
measures. In fact, it is possible to define a Hausdorff distance in the space of Borel
probability measures and perform the argument as in the proof of Hutchinson’s
theorem. We omit the proof but only show its statement.

Theorem 4.1.5:Hutchinson’s theorem for measures

Let A = {f1,..., fn} be contracting. Namely, they are Lipshitz with con-
stants all strictly smaller than 1. Namely, |f;(xz) — fi(y)| < plz — y| for all
i, z,y s.t. ¢ £ y.

Let p1,...,p, be non-negative numbers with sum one. Then there is a
unique Borel probability measure u for A. We write it as ua. In fact,
supp(pa) C Ka and the inclusion is equal if py,...,p, > 0. The measure
ua satisfy the following property

pa =Y pifi(pa)-

i=1

4.2. Self-similar sets/measures

For a system A with similarity maps (self-similar system), i.e. Euclidean isome-
tries composed with scaling, we call A to be a self-similar system and Ky, up are
called to be a self-similar set and a self-similar measure. By Hutchinson’s theorem,
if all the scaling ratios are strictly smaller than one, we have the existence and
uniqueness of the attractor.

We can now rediscover some of the fractal examples we saw earlier.

Example 4.2.1:The middle-third Cantor set/measure

Let A = {fi(x) = x/3, fa(x) = (x + 2)/3}. Then K, is the middle-third
Cantor set. If we give the two maps the probability weight (1/2,1/2) then
1A is the AD-regular measure on Kjy.

4.2.1. Dimension theory for self-similar sets. Given a self-similar system
A, we consider the attractor K. How can we compute dim K7 It is in general an
extremely difficult problem. Luckily, the following result simplifies the situation a
bit.

Theorem 4.2.2:Falconer’s implicit theorem

Given a self-similar system A, its attractor K satisfies

dimH KA = dimB KA.
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We will prove this result after some preparations. First, we introduce the
notion of the self-similarity dimension. It serves as a natural upper bound for the
dimensions of self-similar sets.

Definition 4.2.3:Self-similarity dimension

Let A be a self-similar system. Let {r1,. .., r,} be its scaling ratios (counting
multiplicities). They are all smaller than one. The self-similarity dimension
is defined as

dimg Ky =t

where t is a unique positive solution to the equation

er =1.

i

To see why a solution exists, observe that
At — Z 7t
i

satisfies
A0)=n>1

and it is monotonically decreasing. For example, for the middle-third Cantor system
A, we have 1 = r9 = 1/3 then we solve

2(1/3) =1
to get
log 2
dimg Ky = .
s BA = 1003

Theorem 4.2.4:

Let A = {f1,..., fu} be a self-similar system in R*. Then
EBKA < dimg K.

Remark 4.2.5:Exact overlaps

It is possible to have a gap, i.e.
dimyg Kjy < dimpKp < dimg Ky.

This is the case if any of f; and f; are the same. More generally, this also
happens if there are two maps from further iterations of A are the same. In
such a situation, we say that A has exact overlaps. It is largely believed that
dimyg K < dimgz K if and only if A has exact overlaps. This is a difficult
conjecture.

PROOF. We consider the case when k& = 1 in R*. Thus we are considering
self-similar sets in R. For higher dimensions, the proof is similar. Let C(A) be the
convex hull of K. It is the smallest closed interval that contains K.
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We can now assign a probability weight (p1,...,pn) to {f1,..., fn} so that it
satisfy

pi = 7“§
where t = dimg K.
Let § > 0. We want to study K, at scale 6. Let w € {1,...,n}" be a sequence
in {1,...,n}. We then define iterated functions for integers j > i > 1,

fWZ:fij"'ofwi'

The scaling ratio r_; for f_; is equal to []/_, r.,. We can find the smallest number
I such that

’I"WL1 S 5

The existence of [ is because ry,...,r, are smaller than one. Since this argument
holds for all w € {1,...,n}", we can find a covering C for K, with all such

fur (C(A)).

Observe that each B € C as diameter at most ¢ and at least min{ry,...,r,}d. Each
B € C is associated with the probability weight

! !
pr], = H ri,j = diam(B)".
j=1 j=1

We have

1 1
C=x ——— < —.
# diam(B)t 4§t
We can enlarge each B € C so that they all have size §. Not all B € C are disjoint,

we nonetheless have

1
Ng(K)\) < ﬁ

This proves that dimp K < dimg Kjy. [l
From the proof, we see that it is almost the case that
dimBKA = dims KA.

If the covering C would be disjoint, then we will have the above equality. Some
conditions lead us to this conclusion.

Definition 4.2.6:Separation Conditions

Let A be a self-similar system. We say that A or K, has the Open Set
Condition (OSC) if there is an open set O such that for different f,g € A

f(O)Ng(0) =1

and O D Ugea f(O) = A(O).
We say that A or K, has the Strong Separation Condition (SSC) if for
different f,g € A,

fEA) Ng(Kp) = 0.
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The SSC is stronger than the OSC. To see that, we consider a K with the SSC.
Suppose that it does not have the OSC. Then for each open set O with A(O) C O,
there is some pair of functions f,g € A so that

fF(0)ng(0) #0.

We can apply this conclusion to K as § — 0. Since A is finite, there is at least one
pair f, g so that

RS N g(KS) #0
for some d; — 0. Since K is compact, we see that

FUEA) N g(Ka) # 0.
This contradicts the SSC.

Theorem 4.2.7:

Let A be a self-similar system with the OSC. Then dimyg K = dimg K. In
particular, dimg Ky = dimg K.

Remark 4.2.8:A glimpse into the modern era

We see that if A satisfies a certain separation condition then dimy Ky =
dimg K 5. On the other extreme, if there are exact overlaps, then dimyg K <
dimg K. What happens in between is delicate. Nowadays, we know that the
conclusion of this result holds for self-similar systems with the Exponential
Separation Condition (ESC). We assume that A is homogeneous on R, i.e.
it has only one scaling/contraction ratio. Consider the set AN ({0}) for
N > 1. Let Ay denote the smallest gap among the numbers in AN ({0}) (as
a multiset as there might be exact overlaps). A deep result of Hochman says
that if dimyg Ky < dimg Ky, then limy_ o log|An|/N — oo. Therefore,
the gaps decay super-exponentially. To appreciate this result, consider the
situation when Ay = {z/2,(x + 1)/2,(x + t)/2}. Then Ay is the value of a
polynomial P of degree at most N with coefficients in {0, 41, +¢,+(1 —¢)}
at 1/2. Therefore if ¢ is an integer and Ay is not zero, then it is at least
1/2N. From here, we see that the system A; for ¢ being integers cannot have
super-exponentially decaying gaps unless there are exact overlaps.

PRrROOF. As in the proof of Theorem 4.2.4, for each small §, we obtain C with
sets of size =< 4. In our situation, we will construct C with the initial set being an
open set O for the OSC. Notice that O might not be connected. Together with
the covering, we also assign each B € C a weight which corresponds to its size
(power the self-similarity dimension). We denote this measure as ;. It is obtained
by assigning each open set in C the corresponding weight and making it to be
the scaled Lebesgue measure on this open set. Then lims_,o p will converge to a
probability measure on K. The limit is in fact pa for the chosen probability weight
on the symbols A.

We will apply the Mass Distribution Principle. Let z € Kpj and let » > 0
be a small number. We want to estimate pa(B,(x)). We do this by considering
ts(Br(x)). Let § = r. We then construct C according to this J. Since x € K, at
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least one B € C will intersect B,(x). Then there is a constant ¢ > 0 depending on
the initial choice of the open set O such that

B..(z) D B.

There might be more than one B € C that intersect Be,(x). All of them are con-
tained in Bgz,.(x). Observe that the initial open set O contains a non-trivial ball
of size ¢ > 0. This implies that each B € C contains a non-trivial ball of size
> §c’ > 8. The ball B,.(z) can contain at most < (r/6)*¥ < 1 many balls of size
> d. Therefore we see that B,(z) can intersect < 1 many B € C. Those B € C
carry all the mass that could be captured by B, (z). This implies that

a(Bo(x)) < 4.
Then the result follows from the Mass Distribution Principle. O

We can now prove Theorem 4.2.2.

PROOF OF THEOREM 4.2.2. Given K, with dimgK ) = s. We see that there
are arbitrarily small § so that (for s~ < s)

Ns(Kp) > 076,
From here, we can find similar copies of K of scale § that covers K. Among those
similar copies, we can find
> 5—(57)
disjoint ones. We can now define a new A’ that only includes those disjoint similar

copies of K. We then find Ky C K. Moreover, K, satisfies the OSC. We then
see that

dimH KA/ = dims KA/.

We list the scaling ratios of A’ as

{ri,...,r~}

for some N =< (1/4)". Moreover, r; < r; for all i, j with < depends on the original
A only. From here we see that the equation

SEEE

i<N
implies that

N&" =< 1.
This is saying that
log N
dim, Ky =t = 1)+ ——.

img K5 0s—o(1) + Mog 0]
Then we have for some § — 0
dimyg Kp > dimy Ky > s7.

This finishes the proof. (Il

The self-similarity is an extremely strong condition. To illustrate this idea we
show the following result shows that self-similar sets with zero dimension are rather
special. On the other hand, notice that general sets with zero dimension can still
be rather complicated.
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Theorem 4.2.9:

Let K be a self-similar set. Then dimyg K5 > 0 unless K, is a singleton.
Similarly, for each self-similar measure pg, there is no atomic support (i.e.
Iz, ux ({x}) > 0) unless K, is a singleton and pg is a Dirac mass.

ProOF. Consider A (K) for large number N. Suppose that A (K, ) contains
two disjoint similar copies of K. Then we can define a subsystem with these two
copies and obtain a self-similar set with the OSC. This smaller self-similar set has
a positive Hausdorff dimension and the original K must have a positive Hausdorff
dimension as well. Thus the only way to achieve dimy K, is that or all large
N, all similar copies of AN (K,) have a non-trivial intersection. This implies that
diam(K,) = 0. Thus Ky is a singleton.

For pix, we can assume that all py # 0, if pux({z}) > 0, we can consider
zy = f~(z) for f € A. We have

0<prx({z}) = ZPfMK {zs}).

There is at least one zy so that pr ({zs}) 2 pr({z}).
If we can find some z so that ux ({z}) > 0 and all z; with px ({zs}) > pr({z})
satisfies 7 = 2. Then we can collect some f terms with zy = x and write

pr({z}) = aux({ah) + Y ppux({zs)).

frxyp#a
However, since ux ({xr}) < prx({z}) for x5 # =, we see that

nx({}) = apx({2}) + Bp
where o+ =1,a,8 > 0,p < pr({x}). Thus the only possibility is that 8 = 0.
The only way to get this situation is that all the functions f € A have a common
fix point x. However, this says that Ky = limy_,o, AN ({z}) in Hausdorff distance
and thus K is a singleton. This forces pux to be the Dirac mass on .

Therefore there is a number [ > 0 and dfferent points z; = z,...,2; such
that for each N > 0, the preimages of {z1,...,7;} under AV that have mass at
least px({x}) are contained in {z1,...,z;}. Without loss of generality assume that
they have the same mass. If not, we can take one with the maximum mass and
get a subset of points with this maximum mass. Then we see that {z1,...,2;}
are fixed by taking preimages in A=, i.e. A= ({zy,...,2;}) C {z1,...,2;}. Then
A~N{xy,..., 2} is a decreasing sequence of finite sets and it must be stabilised,
i.e. for a non-empty X subset of {z1,...,2;},

ATIX =X,
This implies that X = A(X). Thus Kp = X. Then dimy K, = 0 and this implies
that K, is a singleton. ]

4.3. Self-affine sets/measures

Include Takagi/Weierstrass functions
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CHAPTER 5

Combinatorics and Fractals (under construction)

5.1. Discretisation of fractals

Theorem 5.1.1:Almost AD-regularity

Let E C R* be a compact set. Suppose that dimy £ = s € (0,k). Then for
each s~ < s < s, there is u € P(E) so that for u almost all x,

s~ < liminf 284B- (@)

< st.
r—0 log r

PROOF. As s~ < s, by Theorem 3.1.11 we can find an s~-Frostman measure
p with p(E) = 1. For this measure, we see that uniformly for all z € R¥,

u(B(x)) <

as r — 0. We cannot do better than this in the sense that the set of x € E with
p(Br(z)) < "

has zero p measure. From here we see that for p almost all z,

s~ <liminf 710g,u(3r($))

<st.
r—0 logr -

(]

We see that for general F, it is in general not possible to find an AD-regular
measure in P(E). However, some regularity information can be obtained. The
following result is useful in considering various combinatorial problems involving
fractal sets.

Theorem 5.1.2:

Let E C R* be a compact set. Suppose that dimg E = s. Let s~ < s. For
for large n > 1, F contains a 2~ "-separated set F, so that

ns-

#E, > )
n

Moreover, for each R € (27™,1) and any ball Bg of size R, the following
non-concentration condition holds,

#En. N Br

“E, < nR® .

71



72 5. COMBINATORICS AND FRACTALS (UNDER CONSTRUCTION)

Remark 5.1.3:

Thus if R is of size 277" for some p > 0, we can easily write
nR87

as R® for a different s—.

PRrROOF. Let p € P(FE) be s~ -Frostman. Observe that for each n > 1
> wB)>1.
BeD,(E)
We now regulate the size of p(B) in the following way. For each [ > 0 let
B = {B e Du(B): u(B) e (27,27},

Observe that

Z Z /J(B) < 2kn2—2kn — 2—kn.

I>2kn BeB;

Thus as long as n is large enough, we do not need to consider [ > 2nk. Among the
choices | < 2nk, at least one such a choice of [ will lead to

1
Z n(B) = Ik

BeB;

Such an [ cannot be too small because of the s™-Frostman property of p. This leads
to [ > n®~. We now examine the collection B; closely. It is a collection of dyadic
cubes of size 1/2" and each cube has y measure < 27!. Thus we see that

1
2! B> —2..
> #B > ok
On the other hand, by the s™-Frostman property of u, we see that for each R-ball
Bp of size R € (277,1),

#{BeB,BNBr# 027 < R* .

This implies that
#{B € B;,BN Bg 7&@}
#5

< nR* .

5.2. Random projections of discrete sets

In order to gain further insights that were hidden behind the Fourier analytic
proof of Marstrand’s projection theorem, it is illustrative to consider a discrete
version of Marstrand’s projection theorem. We will develop a method showing that
projections of 'nice’ discrete sets tend to be as large as possible. Along this way,
it is possible to prove a weaker version of Marstrand’s projection theorem with
purely combinatorial arguments. Neither Fourier Analysis nor Energy Integrals are
needed.
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Definition 5.2.1:

Let 6 > 0. A é-separated set Aj is a finite set in R* such that all pairs of
points are at least § away from each other in terms of the Euclidean distance.

Definition 5.2.2:

Let 5,0 > 0. A d-separated set A5 C [0, 1]* is s-Frostman if for each number
R € (6,1) and any R-ball B,

#A5N B < #AR®.

Theorem 5.2.3:Discrete Marstrand’s projection theorem

Let § > 0 and As C [0,1]? be s-Frostman where s € (0,1). For each 6 € S*,
let Py = Py(As) be the image of As under the projection along the direction
6. Consider Nj(Pp). Then for all # € S! apart from a set with measure
< 1/]log ],

Ns(Pp) > 6 °/|logé].

Remark 5.2.4:

With the help of this theorem and Theorem 5.1.2, we can show that for
Lebesgue almost all 0, dimgPy(E) > s where E is a compact set with
Hausdorfl dimension s.

PROOF. For each # € S', consider

L= [ (3 Po(Bs(@))s

a€As
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where dz is the Lebesgue measure on the image of Py (which is R). We now estimate

/d&/ZPgB(; dz

a€As

=¥ //depg Bs(a))Py(Bs(b))dx

a,beAs

X

> 6|{6 € S*: Py(Bs(a)) N Pa(Bs(b)) # 0}

a,beEAs

S

a,beAg

a—b|

2!5<1 5

SR SEED SR
a€As 1>0 beAsNByy (a)

2l§<1

<<5Z Z#Ag(SQl

ac€A;s 1>0

<6 Y #AD < HAFT
a€As

Thus we see that
{6: Ly > #A%25° |log 6|} < 1/|logd|.
Suppose that Ly < #A4%6°T!|log d|. Then we see that by Cauchy-Schwarz,
6 Ns(Py)~ / > Py(Bs(a))dx)® < Ly < #A36°T|log 4.
ac€As
Observe that

/ > Py(Bs(a))dx < 64 As.

ac€As
Therefore we see that
Ns(Py) > 6 °/|1logd|.

5.3. Erdés’ distance problem and Falconer’s distance problem
Let E C R? be a set of N distinct points. Consider the distance set
A(E)={la—D0|:a,be E}.
The following result was posed by Erdés.

Theorem 5.3.1:

Let E be the integer lattice {0,...,n}? C R2. There is a constant ¢ > 0,
such that

, n? #FE
#AB) < C\/210gn < Viog #E'
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Remark 5.3.2:

Erdés conjectured that this lower bound is in fact optimal. Namely, for any
finite set £ C R?,
#E

#A(E) > Tos BB

Recently, the problem of Erd&s was almost solved.

Theorem 5.3.3:Guth-Katz

For any finite set E C R?,
#E
log #E"

#A(E) >

We do not prove those results here. (insert ref here) Instead, we now introduce
a fractal version of the distance set problem.

Conjecture 5.3.4:Falconer’s distance conjecture

Let E C R¥ be a compact set with dimy E > k/2. Then A(E) has a positive
Lebesgue measure.

We will focus on the case when k& = 2. In this case, it is known that the
conclusion of Falconer’s distance conjecture holds for dimyg E > 5/4. This is a deep
result due to refs. On the other hand, if one is looking for sufficient conditions for
dim A(FE) = 1, then the problem becomes much more combinatorial and we have
the following result due to Shmerkin.

Theorem 5.3.5:

Let E C R? be a compact set with dimg £ = dimgE > 1. Then

We do not prove the above result. However, we will prove some weaker results
which already contain interesting ideas.

Theorem 5.3.6:Falconer’s distance theorem

Let E C R? be compact with dimyg £ > 3/2. Then A(F) contain intervals.

PROOF. Let dimy E = s. For each s~ < s, we can find 4 € P(E) a uni-
formly s~-Frostman measure. For this measure, we consider its Fourier transform
i1. Next, we consider the convolution n = p* p_ where p_ is the reflection of y, i.e.
pt—(—A) = u(A) for each Borel set A. Then 7 is a probability measure supported
on the difference set

E-FE={x—y:z,y€ E}
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i.e. supp(n) C E — E. We now study the pinned distance set Ag(E — E) which is
equal to A(FE). Observe that

() = 1>
According to Theorem 3.3.9, we see that whenever t < s,
1
(51) [ 1 gmre < .

Now, we consider the circle C,. centred at 0 with radius » > 0. Let § > 0 be a
small number and we consider C’f to be the thin annulus around C,. We treat C,
as the probability Lebesgue measure on C,.. Consider a smooth bump function I
supported on Bs(0) and = 62 on B; /2(0). By considering the convolution C, * Is,
we can effectively treat C’f as a smooth function that is supported inside the set
C? and < 67! inside C2’%. From now on, we write C? for this smooth function.
Consider the following integral

f5r) = [ Cia)nto)
We can use the standard L2-formula to see that

fi(r) = / CO(€)i(—€)de

< / €17 V/2 (e P

where we used Theorem 3.4.3. The above asymptotic depends on the choice of 7.
However, we remark that as long as we constrain r € T for any fixed compact set T
that does not contain the number 0, the above asymptotic is in fact uniform across
r € T. Next, for each fixed 9, fs(r) is a smooth function. Thus if we choose ¢ > 1.5
then we have the following uniform asymptotic

fg(?“) <, 1.

for all 7 € T. We therefore see the following pointwise limit for all » € T,
li f5(r) = £0) = [ (i)
—0

We also know that C,. — C, pointwisely and uniformly on each compact set.
Thus we see that f(r) is continuous for r € T. The problem now is that f can be
constantly zero. We show that this is not the case for a suitable choice of T. We
choose T = [e,e7!] for small € > 0. This can be checked by observing

/ fg(’l”)d?“ > ﬂ(CT)
T

where Cr = U,erC,. Observe that f is also the L'-limit of lims_.o f5. Therefore
if f is zero over T, then n(Cr) = 0. For ¢ being small enough, this implies that
supp(n) C B:(0). If this is the case for all such &, we can only have supp(n) = {0}.
However, this would make (5.1) impossible. We conclude that f is continuous,
non-negative, and not constantly zero on some large enough T = [g,e7}].
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Now, of f(r) > 0, we see that C° N (E — E) for all small enough § and this
implies that r € A(E). This proves the theorem. O

5.4. The Kakeya problem

5.4.1. The bush and the hairbrush methods. We showed in Theorem
2.4.5 that any Kakeya set in R¥ has lower box dimension two for k& = 2. The
situation is much more unclear for k£ > 3. We will introduce here two simple com-
binatorial methods for the Kakeya problem.

Theorem 5.4.1:The bush method

Let K C R* be a Kakeya set. Then dimgK > (k +1)/2.

Remark 5.4.2:

The method for proving this theorem is more important than the statement
of this result.

PROOF. For each & > 0, we can first find a d-separated subset Ss C Sk=1.
Notice that #Ss5 < 6~(*~1). We can then find the corresponding line segments (and
make them d-tubes) for directions in Ss. As a result, we have a union of < §~(*~1)
many 6-tubes. As each d-tube carries =< 6! many J-balls, we see that counting
multiplicities, we have =< 6% many such é-balls.

Let M > 0 be a large number. Suppose that there is a §-ball B so that some
x € B has multiplicity at least M. Namely, there are at least M many d-balls that
contain z. Then there are at least M many line segments passing through B. Since
the directions of those line segments are §-separated, we see that the union of these
at least M line segments must be covered with

> M/§

many d-balls. On the other hand, if no  has multiplicity more than M, then clearly,
we need >> 6~ /M many disjoint §-balls in order to host those §-tubes. From here
we see that

Ns(K) > min{M/6,6~%/M}.
We can choose M = §(+1/2) and get the result that
Ns(K) > 6~ k+1/2,
This finishes the proof. O

Theorem 5.4.3:The hairbrush method

Let K C R* be a Kakeya set. Then dimgK > (k + 2)/2.

PROOF. For each § > 0, we can first find a 1006-separated subset S5 C S¥—1.
Notice that #Ss5 = 6—(*~1). We can then find the corresponding line segments (and
make them d-tubes) for directions in S;. As a result, we have a union of < §— (1)
many é-tubes. As each d-tube carries < 6~ ! many J-balls, we see that counting
multiplicities, we have =< 6 ¥ many such §-balls.
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We now seek a different configuration for which our counting method in The-
orem 2.4.5 can help. Let I’ be one of the d-tubes in consideration. We define
H = Hjs to be the union of all d-tubes that intersect [° and whose direction is
at least 0.1-separated from that of [. We call m = mys to be the amount of such
d-tubes. We call H to be a hairbrush.

Suppose that there is a hairbrush H = ng with m > M for some number
M > 0. For each segment [ so that [° is included in H, we see that the 2-dimensional
affine subspace II; ;, spanned by Iy, [ essentially contains 19,13. More precisely, Hllfl)f
contains 1°,13. As I ranges over the collection of segments that are included in the
hairbrush H, we can find many different IT}9°. We can choose a subcollection of
those Hll’?g to make sure that different II; ;, are at least é-separated away (say, with
> p distance for some p > 0) from ly. We can now use the argument in Theorem
2.4.5 on each such Hllfl)g and add the counting balls together. As a result, we will
have > M§~1/log(1/6) many disjoint d-balls for this hairbrush H.

On the other hand, if there is no hairbrush with m > M. We perform the
following counting trick. We call [ € H if [ is included in the hairbrush H. Then

we see that )
Z Y. 1My
D:l'€H s, DNINI#D

where D ranges over disjoint d-balls that covers the segment [. We can perform the
double sum in a different way

YooY 1= mD
D 1I:DAIN#D D

where m(D) is the multiplicity for D (not the hairbrush). By Cauchy-Schwarz we
see that

e (Spm(D)?
2 mDP > g5y £0)

Notice that #{D : m(D) # 0} is what we want to count. From here we see that

Cpm(D)? 1 1

Msts 7 ML

#{D: m(D) # 0} >

We thus obtained that
) 1
Ns(K) > mm{M ST M6~ 1/10g(1/5)}
By choosing a specific M according to d, we see that
1 1
§(k+2)/2 10g1/2(1/5) ’
This finishes the proof. O

Ns(K) >

5.4.2. A variation of the Kakeya problem. There is no reason to just con-
sider segments with all directions as in the traditional Kakeya problem. There are
many other natural questions to ask about. For example, we can change segments
to circles and ask for a compact set K to contain circles with all radius in [1,2].
Such a set will also have a full dimension. This was proved by Wolff ref.

Here, we want to look at yet another variation of Kakeya set.
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Definition 5.4.4:Dipole Kakeya set

Let D C RF be compact. We call D to be a dipole Kakeya set if for each
6 € Sk¥=1 there is some ty € R* such that

{ta ie} c D.

Remark 5.4.5:

The difference between D and a Kakeya set is that D contains the pair of
endpoints for segments in each direction while a Kakeya set asks for the full
segment to be included.

We do not know how small can D be, even for k = 2. A good guess is that

E—1 k
5.2 dimpD > —— —.
(5:2) B R R |
For k = 2, we expect that dimg D > 2/3. Trivial counting arguments can show that
k—1

Therefore the expected optimal lower bound for dimpy D is only slightly larger than
the trivial bound. The conjectural lower bound (5.2) is in fact attained.

Theorem 5.4.6:

There exist dipole Kakeya sets D in RF with

k-1 k
dim D= %
B 2 k-1

PROOF. See [10]. O

For k = 2 we can show the following improvement from the trivial bound 1/2.

Theorem 5.4.7:

Let D in R? be a dipole Kakeya set. Then

4 1
dimrD > = > —.
1mg 77>2

PROOF. See [10]. (to be explained here) O

For the Hausdorff dimension, the situation is completely different to the story
of Kakeya set.

Theorem 5.4.8:

There exist dipole Kakeya sets in R* with zero Hausdorff dimension.

PROOF. See [10]. O






CHAPTER 6

Additive Combinatorics and dimensions of
self-similar sets

Proofs in this chapter are not complete and may contain so many mistakes. I
tried to illustrate the ideas clearly. For perfect proofs, see [3, 5, 9].

6.1. super-exponential gaps in self-similar sets

We know that for a self-similar set Kj,
dimyg Kx < dimg K.

See also Remark 4.2.5. We have the following conjecture.

Conjecture 6.1.1:The exact overlap conjecture

Let K be a self-similar system. Then dimy K, < dimg K, if and only if
there are exact overlaps in A.

This problem is open for self-similar sets in R* for all £ > 1. For self-similar sets
in R, there are partial results. For those results, we need some additive combina-
torics. To get an idea of why additive combinatorics is useful here. We consider the
situation when A has a unique scaling ratio 0 < r < 1. Without loss of generality,
we assume that K has convex hull [0, 1].

Let N > 0 be an integer. Then AV (K}) is a union of 7V scaled copies of K.
Then we can decompose [0, 1] into disjoint union of intervals of length V. For each
such interval I, there might be more than one copies of K that intersect In. Let
those copies to be Zn. Each copy can be obtained by

rN(KA) +a

for some a € R. Let Ax be the collection of such a for Zy. Then at I, Kx NIy is
basically the sumset

A+rVK,.

Let us assume (wrongly) that there is some € > 0 so that for all D > 1, the covering
number

(61) N, b~ (A + T’NKA) > N,p~ (A)ENTDN (’I’NKA) > N,p~ (A)ENT(D—l)N (KA)
(6.2) = NTDN(A)Er(D—UN(HO(U)

where s = dimy Ky = dimp K. This is where additive combinatorics becomes
useful since we want to study the structure of the sumset A + 7V K.

81
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Since no exact overlaps are in A, we see that for some large enough D, N,.o~ (A)¢ =
# A® for all such A. We can then add the above asymptotic to see that

NT.DN(KA) > (Z #AE)T(D—I)N(s-‘ro(l)).
A

For )" , #A°, observe that
Z#A: (#A)N :TNdimSKA.
A

The amount of such A is rV(+°(1) Thus a typical A will have
(63) #A = T,N(dimS KAfsfo(l)).
This is non-trivial as we assumed that dimg Ky > dimy Kx = s. Then we see that

Z #AE > TN(ero(l))reN(dims KAfsfo(l))'
A
This forces (for some other € > 0)

N,on (KA) > (Z #As)r(Dfl)N(sto(l)) > TDN(s+o(1))7,5N
A
If D is bounded by M. This implies that

. €
dimp K Zs—i—M.

This is not possible. Thus the only way to get out of this situation is that D must
tend to oo as N — oo. However, D is chosen so that the N-level copies of K are
= rPN_separated translations, we arrive at the following fake result because we
assumed something wrong.

THEOREM (The not yet proved Super-exponential gap theorem). Let K, be
a self-similar system with a uniform scaling ratio. Then dimpg Ky < dimg Ky
only if there are super-exponential overlaps in A. Namely, for N — oo, Gy =
min{A(AN({0}))} where A(.) is the distance set satisfies

log |G
TR

We will explore various methods for treating the sum set A+rV K. Essentially,
we have two discrete sets A, K where A is an arbitrary set and K is a well-structured
set (being regular). Then from #(A + K) < #A#K, it is possible to infer that
# A must be already quite small a some quantitative way. However, we can think of
A being not that small from (6.3). This can help us rectify the wrong assumption
(6.1) and establish the super-exponential gap theorem.

Although the super-exponential gap theorem does not solve the exact overlap
conjecture, it greatly improves our understanding towards the structure of self-
similar sets. For example, we have the following result.

Theorem 6.1.2:

Assuming the super-exponential gap theorem, if A is a self-similar system
on R defined with a uniform scaling ratio and with algebraic parameters,
then the exact overlap conjecture holds, i.e. if dimyg K < dimg Kp, then
there are exact overlaps in A.
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PrOOF. Consider AV ({0}). It is the value of polynomials with certain alge-
braic coefficients at the algebraic number r. We can assume that the translation
parameters are algebraic integers.

For each z € AN({0}), there is a polynomial P with coefficients in T =
{a1,...,an} which are the translation parameters of the linear maps in A such
that

degP =N
and x = P(r). Thus for each z,y € AY({0}), z — y is the value of a degree N
polynomial Qg , with coefficients in T'— T at r. Let £ — yo. It is an algebraic
number. Consider the conjugates a; = «,...,ar. There is a upper bound for each
«;. Namely, there is a constant C' > 0 depending on a;,r and their conjugates such
that

max o;; < OV,
K3

However, [, a; = p/q € Q for some ¢ < Q" where @ is an integer such that Qr is
an algebraic integer. Thus we see that

1
CNLQLN"
Since L,C,Q are constants, we see that A does not have super-exponential gaps
other than the exact overlaps. Then the result follows from the super-exponential
gap theorem. |

T—y=a>

6.2. Additive combinatorics basics

Here we use |A| to denote the size of A. It is more convenient to write than the
other notation #A.

Given an abelian group G, let A, B C G be finite sets. It is of great interest to
study the sumset A + B. For our study, we will concentrate on the size growth of
|A+ B|/|A| or |A+ B|/|B|. On the one hand, it is clear that

max{|A[,|B|} < |A+ B| < |A]|B].

We are interested in the case when |A + B| is not much larger than |A|. Consider
first the case when B = {e, b} for b # e € G. Then |A+ B| = |A] if for each a € A,
the element a + b € A as well. This can only happen if A is isomorphic to a cyclic
group, in other words, A is a coset of a cyclic subgroup of G. This is a rather trivial
example. The intuition is that if |[A + B| is not much larger than |A| then A itself
must resemble a coset. Given that |A + B| < ¢|A]| for some constant ¢ > 0 and a
large set B with |B| being much larger than ¢, it can be checked that a significant
proportion of A is a union of a small number of large cosets of G.! This will then
make |A + B + B| not too large compared with |A|. The following important result
was due to Pliinnecke and simplified by Ruzsa.

Theorem 6.2.1:PR-inequality

Let A, B be finite subsets of an infinite abelian group G. Suppose that
|A + B| < ¢|A| for a number ¢ > 0. Then for each n,

|nB| < c"|A|.

1See Freiman’s theorem for a more detailed statement.
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PROOF. Menger’s theorem in graph theory and a tensor product trick. Omit
for now. See [8, Chapter 1]. O

We apply this result in the context of fractal geometry. Let A, B be finite sets
with d-sep. Such sets are often obtained by finite scale approximation of fractal
sets. We often assume that § = 1/2V for integers N and A, B C Z2~". Suppose
that |B| > 1, then for any integer 7' > 0,

oT < 27B| < &' |A|.

This implies that |A| > 97¢=2" This is not an impressive result as for large T,
the lower bound is less than one unless ¢ is extremely close to one. The idea is to
apply this kind of argument for multiple scales rather than one and accumulate the
increments c¢ for those different scales.

A convenient way to perform the multi-scale analysis is to use the concept of
the coding tree. Let us consider A, B C [0,1]. Then we can construct the binary
trees Ta,Tg. If A, B C Z2~", then we only need the first N-levels of T4, T5.

Let N = mT for integers N, m,T. We group T many levels of the trees together.
Let B be such that for each s € {1,...,m}. There are only two nodes in T s for
each subtree sandwiched in levels {(s—1)T'+1,...,sT}. Moreover, each of the two
nodes, viewed as dyadic intervals of length 2757 are at least 27572"s-apart and at
most 275727+ apart for some integer ns € [0,...,T —1]. We call such a T to be
a binary toy tree with thickness T'.

We now perform the iterated sum 227 B. First, we can obtain a binary coding
for B by writing w € {0,1}" to indicate the choice of left /right branches.

Define the following map (ng =0, —ns +ns_1 — 1 <7T),

T
S: By = [[{0,...,min{2" o7y 5 22T
s=1

in the following way.

First for (t1,...,t,) € By, we write out a m x 227 table of symbols in {0, 1} by
writing in row ¢ with ¢; many 1’s followed by zeros. Then each column represents a
number in B by considering its binary code. There are 227 many columns and this
table represents an element in 227 B by taking the sum of the numbers represented
by each of the columns. In this way, we obtain |By| many possible numbers in
22T B. For two different (t1,...,tm), (t,,...,t..). We find their first different digit,
say t; > t;. Then no matter how to choose the rest of the digits, we have

St ootm) = B(H, ..o t,) > 27T g N g mmadn o —1g=iT
i/ >i+1

This is strictly bigger than zero and therefore bigger or equal to 2. This implies
that
|22TB| > 2mT+Z;"=1(—ns+ns,1)—m > 2(m—1)T—m'

Then we can use PR-inequality to see that
|A| > 2(m71)T7mcf22T.

To get a more transparent expression, we write |A| = 22N |B| = 2N and

c= 20N,
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Thus «, 8,9 can be interpreted as dimensions. From here we see that

m(T —1) —
N

a > m + 6227,

As N = mT with some fixed T but large m, we have
a>1" 46227,

This result is much less trivial than its single-scale analogy.

Theorem 6.2.2:A toy result

Let T > 1 be an integer. Let N = mT with m > 1 be an integer. Let
A,B c 727N n[0,1] with |A| = 22V |B| = 2N and
¢ — 9N

such that 0 < «, 8 < 1,|A + B| = ¢|A|. Moreover, T is a binary toy tree
(thickness T'). Then for each at > «, all large enough m > 0,
1—at

5>~

Remark 6.2.3:

Tp being a binary toy tree says that § = % We then obtain a non-trivial
‘dimension’ increase of A + B compared with A of amount

5> BT/2°T.

This is no longer trivial for any 7.

6.3. Bourgain’s sumset estimate

We want to extend Theorem 6.2.2. The reason is that in applications, we
often do have have any information available for B except for its size. Therefore
it is desirable to weaken the structural constraint for B. This will be done in this
section.

First, we want to extract from B a suitable subset B’ with that T/ are not too
much different from being a binary toy tree with some thickness T" which is a fixed
large constant that will be determined upon other parameters. The tree Tp may
be complicated. We first want to regularise it by taking a nicer subtree without a
significant loss of the number of nodes at the last level N = mT.

We decompose the levels 0, . .., mT into disjoint layers {0, ..., T—1},{T,..., 27—
1},...,{(m—=1)T,...,mT}. Consider the last group of levels. The tree Tz at these
levels can be decomposed into a disjoint set of subtrees of height T. We can label
each of those subtree with a unique number r between 0 and T which indicates
the size of its last level set of nodes is in [2", 27" — 1]. Next, if a subtree has only
one node or two nodes and they are adjacent (i.e. they represent adjacent dyadic
intervals), then we override the label of this subtree to be "NULL’. Finally, there
is some number 7’ between 0 and T that represents the minimal distance between
two last-level nodes (roughly 2"'). We then consider paired label (r,r/). By the
pigeonhole principle, there is a label L,,_; so that all subtrees with this label con-
tribute > |B|/(T + 1)? many last-level nodes. Among those nodes, we can then
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choose about half of the last-level nodes to make sure that there are no adjacent
nodes. After this, there are still > |B|/(3(T + 1)?) last level nodes left.

We then ignore all the other subtrees in this layer. We can then perform the
same procedure in the layer {(m — 2)T,...,(m — 1)T — 1} as well as all the layers
above. We then obtain a subtree T with the following property:

e The size of the last level nodes [T | is at least |B|/(3(T +1)%)™. We
write | B| = 2™T# for 8 > 0 to indicate the ‘dimension’ of B. Then we see
that (assuming T > 3)

\TI/B,N| > 2mT62710g(3(T+1)2m) _ gmT(B-2log(T+1)/T)

Thus if T is large, then the above tells us that we still maintain the original
‘dimension’ of B. The choice of T will then depend on §.

e For cach layer L; = {jT,...,(j+1)T — 1}, all subtrees in it have roughly
the same amount of the last level nodes and the same minimal separating
distance between two pair of last level nodes.

The tree Tj; gives us a subset B’ C B with Ty = Tp/. If all layers (of thickness
T) of T are not NULL (i.e. the subtrees sandwiched in this layer are not labeled
as being NULL), then we can find a binary toy subtree of Tp/. The problem now
is that only some fractions of the layers are not NULL. This will indicate that |B’|
is small. For example, if only an n-portion of the layers of 75/ are not NULL, then

|B'| < 27V,

Thus 7 cannot be much smaller than 8 > 0. Therefore, we must maintain a positive
proportional layers in Tgs that are not NULL. The problem now is to analyse the
‘dimension increment’ even though the non-NULL layers are not consecutive.

We cannot afford to regularise A as it would cause a dimension drop log T/T
and we can only have a dimension gain ~ 1/227. We then assume that A is already
regular in the sense that inside each layer, all subtrees have essentially the same
number of last-level nodes. (We do not assume any separation for A.) We say that
A has the uniform branching property.

For each layer {sT + 1,...,(s + 1)T'}, the branching number of A (i.e. the
number of last level nodes for sandwiched subtrees in this layer) is roughly 2"
for some ng € [0,T]. Consider the sumset A + B’ at scale 2757, We treat A, B’
as union of dyadic intervals of length 2757, Then we treat A + B’ as a union of
dyadic intervals of length 2 x 277", Those intervals may not be disjoint. For each
such dyadic interval, we consider the scale 27577 To obtain such an interval, we
choose one interval for A and one for B’ and perform the sumset for the numbers
inside A, B’ and the chosen intervals. Multiple choices are possible. Trivially, the
branching number for this interval of length 2 x 2757 from scale 277 to 27577
is at least the branching number for A’ in the corresponding layer. From here, we
have the following trivial estimate that

Tayp,st+7/Tavp o7 > 2.
Combining the above estimate for each layer we obtain that
|[A+ B'| > |4,

which is trivial, however, it illustrates how one can accumulate gains of dimensions
in layers.
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Now, we want to bring in additive combinatorics. For a dyadic interval of length
2x 2757 and some intervals for A, B’ to obtain the sum, we write A, B, and A, +B"..
We can zoom Ay, B, so that they are subsets of [0, 1] and they are 2~ 7-separated
so w.o.l.g. we assume that they are subsets of Z2~T. Let ¢, = |A, + B.|/|A4|. If B.,
is not trivial (i.e. this layer is not NULL), we see that (by PR inequality for 227

iterated sum),
9T —ns+ns 1

> (A 1/227"7
#=
where it is understood that ny = T for NULL layers. From here, it is convenient
to assume that for all T being large enough,
|As‘ S 2a+T
for some number o > «. We do not require that a™ < 1 for now. Thus, the choice
of T also depends on a™. From here, we see that

ey > 2((T=n)=aT)/2°T

From here we see that branching number of A/, + B! in levels sT to (s + 1)T is

> 2((T—ns+n5,1)—o¢+T)/22T )

From here, we see that branching number of A’ + B’ in levels sT to (s + 1)T is
> o((T—nstns_1)—a’T)/2°T

If on the other hand, we have a NULL layer for T/, then we see that the

branching number of A’ + B’ in levels sT to (s + 1)T is
> 1.
We can multiply all the estimates from each layer to obtain
A+ B'|/|A| = 22
where (some —ng may not be added back by +n; but it will be added back by T,
except for the last ny)
as gl T T o)

where nmT is the number of non-NULL layers for Tz/. Notice that n > 8. We then

have the following extension of Theorem 6.2.2 where we no longer have a strong
constraint for B. However, we added some conditions on A.

Theorem 6.3.1:Bourgain’s sumset estimate: weak version

Let T' > 1 be an integer. Let N = mT with m > 1 be an integer. Let
A,B Cc 727N n[0,1] with |A| =22V |B| = 2N and
c=2%N

such that 0 < a,8 < 1,|A + B| = ¢|A|. Suppose that A has the uniform
branching property. Suppose that T-layer branching number for A is at
most 2% T for some at < 1. Then for all B~ < f3, all large enough m > 0,

_1—aT
> p g
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This is almost what we needed in (6.1). Unfortunately, the uniform branching
property for A is still too strong to ask for even a self-similar set. Nonetheless, this
idea of Bourgain is deep and far-reaching with many applications.

6.3.1. dropping the regularity requirement on A. In this section, we will
weaken the uniform branching property requirement for A in Theorem 6.3.1.

To do this, it is helpful to have a look at the single-layer situation. Let A, B be
finite sets that are 2~ V-sep and N = mT for integers m,T. For s € {0,...,m — 1},
we look at T4, Tp at layer s, i.e. levels from sT to (s + 1)7. Take T4, we consider
its subtrees of level T in this layer. For each x € A, we write T (s, T, ) to the T
level subtree whose root corresponds to a dyadic interval Dgp4q1 which contains x.
Clearly, Ta(s,T,z) and Ta(s,T,y) are the same tree if z,y is contained in a same
dyadic interval Dgpy1.

Given all such subtrees T4 (s, T, x) we can compute the total branching number
of A from level sT to level (s 4 1)T as follows

|TA,(s+1)T| - ZTA(S,T,.'E) |TA(53T3 x)|
|TA,ST| ZTA(S,T,Z) 1

NsT,(s+1)T(A) =

where the sum is taken over all possible subtrees T'4(s, T, z). The reason to study
this number is clear from the following simple relation

m
|A| = H NsT,(s+1)T(A)~
s=1

Now consider the tree T5, we want to study Tayp at layer s. We will always
assume that Tz is regular in the sense that all subtrees T (s,T,z) have roughly
the same branching number. Let us assume that this branching number is 2' 7 for
some number 1~ < 1 that is close to 1.

To study Tayp in layer s, we look at the geometric information encoded in
Tg,Tx. For B, we see that it intersects certain dyadic intervals in Dyr. Let D be
such an interval. We see that the dyadic decomposition of D N B involves 2! 7
intervals in D 1yp. Foreachz € A,y € B, we can locate r+y € A+B. consider the
trees Ta(s,T,xz), Tp(s,T,y). They represent dyadic intervals I4(s, T, x), Ig(s,T,y).
Clearly  +y € Ia(s,T,x) N A+ Ip(s,T,y) N B. In some sense,

Is(s, T,x)N A+ Ip(s,T,y)N B

tells us some information of T4y (s, T,z + y). To be more precise, the sum of two
dyadic intervals I4(s,T,x) + Ip(s,T,y) is a union of two adjacent dyadic intervals
of level sT. Therefore (I4(s,T,x)+ Ig(s,T,y)) N (A+ B) represents a tree of level
T + 1 which encodes (I4(s,T,x) + Ip(s,T,y)) N (A + B) from level sT — 1 up to
(s + 1)T. Clearly,

Ta(s, T,x)NA+1Ip(s,T,y)NB C (Ia(s,T,z)+ Ip(s,T,y)) N (A+ B).

To study A + B in the layer s, we need to consider all possible x + y for
x € A,y € B. Observe that

T s, T,z
N(sT,(s+ 1)T)(A+ B) = D4 p(s.1.z) | TarB(s, T, 2)|

ZTA+B(S,T,Z) 1
> } ZTA+B(S,T,Z) |(TA+B(S’ T7 Z)‘ + |T./A+B(Sv T7 Z)D
o2 ZTA+B(S7T,Z) 1




6.3. BOURGAIN’S SUMSET ESTIMATE 89

where T7, 5(s,T, z) is the subtree that corresponds to the right adjacent dyadic
interval of I41 (s, T, z). Then we see that

Y (Tarn(s.To2)| + |Thyp(s, T, 2)))

Tat+B(s,T,2)
> Z max NsT,(erl)T(IA(SaTa'r)mA+IB(SvTay)mB)'
z+y€layrp(s,T,z)
TA+B(S,T,Z)

This is because for each z,y with  +y € T4y 5(s, T, 2),
Ia(s, T,x)NA+1Ip(s,T,y) N B C Iayp(s,T,2) UI, (s, T, z)

where Iy, 5(s,T),z) is the right adjacent dyadic interval of 14, p(s,T,z). We can
further obtain

max Ner (s Ia(s,T,2)NA+1Ip(s,T,y)NB
Z z+y€layp(s,T,z) T( +1)T( A( ) B( y) )

TA+B(S,T,Z)
> Z Z(w,y)EK(z) NsT,(erl)T(IA(saTa QI‘) ﬂA—FIB(S,T, y) ﬂB)
S K
A+B(S,1,z

where K(z) C A x B is a maximal subset with the property that for (z,y) € K(z),
r+y€larp(s,T,2)

and that for each I4(s,T,.) exactly one z is chosen, for each Ig(s,T),.) exactly one
y is chosen.
From here, we first make the trivial observation that

1
NsT,(erl)T(IA(Sa Ta JZ‘) NA+ IB(S7 Ta y) N B) > §NST,(S+1)T(IA(85 T7 JJ) N A)

Then we see that

Z |TA+B(‘9’T7 Z)|

TA+B(S,T,Z)
21 Z Z(%y)e;{(z) Nyt (s41yr(La(s, Ty z) N A)
o K
A+B(S, ,Z)

_ 1
=471 N Nep(ernr(La(s, T,2) N A) > 1501
Ta(s,T,x) Ta+B(8,T,2),Tp(s,T,y):(z,y) €K (2)

_ 1
24 1 Z NST’(S+1)T(IA(S,T,.’II)0A) Z ﬁ
Ta(s,T,x) Ta+s(s,T,z2) AsT

>4 Ty (s, T, 2)|Ner (s41)7(A).
This implies that
NsT,(erl)T(A + B) > 4_1N5T,(s+1)T(A)-
We can make a second trivial observation that

1 1 -
Nor,(s+1yr(a(s, T, 2)NA+Ip(s,T,y)NB) > iNsT’(sH)T(IB(s,T7 r)NA) > 521 T

From here we have
Nyrstyr(A+B) > 47120 T,
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Now, consider the layers s € {0,...,m — 1}. Let S be such that
S = {8 € {0, e, — 1} : NST,(S+1)T(B) Z 217T}.

Remember that we assumed that B is regular in this sense that all T(s, T, z) have
roughly the same branching number. From here we see that

m 1 _
|A+ B| = [ Ner(s+1)r(A+ B) > 47121 PSTTT Nerystyr(A).
s=1 s¢S

6.3.2. The wrong estimate. In this section, we adopt the following wrong
version of PR-inequality:

Wrong version:Let A, B be finite subsets of an infinite abelian group G. Suppose
that |[A 4+ B| < ¢|A| for a number ¢ > 0. Then for each n,

|A+nB| < c"|A].

Although this estimate is wrong, it will be useful in illustrating ideas. Later on, we
will introduce the notion of entropy to replace our usage of the cardinality.

Let T > 1 be an integer. Let N = mT with m > 1 be an integer. Let
A, B C 727N N[0,1] with |A| =22V |B| = 28V,

We first regulate B and obtain a subset B’ so that T/ is the property that for
all s € {0,...,m — 1}, all Tp/(s, T, z) have roughly the same branching property.
It can happen that Tg/ (s,T,z) are all singly branched (i.e. Null) for all = for
some s. On the other hand, we have |B'| = |Tgs | > 2mT(F=2108(T+1)/T)  This
information tells that Tz, cannot be Null for too many layers. Let

S = {8 : NsT,(erl)T(B/) > 2}
be the non-Null layers of B’. We have the following estimate
2mT(B—210g(T+1)/T) < |B/| < Z\S\T.

This tells us that
1] > m(B — 2log(T + 1)/T).
We now consider the sumset 227 B’. It has the property that whenever s € S,
we have

Ns—1yr,s7(2°TB') > 27,

Notice a layer shift in the above inequality. By knowing that B’ is not null on some
s-th layer, 227 B’ is almost fully branching on the (s —1)-th layer. We can therefore
obtain the following estimate

1 -
|A+22TB/| 2 477”21 TS| H NsT,(s-‘rl)T(A)'
s+1¢S
Thus, if we write
A+ B|/|A] =2V,

we know that

B 1/22T
1 21 T
26N Z P N AN :
4m/22T <s+11$ NsT,(s+1)T(A)>

Here we used the wrong version of the PR inequality.
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Thus we have

520( 1 ) Lsp- 1 log Nor,(s+1)7(4)

22TT 22T 4y 22T mT log 2

s+1€8

We now have the following fake theorem.

THEOREM 6.3.1 (Bourgain’s sumset estimate: based on the wrong version of
PR inequality). Let T > 1 be an integer. Let N = mT with m > 1 be an integer.
Let A, B C Z2=V n0,1] with |A] = 2*V,|B| = 28" and

c=2N
such that 0 < o, 8 < 1,|A+ B| = c|A|. Suppose that B has non-null layers S. Then

1 1]S)1— 1 log Ner,(s41)7(A)
620 ( sgpm | + sgr o — o7 : :
- (22TT> T, 22T sgés mT log 2

This result is useful if the O1/(72%T) term is much smaller than the rest of the
terms. This will require that |S| grows at least linearly along with m. This is the
case as

S| = m(B —21og(T +1)/T).

The other requirement is that

Z log Ny, (s+1)7(A)

s mT log 2

cannot be too large. This is a much weaker condition than the uniform branching
property required in Theorem 6.3.1 in the sense that we do not need to require
that all T'4(s,T,x) are not too fully branching, instead, we only require that the
averaged branching number

ZT s, T,z |TA(8’T71')‘
Nz (s+1)7(A) = A(i% )( Ty !
Al(s,14,T

is not too large.

6.3.3. the super-exponential gap theorem. We make no delay in showing
the following result with the fake Theorem 6.3.1.

Theorem 6.3.2:Hochman’s super-exponential gap theorem

Let K5 be a self-similar system with a uniform scaling ratio. Then
dimyg Kp < dimg K only if there are super-exponential overlaps in A.
Namely, for N — oo, Gy = min{A(AN({0}))} where A(.) is the distance
set satisfies log |Gx|
og LN
——
N 00

The first step is to understand the branching property of a self-similar set K.
Assume that K C [0, 1]. Let dimg K = a. For any a~ < a, for all large enough T,
we have

Tx,r|>2% "
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This implies that for all s > 1,
NsT,(erl)T(K) > 20‘7T~
On the other hand, let ™ > a. We consider the layers s so that
ot
Nyr (s41yr(K) =27,

Denote this collection of layers to be B (bigger than expected layers). Then for all
large enough m, we have

Tk mr| > 90 T|BN[1,m]|ga™ Tm—BN[1,m]|
This implies that

log [T mr|
mT log 2

Now that o™, a™n are fixed, there is some 1 > 0 such that

BN [L,m]| <nm

> ot |BN[1,m]| +a |m—Bn[l,m].

for all large enough m. Moreover, by choosing o™~ to be sufficiently close to o and
keeping o, we can achieve that 1 to be close to zero.

We can then use Theorem 6.3.1 to see that for each set B with the property
that |T5 mr| > 28mT for some B > 0, we have

Ts 1 k.mr|/| T mr| > 20T

1 [Sn,m]i- 1 > log Nyr,(s+1)7(A)

+ 22T m 2T mT log 2
s+1e8N[1,m]

~ oM mTlog2 = 22T m 22T mT log 2
i 1 1SNnL,m]|(1” —a™)
22 22T m

(r7)
( 1 ) I a*Tlog2 | 1 |SN[Lml= 1 a~Tlog2$n [1,m]
(#r7)

>0 (g ) = qarnet + (17— a)(5 ~ 21og(T + 1)/T)

for all large enough m. Now, we make make the choice of a™,a™ so that n is much
smaller than 8. Then we can choose a large enough T to achieve that

d>p>0

for some number p. This number p depends on the initial data 5. We now arrive
at the following fake theorem.

THEOREM 6.3.2. Let K C [0,1] be a self-similar set with dimyg KX = «. Let
B C [0,1] be a finite set with |B| = 2%V where N is a large integer. Then there
is a number 7' > 0 and a number p > 0 such that for all large enough m > 0 and
N =mT,
Ny-~(B+ K)/Ny-n(K) > 2°N.
We can now prove Theorem 6.3.2. We have already almost done this. The

problem is the wrong estimate (6.1). We now resume the context in that estimate
(K = Ky).
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From what we proved above, we see that for all large enough D, for all g > 0,
and for all large enough N (after the choice of D, 8), there is a number p > 0 such
that

N,o~n(A+ TNK) > TﬁDNerDN (T”NK)
unless
N,po~n(A) < P~ DNB,

This is not quite proving (6.1). However, this is already sufficient for Theorem
6.3.2.

Recall that the set A encodes the overlapping structure of K at scale " around
somewhere. Assume that we only have exponential gaps. This implies that for some
certain choice of D, all such sets A are r”N-separated. This says that

N,ox (A) = |A].

Recall that dimyg K = «,dimg K = s. Then the sum the multiplicities of of all

possible overlaps is
Z |A] > rN,
A

Finally, we need a result that confirms that |A| must be in some sense large.
This will be formulated later as Theorem 6.4.13. In particular, we have the result
that for each o=, |A| > r=® N /r=sN for at least half of the possible A’s.

We can choose 3 to be so small that 8 < s — a~. Then we conclude that, as
we only have exponential gaps,

N,on(A+ TNK) > TDN’ONTDN (TNK)
for those A with |A| > r=% ¥ /r=sN_ However, this will imply that

T T T

N. (D+1)N(K) > Z r PPN N (D+1)N(’I"NK) > N~ (K)TipDNN (D+1)N(TNK).
A:|A|>r—o” N /p=sN

Next, observe that
NTN (K) = TﬁN(adH)(l)), N,,.(D+1)N (TNK) = TﬁDN(adH)(l)), N,,.(D+1)N (K) = T’i(DJrl)(aJrO(l)).
Thus we see that

(D4+1)N(a+o0(1)) > pDN + DN(a+o(1)) + N(a + o(1))
=(D+1)N(a+o0(1)) + pDN

which implies that for N — oo

>0

o) =rp

This is not possible. From here, we proved Theorem 6.3.2 under the wrong version
of PR-inequality.
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6.4. Hochman’s inverse entropy theorem

We now provide a real proof of Theorem 6.3.2. This proof works for dealing
with self-similar measures rather than self-similar sets. From Bourgain’s sumset
estimate, we see that |A + B| < ¢|A| with some small number ¢ implies that A, B
must have some structural constrain in many scales. Namely, considering the binary
coding trees of A, B we observe that there is a number T" > 0, so that for most
(proportion roughly 1) of the T layers, either B is singly branching (dimension zero)
or else many subtrees of T4 in this layer is almost fully branching (dimension one).
We already illustrated that if the following wrong version of PR inequality would
hold:

|A+ B| = c|A| = |A+nB| < 4]

then we would prove the super-exponential gap theorem. Unfortunately, it is a
difficult task to keep track of the branching properties of a coding tree in various
layers. For example, for some layers, the coding tree may not have a uniform
branching property, i.e. some of the subtrees branch more heavily than others.
We still want to capture the notion of the ’typical’ branching property for those
subtrees. It turns out that the notion of entropy encodes this type of information.

Definition 6.4.1:Entropy

Let p be a probability measure on R. Let N > 0, the N-level entropy Hy ()
is defined to be
Hy(n) = Y p(D)|logy u(D)].
DeDy
If p is countably supported then define its Shannon entropy to be

Huy= Y plo)logn())

xEsupp(p)

For i being a probability measure, we often want to study it with certain scales
(much like the case for sets). For N > 1, we can define a probability measure py
on Z2~N that approximate p at 2~ V-scale. The entropy stores some branching
information for the support of p.

Theorem 6.4.2:

Hy(p) € [0, N]. If Hy(p) = 0 then supp(u) is singly branched upto level N
and if Hy(p) = N then supp(p) is uniformly and fully branched up to level
N. Write Hy (1) = sN, then Ny~ (supp(u)) > 25V.

PRrROOF. This is clear from the definition of entropy and the fact that for any
finite sum 3,y 3 pillogy pi takes the maximum value logn when all p;’s are

equal to 1/n. O

It is in general not true that if Hy(u) is small then Ny-n~(supp(u)) is small.
It can happen that a significant mass of concentrated in one 2~% interval, and all
other intervals may receive almost zero mass. However, this is essentially the only
way to achieve small entropy.
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Theorem 6.4.3:

Hy(p) € [0, N]. Write Hy(p) = sN, then there is at least one D € N so
that pu(D) > 27N,

PrROOF. Let § > 0. If all pu(D) < 6, then Hy(p) > |logd|. We choose that
§ = 275N and obtain that there are D so that

w(D) > 275N,
(]

So if s is close to zero, then there must be some D with a significant mass
concentration.

6.4.1. An entropy version of PR inequality. Let u, v be two probability
measure on [0, 1]. For a large number N, we want to consider

Hy(p*v)

as a analogy of the consideration of supp(u) + supp(v) up to scale 2~~. We want
to understand the situation when

Hy(p*v) — Hy(p) < 0N

for some small number § > 0. Bourgain’s sumset estimate gives us the intuition
that the above happens only when for most of T layers (T being a fixed integer),
the "branching property’ for u, v in this layer should be either almost null (almost
zero entropy) or almost full (almost T' entropy).

Following Bourgain’s idea, we can study the convolution p* v are various scales
and accumulate the increased entropy. For this reason, we first consider the con-
volution on a single scale. The following result serves as a replacement of the PR
inequality in additive combinatorics.

Theorem 6.4.4:Kaimanovich-Vershik

Let p, v be finitely supported measure on [0, 1]. Let
c=H(u*xv)— H(u).

Then for each k > 1,
H(pxv*) — H(p) < ke.

Remark 6.4.5:

This result is much cleaner than the PR inequality in the sense that for PR
inequality, with |A 4+ B| = c|A|, we can only conclude that |kB| < c*|A]
rather than
|A+kB| < cF|A]

The reason behind this cleanness is that the entropy only observes bits (small
intervals) with significant p or v measures while in additive combinatorics,
one would have to take care of all points. The situation is much like the
case when Hpy(p) is small for which there can be so many small intervals
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with a very small ¢ measure and in this case, we’d only care about the bits
with large p measures.

PRrooOF. This result is nicely proved in the probability theory language. For a
discrete random variable X, we write H(X) for

> PUX =a})|log P({X = z})|.

For two discrete random variables, we write
H(X,Y) =Y P{X =a,Y = y})|log PUX =2,V = y})|
and |
HX|Y)=H(X,Y)—-H(®)
=Y PUX =2,Y =y})|log PUX =2,V =y})| = Y P{Y = y})|log P({Y = y})]

z,y Yy

_ I PUX—a Y —g)) | PUX =2.Y =y
— L P = o o S ey

=Y PHY =yHH(P(X|Y =y)).

x

In this language, we can find independent random variables Xg ~ pu,Y; ~ v, Yy ~
v...Y; ~v.... We define

Xp=Xo+Y +--+Y;.

Then observe that
H(Y1|Xk) = HY1| Xk, Xit1)-

This is because

HY1| Xk, Xpg1) = H(Y1, Xk, Xir1) — H( Xk, Xiy1)

(Xky Xp41|Y1) + H(Y1) — H(Xg + Vi1 | Xy) — H(Xy)

(Y1 + Xg|Y1, Xi) + H(Xp|Y1) + H(Y1) — H(Xp, + Yia| Xy) — H(X%)
(

(

Y1) + H( X Y1) + H(Y1) — H(Yiq1) — H(Xk)

Yiy1) + H( Xy, Y1) — HY1) — H(Xy)

(V1] Xk).

Then we see that (H(Y1, Xp|Xg+1) < H(Y1| Xpt1) + H(Xk| Xi41))
H(Y1|Xk) = H(Y1| Xk, Xpq1) < H(Y1][Xpy1).

Now we relate the entropy of random variables to the entropy of probability mea-
sures that we were interested in. First, observe that (H(X|Y1) = H(Xk-1))

HY1[Xg) = H(Y1, Xi) — H(Xy) = H(Xy|Y1) + H(Y1) — H(Xk)
=HW1) + H(Xy-1) — H(Xk)
= H(v) + H(ux ") — H(ux o).
From here we obtain that
HWw)+ H(ux ") — H(u*v*) < Hw) + H(u* %) — H(pu* /541,

I
TR ERET
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Thus
H(px VM) — H(px oY)

forms a decreasing sequence and from here we obtain the result. O

6.4.2. Iterated convolutions. Following Bourgain’s idea, we want to obtain
a non-trivial entropy increase of Hy (v u)— Hy (i) by simply knowing that Hy (v*)
is large for certain large k. To achieve this, we need to know that finite scale entropy
cannot drop by taking convolution (Shannon entropy has the property).

Theorem 6.4.6:

Hy(v+*p) > Hy(p) if supp(v) C Z27N. In general, Hy (v * p) > Hy(p) —
O(1).

PROOF. p * v is the following averaged version of p,

k= /M(. — 2)dv(a).

Then we see that (x — —zlogx is convex)
Hy(uv) = Hy( [ . = 0)iv(z)

- / 1Dy — 2)dv(z)

DeDy

log/u(Dn —x)dv(z)

> [ 3 w0y = o) log (D, - ) o)

DeD

Notice that if z € Z2~V, then

> Dy —x)|log (D, — )| = Hn (p)-
DeDn

This proves the first part. Second part omit. (Il

Next, we want to study the iterated convolution of v* for large k. Clearly, if v
is a Dirac mass, then v/* is always a Dirac mass there is no entropy growth. This is
essentially the only case for v* not to have entropy growth. If we interpret v* as
the law of the sum of independent random variables Y7 + --- + Y}, then it is very
natural to consider the central limit theorem. However, we want to examine the
technical details hidden behind the CLT.

Consider the Fourier transform 2. It is a continuous function with 2(0) = 1.
In our case, v is always compactly supported, thus & is smooth. Suppose that v is
centred, i.e. its mean is zero. We see that

k
57519(0) = /xkdy(m).

In particular, o(v) = ddng/(O). Assuming that E, (|z|3) < oo, we see that

§(E) =1 506 + N +0(E).
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This tells us that near 0, the Fourier transform of © is smaller than one in a quan-
titative way. Thus 7% decays to zero near ¢ = 0. Consider the following scaled
function

k
AR (1 - %aé + %Aé + 0(54)) .
Then we see that
log 0% (&) = klog (1 — %052 + %)\53 + 0(54))
=k (—2052 - %/\53 + 0(54)>
= 7305216 + éAgSk + O(&%k).

Thus we see that
ﬁk(g) _ e—ko£2/2e3’1/\k§3+0(k54).

Given |¢| < k712 we have

63*1,\k§3+o(kg4) — 14+ O(k‘0'5).
Let J C R be any interval of length > \/E We approximate .J with a smooth bump
function on it, still written as J. Then J is essentially supported on [—|J|~1, |J| 7.

(This is one version of the uncertainty principle in harmonic analysis.) Then we
see that

VH(T) = / J(—€)e ko 2dg + O(k™0%) = y(J) + O(k ")

where y is a gaussian distribution with variance ko. The above argument holds for a
series of probability measures vy, ..., v, with variance and third momentum oy, \g.
Let vy, = v1 % -+ x 1, and we see that

2.0

- =

Zi Ai 3
i)
Thus if A; are uniformly bounded and ), o; > ok for some o > 0, we conclude

that vy agrees with a Gaussian distribution of variance > k on intervals of length
> k12

log 74(€) = &+ 0(

Theorem 6.4.7:Iterated convolution

Let 14, ..., v, be probability measures with bounded three moments. Sup-
pose that the variance Zi o; > ok for some o > 0. Then for each interval of
length > k'/2,

i (J) = ()] < k72

for some Gaussian distribution of variance ok.

6.4.3. From branching number to conditional entropy. In Bourgain’s
sumset estimate, we used a multi-scale analysis and then accumulated all local
dimension gains to obtain an overall dimension gain. In our entropy consideration,
this idea is encoded in the notion of conditional entropy.



6.4. HOCHMAN’S INVERSE ENTROPY THEOREM 99

Definition 6.4.8:

Let u be a probability measure on R. For integers ¢t < s, define
Hyo(p) = Y w(D)H,y(u”)

DeD,

where 1P is Tp(=*—pp = pp) where Tp is the linear map that sends D to

0,1]. "

Thus if all x” distributed uniformly at level s —¢, then Hyjs(p) = t—s. Observe
that
Hs(:“) - Ht(“’) = Ht\s(:u)

Thus Hy () plays the role of the notion of branching number in our coding tree
argument in proving Bourgain’s sumset estimate.

Let us now examine the ’branching number’ of iterated convolutions measures
V1i,...,v so that Y. o(v;) > ok for some o > 0. Given T,e > 0, there is some
n > 0, and for all large enough k,

Hy((v1 - %1)P) > (1—e)T.

holds for all D € D,,_,441/2 except for some D’s whose total vy * - - * v mass is
at most €. To see this, observe that we can approximate vq * - - - % v on intervals
> kl/2 /274" by the measure given by a Gaussian distribution of variance > ok.

6.4.4. An inverse entropy theorem. We now want to obtain an entropy
version of Theorem 6.3.1. Before that, we will introduce the notion of ’singly’ and
’fully’ branching property in entropy.

Let p be a probability measure on R.

Definition 6.4.9:

Let N > 1. We say that p is (IV, €)-uniform if
Hy(p) > (1 —¢)N.
We say that u is (IV, €)-atomic if
Hy(p) < eN.

We also need to relate the variance and the entropy.

Theorem 6.4.10:

Let N > 0. Let ¢ > 0. There is an £; > 0 so that as long as u is (N,e1)-
atomic, o(pu) < o. On the other hand, let €5 > 0 there is a ¢ so that if
o(p) < o, then p is (N, e2)-atomic.

Remark 6.4.11:

Thus small entropy measures also have small variance and vice versa. The
relations between o, &1, €2 depend on the choice of N.
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PROOF. Omit for now. O

Let p,v be probability measures on [0, 1]. Consider the measure u * v*. For
integers N, m, T with N = mT, we have
m—1

Hy(p*v¥) = Z Hs—1yrisr(p*vF).

s=1
For each s, consider for n, k > 1,
Hs—1yr)s(p* V%)
= H(s—1)1)s7 (Bzmp,ys,... yu~vbla,(s—1)T * Vyy (s—1)T * ==+ % Vy, (s—1)T)
> Eompyn oy H(s—1)T)s7 (B, (s—1)T * Vyy (s—1)T ¥ * Uy, (s—1)T)

x,(s—1)T ,(s—=1)T L(s=1)T
:E$~H,y17-~~,yk~VHT<M ( ) * v ( ) *"'*Vyk( ) )

where we used %, 1, ; to denote u”, up for D € D; which contains .
We now make sure of the CLT discussion. Suppose that for some k& > 1,

H(s—l)T+log k1/2|sT+log k1/2 (V) >oT
for some number ¢ > 0. Then for > 1 portion of y measured by v,

Hyp (v (s~ DT +log kl/Q) > oT/100

Then for all large enough k, the law of large numbers tells us that with a probability

close to one,
k /
Tk
o Vyi,(sfl)TJrlogk:l/Q > g
Sl > 22

for some o’ > 0 depending on o, 7. Then we see that p¥u:(s—DT+logk!”

pyi(s=1T+Hog k% ig hagically a Gaussian distribution with variance > ¢'Tk. The
approximate holds at scale > k'/2/27. We can then see that

pY(=DT oy e (s=1T
can be approximated by a (roughly normalised) Gaussian distribution on scale
> 1/2T. For each e, 09 > 0, we can choose T so that

Hr(v) > (1 —&)T
for all Gaussian distribution with o(y) > o{), where og, 0, are related as indicated
in Theorem 6.4.10. Suppose that ¢’ > o), then we can choose a large enough k > 02
and achieve
HT(Vyl,(s—l)T %% Vyk,(s—l)T) > (1 —go)T.
If this is not the case, then
H(s—l)T+log k1/2|sT+log k1/2 (V) <oT

and for most portions of y measured by v,

Hyp (0 (s DT Hloe k') < o

Now our aim is to study p * v. If s is such that

H(s—l)T+log k1/2|sT+log k1/2 (V) > 0T,

21t is useful to record the dependencies of the parameters. We first choose g > 0,09 > 0 be
small numbers. Then we find an integer 7" and an integer k.
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then Hs_1yrs7(p*vF) > (1 — )T + O(1). On the other hand, we get

Hs_1yrjs7 (1 * vk > Hs_1)r)s7 (1) + O(1).
Then we see that
-1

Hy(pxv*) =" Hiyyrper(psv*) 2> (1 =0)T+ Y Hie_yrisr(p)
1 sES s¢S

3

S

where S is the collection of s with

H(s—l)T+10g k1/2|sT+log k1/2 (v) > oT.

Thus S is the ’(shifted) non-singly branching layers’ for v. To obtain a result in the
form of Theorem 6.3.1, we can refine the collection &

S = {S eS: H(sfl)T|sT(/1/) < (1 - 250)T}.

Then we have
Hy (pxv*) > #8'e0T + Hy (1) + O(m).
Use Kaimanovich-Vershik we see that

S'eqT
Hy(u*v) — Hy(p) > #% + O(m/k).
Thus we see that
1 #SIEO 1
_ — > — ).
(s v) = Hy() 2 T2 4 0()

Theorem 6.4.12:Hochman’s inverse entropy theorem

Let p,v be probability measures on [0,1]. Let €9, 00 be given. Then for a
large enough 7', for a large enough %k depending on k, for all large enough
N =mT,

() — Hy(p) 2 T2

To obtain reasonable applications, we need #S8’ to scale with > m for oth-
erwise, this theorem tells nothing new. This is the case if p is 'mostly not fully
branching’ in the sense that for all € > 0, for all large enough N = mT,

F=Fn() = {H—1yrjsr(p) > (L —e)T} < em.

This condition is much weaker than the corresponding uniform branching property
in Bourgain’s theorem in this sense we are now allowed to drop some bits that are
not significant w.r.t the measure p.

If p is mostly not fully branching, then

S'=FnS§.
Now F occupies a proportion < & many layers. So that if S’ is smaller than em, it
implies that

#S < 2em.

Thus v does not have many layers with large branching numbers (i.e. large condi-
tional entropy). This implies that

HN(I/) < #8T + ogN < (00 + QS)N
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Thus, by choosing ¢ small at the beginning and choosing ¢ small, this will imply
that v is a very singular measure (with small entropy).

6.4.5. The entropy structure of self-similar measures. Let p be a self-
similar measure. Then there is more structural information. We first have the
following fact,

Theorem 6.4.13:Exact dimensionality

Let p be a non-trivial self-similar measure on R. Then it is exact dimen-
sional. This means that for y.a.e z,
1 B
it og (B ()) _
r—0 logr
for some s € (0, 1]. Moreover, for the same s,
1
lim —H =s.
m N(p) =s

N —oc0

This s is equal to the Hausdorff dimension of the support of p if it is the
canonical self-similar measure (i.e. with probability weight chosen to be according

to Y ,ri =1).

PROOF. omit for now |

Given this result, consider
H(sfl)T\sT(,U/) > ExN/,J,HT(/J/w7(s_1)T)~

Observe that Hp(p®~DT) is basically Hp(u * v) for some discrete measure v
because of the self-similarity of . Here v encodes the overlaps of ;1 around a chosen
x. Then we see that

H_1yr|sr(p) > Hr(p) + O(1).
If T is large enough, we can get

Hyp(p) > s™.
Let s > s be given. Suppose for large N = mT, in at least e-portion of the layers,

H(s—l)T|sT(/J“) > S+T7

then we see that

Hy(n) > s (1—¢e)N +sTeN.
Thus, for any given s™, e there is a large T' (to make s~ close to s) so that for all
large N = mT,

#{H(s—1yr)sr(p) > sTT} < em.
This implies that g mostly not fully branching provided that s < 1. We thus
obtained the following result which was ‘proved’ under a wrong assumption. With
the help of the notion of entropy, we can now rescue the proof, again.

Assuming that there are no super exponentially decaying gaps. Assume that

dimpg K = a < s. We choose p to be the canonical self-similar measure. Then we
see that for N > 1,D > 1,

Hpiiyn (1) = Hy (1) + Egnp Hpn (u™7).
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As was discussed above,
pEN & kv,
for some discrete measure v that encodes the overlaps. We use = to denote that
this is not equality in general. omit details As p is mostly not fully branching, we
see that Hpn (pu*vy) > Hpn(p)+ DN for some 6 > 0 as long as Hpn(v,) > DNe
for some £ > 0. Because of the exact dimensionality, we see that for most of p®%,
we have
|Mx,N| > 2—a+N.
Since o < s, we choose o™ < s. Then we see that the number of overlaps at  must

be
> 2—o¢+N/2—sN _ 2(s—a+)N.

However, if on the other hand for some > e-portion of x ~ u, Hpyx(v,) > €, then

Hpiiyn () — Hy (1) > Eqnp Hpn (p*™) > Hpn (1) + DNe§ + O(1).
Then we see that
1 1 1 DN
DTN 1)NH(D+1)N(M)_7(D n I)NHN<M) > OES 1)NWHDN(
Taking the limit for N — oo, we see that
e o D o D .
D+1 -~ D+1 D+1
This is not possible. Therefore, there for most of x ~ p, we have
Hpn(v,) < DNe.

Therefore, not all overlaps around z can be separated by intervals of length 2~ (P+DN
for otherwise Hpy(v;) would be > (s — a™)N.

From here, we conclude that for each D, there are N-level overlaps with distance
< 27PN _Since D can be arbitrary, we see that there are super-exponential gaps.

D
_— 1).
M)+D+1€(5—|—0( )

0.

(07

6.5. Shmerkin’s inverse entropy theorem
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