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Reader’s Guide

This volume begins the common geometric-measure-theory and iterated-function-system
kernel of the series. It assumes the real-analysis material in Anthony W. Knapp’s Basic
Real Analysis and Advanced Real Analysis, together with the separately declared harmonic-
analysis, additive-combinatorics, and foundational dynamical-systems companions. Every
chapter begins with its fractal-geometric definitions and conventions. These are part
of the book, not prerequisites to be found in working files. Definitions repeated in the
development serve as reminders at their point of use.

Names of the permitted prerequisites. The following abbreviations identify sources,
not additional mathematical assumptions. A-RA denotes the permitted real-analysis back-
ground in Knapp’s two books. The source code ARA-KB1 means Knapp’s Basic Real
Analysis [Kna05b], and ARA-KA1 means his Advanced Real Analysis [Kna05a]. A-SRA
denotes individually cited results from Stein and Shakarchi’s Real Analysis: Measure Theory,
Integration, and Hilbert Spaces [SS05]; its source code is ASRA-SS1. The codes A-HA,
A-AC, and A-DS denote the harmonic-analysis, additive-combinatorics, and foundational
dynamical-systems companion books, respectively. Such a code does not by itself license
an unspecified theorem: an external proof step must identify the result it uses.

The printed identifiers preserve the series dependency graph. A result marked [F] has
its proof in the chapter or an earlier chapter. A result marked [G] gives the declared guided
architecture and identifies the omitted research block. A result marked [B] is an exact
cited interface whose proof is intentionally external. A node marked [Q] is a question or a
later-owner boundary and is never a proof premise. Publication currency is separate from
proof depth.

Read the chapter introduction first for its main questions and its connection to earlier
material. The definitions section gives precise quantifiers and conventions; the following
development explains their consequences. Linked identifiers lead to the relevant statements
and definitions within the book. The notation D-1.5.02, for example, refers to Definition
1.5.02.

Each chapter keeps intuition physically distinct from formal mathematical work. In-
tuition sections explain why the definitions and proof mechanisms are useful, but no
later proof may cite them. The exercises are followed by an identifier-matched solution
compendium at the end of the volume.

This working reader’s edition is not independently reviewed. The graduate-student,
structure, and three expert reviews are scheduled after all seven volumes have passed their
internal gates.
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Chapter 1.1

Covers, Gauges, and Hausdorft
Measure

How can one measure a set whose size lies between that of a point and that of a curve?
We begin with covers of small diameter. Gauges allow the cost of a cover to depend on
scale in more ways than a single power; power gauges then lead to Hausdorff dimension.
The main tasks are to make this construction into a measure, establish its behavior under
mappings, and turn a growth bound for a carried measure into a lower bound for dimension.
The examples at the end distinguish dimension from closure and other elementary set
operations.

The definitions below fix this chapter’s conventions. Geometric intuition and proof
strategy are discussed separately after the main development; exercises and their solutions
provide a second route through the material.

Definitions and notation

All gauges and Hausdorff measures in this chapter use diameter normalisation: a
covering set of diameter r costs g(r). No Euclidean volume normalising constant is inserted.

Definition — 1.1.01: Metric conventions

Let (X, d) be a metric space. For x € X, r > 0, and A, B C X, set

B(x,r) ={ye X : d(x,y) <r}, B(x,r)={y € X : d(x,y) <r},

d(x,A) = ;frzlfl d(x,a), dist(A, B) = inf{d(a,b) : a € A, b € B}.

The infimum of the empty set is +oo; hence dist(@, B) = dist(A, @) = +co.
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Definition — 1.1.02: Diameter
ForU C X,

diamU = sup{d(x,y) : x,y € U} € [0, +o0],
with diam(@) = 0.

Definition — 1.1.03: Countable delta-cover

Let E C X and § > 0. A countable cover of E is a finite or countably infinite family
(Uy);e1 of subsets of X such that E C U;;Ui. It is a delta-cover if diam(U;) < § for
every i. The empty family covers only the empty set.

Definition — 1.1.04: Gauge
A gauge is a nondecreasing function

g ¢ [0,+00) — [0, +c0)

such that g(0) = 0 and lim, |y g(r) = 0. No continuity away from zero and no strict
positivity are required. For gauges g, h, write g < h if there exist 0 < C < oo and
rp > 0 such that

g(r) < Ch(r) (0<r<r).

Write g = oy(h) if for every ¢ > 0 there exists r, > 0 such that

g(r) <eh(r) (0<r<r).

Definition — 1.1.05: Delta-level gauge content

For E C X and 6§ > 0, define

7f(§g(E) = inf{Z g(diamVU;) : (Uj);e; is a countable §-cover of E} .
i€l

The infimum of the empty collection of admissible covers is +co, and the sum over the

empty cover is zero.

Definition — I.1.06: Outer measure

An outer measure on X is a function p* : P(X) — [0, +oo] satisfying

(@) =0,




ACB= y*(A) < p*(B),

and, for every sequence (A,),>; of subsets of X,

ﬂ*(U An) < Z 1 (Ap).
n=1 n=1

Definition — 1.1.07: Metric outer measure

An outer measure y* on (X, d) is a metric outer measure if

dist(A,B) >0 = p*(AuUB)=p"(A)+ u*(B)
for all A,B C X.

Definition — I.1.08: Carathéodory measurability and Borel regularity

Given an outer measure y*, a set E C X is Carathéodory measurable if, for every
T CX,

1*(T) = p*(T 0 E) + pr*(T \ E).

An outer measure on a metric space is Borel regular if every A C X has a Borel
superset B D A satisfying y*(B) = p*(A).

Definition — 1.1.09: Gauge Hausdorff measure

The Hausdorff measure with gauge g is

H8(E) = sup #; (E).
6>0

The derived identity #°4(E) = lims o ég (E) is L-1.1.01 and is not part of the logical
content of the definition.

Definition — 1.1.10: Power gauges and Hausdorff dimension

For s > 0, let g,(r) = r* and abbreviate #§5 = #5° and #° = 7 5:. Define

dimyg @ = 0,
and, for nonempty E C X,

dimy E = inf{s > 0 : Z°(E) = 0},

where inf(@) = +oo.
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Definition — I.1.11: Lipschitz and bi-Lipschitz maps

For metric spaces (X,dx) and (Y,dy), amap f : E — Y, E C X, is L-Lipschitz,
0< L <oo,if

dy(f(x), f(¥)) < Ldx(x,y)  (x.y € E).

cdx(x,y) < dy(f(x), f(y)) < Cdx(x,y)  (x,y € E).

Definition — I.1.12: Carried measure and gauge growth bound

Let p be a finite Borel measure on X and let E C X be Borel. The measure p is carried
by E if u(X \ E) = 0. It satisfies a (g, C,ry) growth bound on E if C > 0,y > 0, and

u(B(x,r)) < Cg(r) (x€E, 0<r<n).

Definition — I.1.13: Graphs and product metric

ForAcR"and f : A—>R",

graph(f) = {(x, f(x)) : x € A} CR™™".

For metric spaces (X, dx) and (Y, dy), the max product metric on X xY is

doo((x, ), (x”, y")) = max{dx(x, x"), dy(y, y")}.

All measures use diameter normalisation.

I.1.1 Covers and gauges
Throughout Sections 1-4, (X, d) is a metric space. For subsets A, B C X,
d(x, A) = inf d(x, a), dist(A,B) = inf d(a,b),
(x, 4) algA (x.a) ist( ) ae}é\l:lbeB (a.b)

with the infimum of the empty set equal to +oc0. For U C X,

diamU = sup d(x,y), diam @ = 0.
x,yeU
Let § > 0. A countable d-cover of E C X is a finite or countably infinite family (U;);c;
such that

Ec|JUu,  diamU <5 Gel).
iel

A gauge is a nondecreasing function g : [0, +00) — [0, +00) for which
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g(0) =0, lim g(r) = 0.
rl0
Define

%’(Sg(E) = infgz g(diamU;) : (Uj);e; is a countable d-cover of E} . (1.1)
i€l
The infimum is +oo if no such cover exists. The empty family covers the empty set and
has cost zero.

Lemma — 1.1 (L-1.1.01: monotonicity in scale)

If0 < &’ <6, then
#5(E) > #5 (E). (1.2)
Therefore
H8(E) := sup H§(E) = lim 5 (E). (1.3)
§>0 510
Proof

Every &’-cover is a -cover, so the infimum in (1.1) is taken over a smaller class at scale §".
Thus (1.2) holds. A monotone nondecreasing function of the directed variable § | 0 has
limit equal to its supremum, with values allowed in [0, +co]. This proves (1.3). [J

Lemma — 1.2 (L-1.1.02: outer-measure property)

For every gauge g, the set function #°¢ is an outer measure: it vanishes at the empty
set, is monotone, and is countably subadditive.

Proof
The empty cover gives # (§g (@) = 0 for every § > 0, hence #8(@) = 0.
If A C B, every cover of B covers A; consequently
H5(A) < HF(B) (5>0),

and taking the supremum over § proves monotonicity.

Let (E,),>1 be subsets of X. If ,, #8(E,) = 400, countable subadditivity is automatic.
Suppose instead that this series is finite. Fix § > 0 and ¢ > 0. For each n, choose a countable
5-cover (U, j); of E, such that

> g(diamU, ;) < %5 (E,) + €27 (1.4)
j

Such a cover exists because # (§g (E,) < ZE(E,) < +oo. The doubly indexed family
covers U, E, at scale §, and hence
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xS (U E,,) <Y’ > g(diamUj,)
n=1 n=1 j
<Y HIE)+e (1.5)

S
—_

81l

<Y HE(E,) +e.

n=1

Letting ¢ | 0 and then taking the supremum over § > 0 gives

ro{ (1) < 5 e
n=1

n=1

Thus #'§ is an outer measure. [

Lemma — 1.3 (L-1.1.03: metric additivity)

If A,BC X and p = dist(A, B) > 0, then

FE(AU B) = ZE(A) + HE(B). (1.6)

Proof
Fix 0 < § < p. No set of diameter at most § can meet both A and B. Given any countable
d-cover (U;); of A U B, partition the indices that meet A U B into
Iy ={i:UnA=%q} Ig={i:UnNB=+q}
These sets of indices are disjoint. The corresponding subfamilies cover A and B, respec-

tively, so

Y. g(diamly) > #5 (A) + 75 (B).

1

Taking the infimum over covers yields

H§(AUB) > H§(A) + H§(B).

Letting 6 | 0 gives the inequality > in (1.6). The reverse inequality follows from Lemma
1.2. 0

An outer measure satisfying (1.6) whenever dist(A, B) > 0 is called a metric outer
measure. Thus Lemmas 1.2-1.3 prove that #°8 is a metric outer measure.

[.1.2 Carathéodory measurability and Borel regularity

Let 4* be an outer measure on a set X. A set E C X is Carathéodory measurable if

p(I) = (TNE)+p"(T\NE) (TcX) (2.1)
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Write My* for the collection of such sets.

Lemma — 2.1 (L-1.1.04: Carathéodory theorem)

The collection M)« is a sigma-algebra, *|M,- is a countably additive complete measure,
and every subset of a y*-null set is in M.

Proof

The empty set satisfies (2.1), and (2.1) is unchanged when E is replaced by X \ E; hence
M)+ contains the empty set and is closed under complements.
Let E,F € My and T C X. Splitting first by E and then splitting T \ E by F gives

1(T) = (T N E) + p*(T\ E) N F) + g*(T'\ (EU F), 2.2)

By outer subadditivity,

p(TN(EVF) < (TNE)+p"(T\E)nF).

Equation (2.2) therefore supplies the > direction in (2.1) for E U F; the reverse direction
is outer subadditivity. Thus M~ is an algebra.

Now let (E,),>1 be pairwise disjoint members of M, and put Fy = UrllvzlEn and F =
U,~1E,. Repeated use of (2.1) gives, for every N,

N
pr(T) = Y (T O Ey) + p* (T \ Fy). (2.3)

n=1

Because T\ F C T \ Fy, (2.3) implies

p*(T) > Y (T N Ey) + p*(T\ F) > pi*(T N F) + pi*(T \ F). (2.4)

n=1
Outer subadditivity gives the reverse inequality, so F € M. An arbitrary countable
union is reduced to the disjoint case by replacing E, with

E\JE;,

j<n
which remains in the algebra. Therefore M, is a sigma-algebra.
If the measurable sets E,, are pairwise disjoint, outer subadditivity gives

pH(F) < ) i (Ey),
n=1

while finite additivity and monotonicity give

N
2 () = Y i (B (N2 ).

n=1

Letting N tend to infinity proves countable additivity.
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Finally, suppose N € M+, p"(N) = 0,and A C N. Forevery T C X,

p(TnA)=0,  p(T\A)<p D).

These inequalities and outer subadditivity imply

1(T) = (T 1 A) + (T \ A).

Thus A € M+ and the restricted measure is complete. []

Lemma — 2.2 (L-1.1.05: metric outer measures measure Borel sets)

Let (X, d) be a metric space and let y* be a metric outer measure on X. Every closed
subset of X lies in M. Consequently every Borel subset of X lies in M.

Proof

Fix a closed set F C X and atestset T C X. If F = @, then p*(T) = p*(TNF)+ p*(T\ F) =
0 + p*(T); assume from now on that F is nonempty. If y*(T) = +oo, outer subadditivity
forces

+oo = p*(TNF) + p*(T \ F),

s0 (2.1) holds. Assume henceforth that y*(T) < +o0.
The distance function is 1-Lipschitz:

ld(x, F) —d(y,F)l <d(x,y)  (x,y € X). (2.5)

Fork > 0, putr, = 37k and
Ar={x €T : rny <dx,F)<nl (2.6)
Ift>k+2, x € A and y € Ay, then (2.5) gives

d(x,y) > d(x,F) —d(y,F) > ey — ey > 0. (2.7)

Every finite family of even-indexed shells is therefore pairwise positively separated, as
is every finite family of odd-indexed shells. Finite induction using metric additivity and
monotonicity yields

D, HAD<HM. Y, pA) < prD).

0<k<N 0<k<N
k even k odd
Hence
(o)
> i (Ag) < 2p¥(T) < oo, (2.8)
k=0

Define
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Iy ={xeT :d(x,F)>ry}

Since dist(T N F, Tyy) > ry, metric additivity and monotonicity give

P 2 (TNF)UTN) = p*(T N F) + p*(Ty). (2.9)

Because F is closed, every point of T \ F has positive distance from F, and

T\FcTyu | J Ak
k=N

Equations (2.8)-(2.9) imply

H(TNE) < p(Tn) + ) 1 (A
k=N

<) = (TN F) + ) i (Ap).
k=N
Let N tend to infinity. The series tail tends to zero, so

p*(T) > p*(T N F)+ p*(T \ F).

Outer subadditivity gives the opposite inequality. Thus F is Carathéodory measurable.
Lemma 2.1 and the fact that closed sets generate the Borel sigma-algebra prove the final
assertion. [

Lemma — 2.3 (closed covers)

For every E C X and § > 0, the infimum in (1.1) is unchanged if every covering set is
required to be closed.

Proof

For every U C X,

diamU = diamU. (2.10)

Indeed, one inequality follows from U C U; for the other, approximate any two points
of U by points of U and use continuity of the metric. Replacing every member of a cover
by its closure preserves the cover, all diameters, and therefore its cost. Since closed covers
are a subclass of all covers, the two infima agree. [J

Lemma — 2.4 (L-1.1.06: Borel regularity)

Assume that (X, d) is separable. For every A C X there is a Borel set B D A such that

HE(B) = HE(A). (2.11)
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Proof

Separability guarantees a countable §-cover of X for every § > 0: if D is a countable dense
set, the balls (B(q,6/4))4ep cover X and have diameter at most /2.

If #8(A) = 400, take B = X; then (2.11) follows from monotonicity. Suppose Z8(A) <
+oo. For every n > 1, Lemma 2.3 permits a countable closed 1/n-cover (F, ;); of A satisfying

> g(diam F, ) < %f/n(A) +27" (2.12)
j

Let

B, = UF,” B= ﬂlB,,. (2.13)
j n=

Each B, is F,, so Bis Borel, and A C B. Fix § > 0. For every sufficiently large n, 1/n < 6,
and the family in (2.12) is a §-cover of B C B,,. Consequently

H§(B) < %f/n(A) +2M < HE(A) + 27

Arbitrarily large such n may be chosen, so # ég (B) < Z8(A). Taking the supremum over
o gives Z'8(B) < #8(A). The reverse inequality follows from A C B and monotonicity. [J

Theorem — 2.5 (T-1.1.01: metric Hausdorff-measure construction)

Let (X, d) be a separable metric space and let g be a gauge. Then ¢ is a Borel-regular
metric outer measure. Its restriction to its Carathéodory sigma-algebra is a complete
measure, and this sigma-algebra contains every Borel subset of X.

Proof

Lemmas 1.2 and 1.3 give the metric outer-measure assertion, Lemmas 2.1 and 2.2 give
completeness and Borel measurability, and Lemma 2.4 gives Borel regularity. [J

I.1.3 Gauge comparison and Hausdorff dimension

For gauges g, h, write g < h if there are 0 < C < +oc0 and ry > 0 such that

g(r) < Ch(r) (0<r<r), (3.1)

and write g = 0y(h) if for every ¢ > 0 there is 7, > 0 such that

g(r) < eh(r) (o<r<r,). (3.2)

Theorem — 3.1 (T-1.1.02: gauge comparison)

LetE C X.
(1) If (3.1) holds, then #8(E) < C#"(E).



Chapter L1 11

(2) If (3.2) holds and #"(E) < +oo, then Z8(E) = 0.

Proof

If 0 < 6 < ry, every d-cover (Uj); satisfies
Z g(diamU)) < C Z h(diamU;).
i i
Taking infima gives
5 (E) < CHL(E).
Letting § | 0 proves part 1. Under (3.2), the same argument gives

FHE(E)<eXME)  (e>0).

The right side tends to zero because #"(E) is finite. This proves part 2. [J
For s > 0, define the power gauge g,(r) = r®, write Z° for 5, set dimy (@) = 0, and,
for nonempty E, define

dimy E = inf{s > 0 : #5(E) = 0}, (3.3)
with inf(@) = +oo.

Corollary — 3.2 (C-1.1.03: power-gauge critical jump)

If0 < s <t, then
HS(E) < +o0o = H'(E) = 0, (3.4)
and
HYE) >0 = H(E) = +oo. (3.5)
Proof
Since
rt t

r—s=f”_s—>0 (rlo),

Theorem 3.1(2), with g = g; and h = g, proves (3.4). Statement (3.5) is the contrapositive
of (3.4). J

Theorem — 3.3 (T-1.1.04: critical exponent)

Let E be nonempty and d = dimy(E). Then

HP(E) =40 (0<s<d), HE)=0 (s>d), (3.6)
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and

d = sup{s > 0 : Z*(E) = +oo}, (3.7)

where sup(®) = 0.

Proof

Let Z={s>0 : #*(E) =0} Ifd < +o0 and s > d = inf Z, the definition of the infimum
givest € Z with t <s. If d = 400, there is no s > d. Corollary 3.2, or its proof with a zero
rather than merely finite %" (E), gives %°(E) = 0.

Now suppose 0 < s < d. If Z*(E) < +o0, choose t with s < t < d. Corollary 3.2 would
give Z'(E) = 0, hence d < t, a contradiction. Thus #°(E) = +oo. The two conclusions in
(3.6), including the cases d = 0 and d = +o0, give (3.7). No conclusion follows at s = d: the
critical measure may be zero, positive and finite, or infinite. []

Theorem — 3.4 (T-1.1.05: countable stability)

For every sequence (E,),>; of subsets of X,

U En) = sup dimy E,,. (3.8)

n=1 n21

Proof
Put E = U,E, and a = sup, dimy(E,). Monotonicity under inclusion, which follows directly
from (3.3) and monotonicity of #*, gives

If a = +oo, this is equality. Suppose a < +oo and take s > a. Theorem 3.3 gives
F°(E,) = 0 for every nonempty E,; the same equality holds for an empty E, by Lemma
1.2. Thus Lemma 1.2 gives

%@gi%@ﬁu

n=1

Thus dimy(E) < s for every s > a, so dimy(E) < a. [J

I.1.4 Lipschitz maps and the mass-distribution principle

A map f : E — Y between metric spaces is L-Lipschitz if

dy(f(x), f(y)) < Ldx(x,y)  (x,y € E). (4.1)
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cdx(x,y) < dy(f(x), f(y)) < Cdx(x,y)  (x,y € E). (4.2)

Theorem — 4.1 (T-1.1.06: Lipschitz measure inequality)

Lets > 0andlet f : E — Y be L-Lipschitz. If L > 0, then

H5(f(E)) < LS9 5(E). (4.3)
If L = 0, then #°(f(E)) = 0.

Proof
Suppose L > 0. If (U};); is a §-cover of E, then

Vi=f(EnU)

covers f(E) and satisfies

diamV; < LdiamU; < L§.
Therefore

Z1s(f(E) < L* ) (diam U

Taking the infimum over §-covers and then letting § | 0 proves (4.3). If L = 0, (4.1)
makes f(E) empty or a singleton, which has zero s-dimensional Hausdorff measure because
it is covered by a set of diameter zero. [J

Corollary — 4.2 (C-1.1.07: Lipschitz monotonicity and bi-Lipschitz invariance)

If f : E—Y is Lipschitz, then

dimy f(E) < dimy E. (4.4)
If f is bi-Lipschitz, equality holds.

Proof

If dimy(E) = +oo, (4.4) is automatic. Otherwise, for every s > dimy(E), Theorem 3.3 and
Theorem 4.1 give

H(E) =0 — I(f(E))=0.

This proves (4.4). Under (4.2), the inverse f~! : f(E) — E is ¢ '-Lipschitz. Applying
(4.4) to f and to f~! gives equality. [J

Let p be a finite Borel measure on X, and let E C X be Borel. We say that p is carried by
Eif y(X \ E) = 0.
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Theorem — 4.3 (T-1.1.08: mass-distribution principle)

Let g be a gauge. Suppose that p is a finite Borel measure carried by a Borel set E, that
0 < p(E) < +00, and that there are C > 0 and ry > 0 such that

u(B(x,r)) < Cg(r) (x€E, 0<r<n). (4.5)
Then
H8(E) > @ > 0. (4.6)

If g(r) = r*, it follows that dimg(E) > s.

Proof

First, for each x € E, (4.5) and g(r) — 0 give

0 < p(fx}) < p(B(x,) < Cg(r) (0 <r <rp),

and hence p({x}) = 0.

Fix 0 < § < ry. If no countable closed §-cover exists, then # f (E) = +0 and the desired
lower bound at this scale already holds. Otherwise, let (F;); be an arbitrary countable closed
d-cover of E. For each i with F; N E nonempty, choose x; € F, N E and put r; = diam(F,).
Since p is carried by E,

H(F) = p(F; N E).
If r; > 0, then F; C B(x;,1;), so (4.5) gives

u(F) < Cg(ry).

If ; = 0, the nonempty set F is a singleton and the same inequality holds because both
sides are zero. Sets disjoint from E have py-measure zero. Countable subadditivity of y now
gives

W(E) < 3 p(F) < C ) g(diam F). (4.7)

By Lemma 2.3, closed covers yield the same infimum as arbitrary covers. Taking the
infimum in (4.7) gives
pH(E)

H§(E) > =

Letting 6 | 0 proves (4.6). In the power-gauge case, #*(E) > 0; Theorem 3.3 then rules
out dimy(F) < s. OJ
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1.1.5 Stress tests

Proposition — 5.1 (P-1.1.09: intervals)

If a < b, then, with diameter normalisation,

Z'(a,b])=b—a, dimgg[a, b] = 1. (5.1)

Proof

Fix § > 0 and choose an integer N with (b — a)/N < §. Partition [a,b] into N closed
intervals of length (b — a)/N. Their total diameter is b — a, so

Zi(ab]) <b-a. (5.2)

Conversely, let (U;); be any countable cover of [a, b]. Each nonempty U; C R is contained
in an interval of length diam(U;). By monotonicity and countable subadditivity of Lebesgue
outer measure 1%,

b—a=2*([a.b]) < Y, (W) < ) diamU;. (5.3)

Thus # g([a, b]) > b — a for every & > 0. Equations (5.2)—(5.3) prove the first assertion.
Corollary 3.2 gives

F([a,b]) = +0 (0 <s<1), I35([a, b)) =0 (s>1),

which proves the dimension assertion. []

Proposition — 5.2 (P-1.1.10: countable dense sets)

Every countable subset E of a metric space has Hausdorff dimension zero. Nevertheless,
Hausdorff dimension is not invariant under closure; in particular,

dimg(Qn[0,1])=0,  dimyQnJo0,1]=1. (5.4)

Proof

A singleton has #°-measure zero for every s > 0, because it has a cover of diameter zero.
Countable subadditivity gives Z°(E) = 0 for every s > 0. Thus dimy(E) = 0. The set
Q N[0, 1] is countable and dense in [0, 1], so (5.4) follows from Proposition 5.1. [

Proposition — 5.3 (P-1.1.11: Lipschitz graphs)

Let AC R™andlet f : A — R" be L-Lipschitz for Euclidean metrics. Then

dimyy graph( f) = dimy A. (5.5)
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Proof
The graph map G : A —» R™" G(x) = (x, f(x)), satisfies

IG(x) = GO = |x =yl +1f(x) = fFOIIP < (1 + LP)x — yl*.

Thus G is \/1 + L2-Lipschitz. The coordinate projection 7 : R™"" — R™ is 1-Lipschitz
and restricts to the inverse of G on the graph. Corollary 4.2 applied in both directions
proves (5.5). O

Proposition — 5.4 (P-1.1.12: elementary products)

Let E C X and F C Y be nonempty, and equip X x Y with
deo((x, ), (x",¥")) = max{dyx (x, x"), dy (y, y')}- (5.6)
Then
dimy(E x F) > max{dimy E, dimy F}. (5.7)
For every y; €7,
dimy(E x {yp}) = dimy E. (5.8)

Proof

The coordinate projections from Ex F onto E and F are 1-Lipschitz and surjective. Corollary
4.2 therefore gives both lower bounds in (5.7). The map x — (x, yp) is an isometry from E
to E x y, under (5.6), which proves (5.8). [

I.1.5.1 Boundary of the product discussion

There is no general conclusion

dimy(E x F) = dimy E + dimy F

from the results proved here. The upper and lower product estimates that are valid in
general require packing or box dimensions and are owned by Chapter 1.2. A particularly
sharp warning already comes from countability:

dimg((Q N [0,1D®) =0,  (Qnlo0,1])% = [0,1]%

Density in a high-dimensional ambient set is therefore not a dimension lower bound.

I.1.6 Intuition and strategy

The following discussion explains the geometric ideas behind the proofs.
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I.1.6.1 The chapter’s central idea

Hausdorff measure asks how cheaply a set can be covered when every covering piece of
diameter r is charged a price g(r). Two operations are essential:

1. minimise the bill at a fixed resolution §; and
2. force 6 to zero.

The second operation is not cosmetic. Without it, a single large covering set can join
geometrically separate pieces and destroy the metric additivity that makes the construction
a genuine Borel measure.

I.1.6.2 Why gauges precede dimensions

The power price r® gives the familiar Hausdorff dimensions, but a single number s cannot
describe all critical-scale behaviour. At the eventual critical exponent the power measure
can be zero, finite positive, or infinite. Logarithmic corrections and other gauges later
distinguish sets having the same Hausdorff dimension. Beginning with g therefore prevents
the reader from mistaking dimension for the whole theory.

I.1.6.3 The exponent as a phase transition

At small scales and for s < t,

rt <.
Thus a cover affordable at exponent s becomes arbitrarily cheap at exponent ¢t. The

entire critical-exponent theory is this observation plus exact control of the order of the
two operations: first minimise at scale §, then let § tend to zero.

1.1.6.4 The two directions of a dimension calculation

An upper bound is a construction: exhibit economical covers. A lower bound is an ob-
struction: show that every sufficiently fine cover must be expensive. The mass-distribution
principle implements the obstruction. A measure whose mass in every small ball is at most
Cg(r) cannot be concentrated inside a cover whose total g-cost is less than p(E)/C.

This is why the later Frostman lemma is so powerful. The principle proved here says
what a well-distributed measure would imply; Frostman’s lemma in Chapter 1.3 constructs
such a measure from a Hausdorff-dimension hypothesis.

I1.1.6.5 Mapping intuition

A Lipschitz map cannot enlarge a covering piece by more than a fixed factor. Power costs
therefore change by at most the corresponding power of that factor. Bi-Lipschitz maps
have controlled distortion in both directions, so Hausdorff dimension becomes an invariant
of metric geometry rather than of a particular coordinate description.

The graph example illustrates both directions of this argument. The graph map gives one
Lipschitz direction and coordinate projection gives the other; the equality of dimensions is
then structural, not a special graph-covering calculation.
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I.1.6.6 Three warnings

1. Closure is dangerous. A countable dense set has dimension zero even when its
closure is an interval.

2. Critical measure is not prescribed. Knowing dimy(E) = s does not by itself
determine #°(E).

3. Products need more than Hausdorff dimension. Coordinate projections provide
an elementary lower bound, but a correct general upper bound needs the packing/box
machinery of 1.2. The elementary lower bound does not imply an additive product
formula.

I.1.6.7 Understanding the shell argument

In Lemma 2.2, the complement of a closed set is divided into layers according to distance
from that set. Adjacent layers may touch, so metric additivity cannot simply be applied
to all of them at once. Separating the layers into even and odd families leaves positive
gaps between any finitely many layers in each family. This makes finite metric additivity
applicable. The finite outer measure of the test set then bounds both series of layer masses,
and their tails tend to zero. The exact radii and separation estimates in the proof are what
justify this geometric picture.

1.1.7 Exercises

All exercises use only definitions and results available in Chapter 1.1 together with the
permitted real-analysis background.

1.1.7.1 Exercise 1 — Similarities

Let f : E — Y satisfy

dy(f(x), f(y)) = Adx(x,y)  (x,y € E)

for some A > 0. Prove, for every s > 0,

Z(f(E)) = X I(E).
Deduce again that dimy(f(E)) = dimy(E).

I.1.7.2 Exercise 2 — Holder maps

Suppose 0 <8 <1 and

dy(f(x), f(») < Ldx(x, )’  (x,y € B),
where L > 0. Prove that, for every ¢t > 0,

H'(f(E)) < L'#%(E),
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and hence
dimy f(E) < 6! dimy E.

1.1.7.3 Exercise 3 — Snowflaked metrics
Let 0 < 8 < 1 and define dy(x, y) = d(x, y)g.

1. Prove that dy is a metric.
2. Prove that
T3, 5(E) = H 3510 (E).

3. Deduce p
dim® E = 67! dimf; E.

The superscript on the dimension names the ambient metric, not a power.

I.1.7.4 Exercise 4 — Open subsets of the line

Prove that every nonempty open set U C R has
dimH U=1.

I.1.7.5 Exercise 5 — A measure need only live on the set

19

In Theorem 4.3, replace the assumption that p is carried by E with the weaker assumptions

0 < p(E) <+eo,  p(EN B(x,r)) < Cg(r)

for x € E and 0 < r < ry. Prove that the same conclusion #Z8(F) > u(E)/C holds.

1.1.7.6 Exercise 6 — Positive subsets inherit a lower bound

Under the hypotheses of Theorem 4.3, let A C E be Borel with p(A) > 0. Prove

H(A)

1.1.7.7 Exercise 7 — Countable modifications

Let E be a subset of a metric space and let N be countable. Prove

Show by an example that replacing “countable” by “closure of a countable set” makes

the assertion false.
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1.1.7.8 Exercise 8 — Products with countable sets

Let E C X be nonempty and let F C Y be nonempty and countable. Give X x Y the max
metric. Prove

I.1.7.9 Exercise 9 — Distance sets as a first Lipschitz application

Fix x; in a metric space (X, d) and define

Ay (E) = {d(xp,x) : x € E} C [0, +00).

Prove

1.1.7.10 Exercise 10 — The middle-thirds Cantor set
Let

[o¢]

2w,
C= Z 3nn Ia)nE{O,l}

n=1

and put & = log2/log 3. Let p be the pushforward to C of the fair Bernoulli product
measure on {0, 1} under the displayed coding map.

1. Cover C by its 2" level-n basic intervals and prove Z*(C) < 1.
2. Prove that, forevery x € Cand 0 <r < 1,

u(B(x,r)) < 2-6%r%.
3. Apply the mass-distribution principle to prove

log 2
0<#*C) <1,  dimyC = 2=,
log 3
The existence of the Bernoulli product measure is an A-RA probability fact; the cylinder
masses 27" fix the normalisation used here.
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Packing, Box Dimensions, and
Products

Counting balls at a fixed scale is often easier than optimizing covers of many different
sizes. This chapter develops that counting viewpoint and explains why upper and lower
box dimensions can disagree. Packing dimension repairs the lack of countable stability of
upper box dimension. Digit-restriction examples make these distinctions concrete, and
Cartesian products show why different notions of dimension naturally occur together in
one estimate.

The definitions below fix this chapter’s conventions. Geometric intuition and proof
strategy are discussed separately after the main development; exercises and their solutions
provide a second route through the material.

Definitions and notation

The conventions below are controlling. They deliberately distinguish equal-scale separated
sets from variable-radius packings and distinguish packing premeasure from packing outer
measure.

Definition — 1.2.01: Total boundedness and scales

A subset E of a metric space (X, d) is totally bounded if, for every r > 0, it is contained
in a finite union of open balls of radius r. Box dimensions are defined below only
for nonempty totally bounded sets. All logarithmic scale limits are taken through
0<r<1withr]o.

Definition — 1.2.02: Covering and separated-set numbers

For a nonempty totally bounded set E C X and r > 0, define

m
N,(E) =min{m €N : E C Uﬁ(x,r), x € E¢.
=1
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A set S C E is r-separated if

xyeS, x+y = dx,y) >r.
Define

M,(E) = max{#S : S C E is r-separated}.

Total boundedness makes both numbers finite, and the integer supremum in the
definition of M,(E) is attained. Put N,(@) = M,(®) = 0 when an empty-set convention
is needed outside logarithms.

Definition — 1.2.03: Lower and upper box dimensions

For a nonempty totally bounded set E, define

log N.(E — log N,.(E
dimgE = liminf g—r() dimgE = lim sup g—r()
rlo —logr rjo —logr
If the two values agree, their common value is the box dimension dimg E. Set both
box dimensions of the empty set equal to zero. No box dimension is assigned here to

a nonempty set that is not totally bounded.

Definition — 1.2.04: Modified upper box dimension

For E C R?, define dimyg(@) = 0. If E is nonempty, define its modified upper box
dimension by

U Ej, Ej C R? nonempty and bounded .

dimyRE = inf supdi_mBEj :EC
j21 j=1

Finite covers may be repeated to produce a sequence. The infimum is therefore over a
nonempty class, even when E is unbounded.

Definition — 1.2.05: Centred packings and packing premeasure

Let (X, d) be a separable metric space, E C X, s > 0, and § > 0. A centred 5-packing
of E is a finite or countably infinite family

(B(x, 1:)ier

of pairwise disjoint closed balls with x; € E and 0 < r; < §. Its s-cost is

>.@n).

iel
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The empty packing is allowed and has cost zero. The packing premeasure at scale
¢ and the zero-scale packing premeasure are

95 (E) = sup Z(Zri)s : (B(x;,11))ier is a centred §-packing of E¢,
iel
Iy (E) = inf F(E).
0 (E) égo 5( )
The cost uses twice the declared radius. In Euclidean space this is the diameter of the

ball; in a general metric space the actual diameter can be smaller, and the formula still
uses 2r;. At s = 0, every ball costs one.

Definition — 1.2.06: Packing outer measure

For E C X and s > 0, define
P(E) = inf] > F(E) : Ec| ) E.E c X{.
j=1 j=1

The empty sequence covers only the empty set and has cost zero. The symbol P
always denotes the premeasure; P* always denotes the outer measure.

Definition — 1.2.07: Packing dimension

Set dimp(@) = 0. For nonempty E C X, define

dimp E = inf{s > 0 : P5(E) = 0},
with inf(@) = +oo.

Definition — 1.2.08: Product metrics

For metric spaces (X, dx) and (Y, dy), the max product metric is

doo((x, ), (x”, y")) = max{dx(x, x"), dy(y, y")}.

In Euclidean products we also use

dy((x, ), (') = (dx e, 20 + dy(y, y)) 2.

The inequalities dy, < d; < v/2d,, make these metrics bi-Lipschitz equivalent. Unless
stated otherwise, products in internal proofs carry d.
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Definition — 1.2.09: Digit-restriction Cantor sets

For S C N, define

% cg,€{0,13(neSs), g=00n¢S;clo1]

&
I
Ngk:

n=1

Write

s, = #(SN {0,  d(S)= 115321%”, (S) = limsup 2.

n
n—oo N

These sets are used only for explicit comparisons of dimension notions.

Internal proofs use the max product metric. Every ball occurring in a packing is closed
and centred on the set being packed.

I.2.1 Covering numbers and box dimensions

Let (X, d) be a metric space. A set E C X is totally bounded if, for each r > 0, finitely many
open balls of radius r cover E. For a nonempty totally bounded set define

m
N,(E)=min{m e N : Ec| JB(x;.r). x; € E{. (1.1)
j=1

An r-separated subset S of E satisfies d(x, y) > r whenever x, y € S are distinct. Put

M,(E) = max{#S : S C E is r-separated}. (1.2)

Total boundedness makes M,(E) finite: an r-separated set has at most one point in
each member of any cover by open balls of radius /2. Since the possible cardinalities are
integers, their finite supremum is attained.

Lemma — 1.1 (L-1.2.01: covering-separation sandwich)

For every r > 0,

MZr(E) < Nr(E) < Mr(E) (1-3)

Proof

Let S C E be 2r-separated and let E C U;"Zlﬁ(xj, r). Two points of S cannot lie in the same
covering ball, since their mutual distance would then be at most 2r. Assigning to each
point of S one ball containing it gives #S < m. Maximising over S and minimising over the
covers proves the first inequality.

Let S be an r-separated subset of cardinality M,(E). It is maximal by inclusion: otherwise
one could add a point and obtain a larger r-separated set. Hence every x € E has distance
at most r from some point of S, for a point farther than r from all of S could be added. Thus
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EcC U B(y,r),
yeSs
which proves N,(E) < M,(E). O
Define
log N.(E — log N.(E
dimgE = lim inng—r(), dimgE = lim sup Og—r()' (1.4)
rlo —logr rlo —logr

Only 0 < r < 1 enters these limits.

Lemma — 1.2 (L-1.2.02: bounded-ratio discrete scales)

Suppose (1) decreases to zero and

0<c<ry/ne <1 (1.5)

Both limits in (1.4) are unchanged when evaluated only at r = r;. They are also
unchanged when N,(E) is replaced by M,(E).

Proof

If 41 <r < 1, monotonicity of covering numbers gives

N, (E) < N(B) < Ny, (E). (16)

Moreover,

0 < (~logresy) — (- logry) = —log(ris1/n) < — loge. (17)

Since —logry tends to infinity, the two denominators in (1.7) have ratio tending to one.
Divide (1.6) by —logr, use —logr. < —logr < —logri,, and take lower and upper limits.
The continuous-scale and discrete-scale liminf and limsup coincide.

By Lemma 1.1,

M2r(E) < Nr(E) < Mr(E) (1-8)

Multiplying the scale by the fixed constant 2 changes —logr by the constant —log 2;
the preceding bounded-ratio argument therefore shows that M,,, N,, and M, have identical
logarithmic lower and upper growth rates. [

Theorem — 1.3 (T-1.2.03: structural properties of box dimensions)

For nonempty totally bounded sets, lower and upper box dimensions are monotone
under inclusion and invariant under closure. Upper box dimension is finitely stable:

dimg(E U F) = max{dimgE, dimg F}. (1.9)
If f : E— Y is Lipschitz, then
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dimy f(E) < dimgE,  dimgf(E) < dimgE. (1.10)

Both values are invariant under bi-Lipschitz maps. Neither value is countably stable.

Proof

The inequality dimgE < dimgE is the elementary inequality between liminf and limsup.
Suppose A C E. A radius-r cover of E may have centres outside A. Discard every ball
missing A; from each remaining ball choose a; € A inside it. The triangle inequality gives

Ac| JBa.2r),  Ny(A) < N(E). (1.11)
J

Fixed rescaling does not change logarithmic growth, so (1.11) proves monotonicity of
both box dimensions.

Every finite union of closed balls is closed. Hence a finite radius-r cover of E also covers
E, and

N,(E) < N.(E). (1.12)

Monotonicity applied to E C E supplies the reverse dimension inequalities. Thus both
dimensions are closure invariant.
For bounded E, F in one metric space,

N.(E U F) < N.E) + N.(F) < 2 max{N,(E), N,(F)}. (1.13)

After logarithms, the term log 2/(—1logr) tends to zero. Equation (1.13) gives the <
direction of (1.9), and monotonicity gives the other direction.

Let f be L-Lipschitz. If L = 0, then f(E) is a singleton and both its box dimensions are
zero. If L > 0, a cover in (1.1) maps to

N,(E)

f@E) c ) B(fGx. Lr),
j=1
SO

N (f(E)) < N.(E). (1.14)

This also proves that f(E) is totally bounded. Fixed scale factors do not affect (1.4),
so (1.10) follows. Applying (1.10) to a bi-Lipschitz map and to its Lipschitz inverse gives
equality.

Finally let D = QN [0, 1]. It is countable, but its closure is [0, 1]. By closure invariance it
is enough to compute the dimensions of the interval. A cover of [0, 1] by N closed radius-r
balls gives a cover by sets of total diameter at most 2rN; P-1.1.09 yields

1=9(0,1]) < 2rN,

and hence N,([0, 1]) > 1/(2r). Equally spaced centres give N,([0,1]) < [1/r] + 1. Both
logarithmic limits are one. Thus
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dimpD = dimgD = 1,

although D is a countable union of singletons, each of box dimension zero. [

I.2.2 Packing premeasure and packing outer measure

Let (X, d) now be separable. For s > 0 and § > 0, a centred §-packing of E C X is a finite
or countable pairwise disjoint family

(B(xi,1:)iers xE€E 0<r<9d.
Define

F5(E) = sup Y (@), H(E) = inf FH(E), (2.1)

iel

where the supremum is over all such packings. Define the covering regularisation

PE) =inf] Y FS(E) : Ec| JE;¢. (2.2)
Lemma — 2.1 (L-1.2.04: packing-premeasure calculus)
If0 < §’ <6, then
5 (E) < F(E), R (E) = I(Siﬁ’)l 95 (E). (2.3)
The premeasures are monotone in E. If dist(A, B) > 0, then

P (AU B) = F(A) + Fy(B). (2.4)

Proof

Every 6’-packing is a §-packing, which proves the first inequality in (2.3). A monotone
decreasing function along § | 0 has limit equal to its infimum, including the value +co. If
A C B, every centred packing of A is one of B, so monotonicity is immediate.

Put p = dist(A, B) > 0 and choose 0 < § < p/2. Every centred packing of A U B splits,
according to its centres, into a packing of A and a packing of B. Consequently

F5(AUB) < K(A) + P (B). (2.5)

Conversely, take one centred §-packing of A and one of B. A ball from the first family
and a ball from the second cannot intersect: if they intersected, the triangle inequality
would give

d(a,b) <r,+n, <26 < p.



28 CHAPTER 1.2. PACKING, BOX DIMENSIONS, AND PRODUCTS

Their union is therefore a packing of A U B. Taking the two suprema gives the reverse
inequality in (2.5), also when a supremum is infinite. Thus equality holds in (2.5) for every
& < p/2. Letting § decrease to zero proves (2.4). [J

The regularisation in (2.2) is essential: Pj need not be countably subadditive.

Theorem — 2.2 (T-1.2.05: metric packing outer measure)

For each s > 0, P® is a metric outer measure. All Borel subsets of X are therefore
Carathéodory measurable, and P restricts to a complete measure on its Carathéodory
sigma-algebra.

Proof

Write q(E) = P§(E). The empty packing and monotonicity give ¢(@) = 0and A C B—=
q(A) < q(B).

The empty cover in (2.2) gives P(®) = 0; monotonicity of P® follows because every
cover of a set covers each of its subsets. To prove countable subadditivity, let E = U, E,,. If
Y. P*(E,;) = +oo, there is nothing to prove. Otherwise fix ¢ > 0. For each n, choose sets
(Epj)k>1 covering E, such that

q(Eni) < P(E,) + €277 (2.6)
k=1
The doubly indexed family covers E, and (2.2) gives

PAE) < Y, q(Enge) < D P(Ey) +e.

nk n
Letting ¢ | 0 proves outer subadditivity.
It remains to prove metric additivity. Suppose dist(A, B) > 0. Outer subadditivity gives

P*(A U B) < P(A) + P5(B). (2.7)
For the reverse inequality, let (E;) be any countable cover of A U B. By monotonicity of
q and Lemma 2.1,
q(Ey) = q((E; n A) U (E; N B))
=q(E;n A) +q(E; n B).

The two families (E; N A) and (E; N B) cover A and B, respectively. Summing (2.8) and
using (2.2) yields

(2.8)

> a(E) > PS(A) + P5(B).
J

Taking the infimum over all covers proves the reverse of (2.7). Thus P* is metric.

By L-1.1.05, every Borel set is measurable for a metric outer measure. By L-1.1.04, the
Carathéodory measurable sets form a sigma-algebra on which the outer measure is a
complete measure. [
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Corollary — 2.3 (C-1.2.06: packing critical jump)

If0 < s <t then

P E)< 00 = PYE)=0. (2.9)
Consequently P!(E) > 0 implies PS(E) = +oo.

Proof

For every centred §-packing,
3 (2n) < @)~ ¥ 2n)
i i
Taking suprema gives

PLHA) < 28)SF(A). (2.10)

If P3(A) < +oo, there is &y > 0 with Pgo(A) < +o0; otherwise the infimum in (2.1) would
be infinite. For 0 < § < &y, monotonicity in scale and (2.10) give

0 < FA(A) < (20) 7 F5 (A).

The right side tends to zero, so P§(A) = 0.
Now suppose P°(E) < +o0. By (2.2), there is a cover (E;) of E such that

> R (E)) < +oo.
J

Every summand is finite, so the preceding paragraph gives Pé(Ej) = 0 for every j.
Therefore (2.2) yields P'(E) = 0. The final claim is the contrapositive in [0, +c0]. [J
Define dimp(®) = 0 and, for nonempty E,
dimp E = inf{s > 0 : P°(E) = 0}, (2.11)

with inf(@) = +oo.

Theorem — 2.4 (T-1.2.07: critical exponent and countable stability)

If E is nonempty and p = dimp E, then
PE) =400 (0<s< p), PE)=0 (s> p). (2.12)

For every sequence (E;),

dimp(U Ej> = sup dimp E;. (2.13)

Jj21
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Proof

Let Z={s>0 : P°(E) = 0}. If s > p = inf Z, the definition of an infimum gives u € Z
with u < s; Corollary 2.3 gives P°(E) = 0. If Z is empty, then p = +o0 and this assertion
has no case.

If0 < s < pand P°(E) < +oo, choose t with s < t < p. Corollary 2.3 gives P!(E) = 0,
contradicting p < t. Hence P*(E) = +oo. This proves (2.12), with no assertion at s = p.

Put E = U;E; and a = sup; dimp E;. Monotonicity gives dimp E > a. If a = +oo, equality
follows. If a < +oo, take s > a. Equation (2.12) gives P°(E;) = 0 for every j, and outer
subadditivity yields

PE)< Y, P(E) =0.
J

Thus dimp E < s for every s > a, proving (2.13). Empty terms cause no change because
their packing dimension and packing outer measure are zero. [J

I.2.3 Packing dimension as modified upper box dimension

For E C ]Rd, define

dimygE = inf{sup ﬁBEJ- tEcC UE-, E; nonempty and bounded¢, (3.1)
i j

and set the value equal to zero for the empty set.

Lemma — 3.1 (L-1.2.08: premeasure-box comparison)

Let E bg)nempty and bounded in le, and let s > 0.
(1) IfdimgE <s, then Pj(E) = 0.
(2) If dimgE > s, then Py(E) = +oo.

Proof

Assume first that dimgE < s. Choose u with

dimgE <u<s. (3.2)

Lemma 1.2, applied to the dyadic scales, gives an integer k; such that

M, 1(E) < 2K (k > k). (3.3)
Fix K > ky and consider a centred 2~X-packing (B(x;,r;)); of E. Put

L={i:2%1<r<2%,  k>K.

If i, j € I are distinct, disjointness of the two closed Euclidean balls implies

I — x| >r+1 > 27k,



Chapter 1.2 31

Thus their centres are 2_k-separated, so (3.3) gives #I; < 2k4 Hence

)< Y #p20
i k=K

< 28 Z o—k(s—u)
k=K
The right side is independent of the packing and tends to zero as K — oo. Taking the
supremum and then the zero-scale infimum proves Pj(E) = 0.
Now suppose dimgE > s and choose

(3.4)

s <t < dimgE. (3.5)

By Lemma 1.2 there are scales g, | 0 such that

M, (E) > q;". (3.6)
Choose a g,-separated set of cardinality M, (E). The closed balls of radius g,/2 about

its points are pairwise disjoint and give a packing whose s-cost is
My (E)g, > g5" — oo, (3.7)

For every fixed § > 0, all sufficiently large n have g,/2 < §, and (3.7) is unbounded.
Thus P§(E) = +oo for every J, and consequently Pj(E) = +oo. [

Theorem — 3.2 (T-1.2.09: packing equals modified upper box dimension)

For every E C R?,

dil’l’lp E= MMBE (38)

Proof

The empty-set case follows from the definitions. Write D = dimygE and p = dimp E.
Let a > D. By (3.1), there is a cover E C U;E; by nonempty bounded sets satisfying

sup diimBEj <a.
J
Lemma 3.1 gives P§(E;) = 0 for every j. Equation (2.2) then gives P*(E) = 0, so p < a.
Letting a | D proves p < D; if D = +oo, this inequality is automatic.
For the reverse inequality, suppose p < +oo and take s > p. Theorem 2.4 gives P*(E) = 0.
By (2.2), there is a countable cover (A;) of E such that

> AU <1 (3.9)
j

Refine this cover to the nonempty sets
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A;j N B(0,k), j k> 1.

They are bounded, they still cover E, and monotonicity gives each of them finite s-
packing premeasure. The contrapositive of Lemma 3.1(2) therefore gives upper box di-
mension at most s for every refined member. Hence D < s. Letting s | p proves D < p. If
p = +oo, that inequality is automatic. This proves (3.8). [

Corollary — 3.3 (C-1.2.10: Lipschitz behaviour of packing dimension)

Let EC R™ and let f : E — R" be Lipschitz. Then

dimp f(E) < dil’np E. (3.10)

Equality holds when f is bi-Lipschitz.

Proof

Let E C U;E; be any cover by bounded sets as in (3.1), and put A; = E N E;. Discard empty
A;. Theorem 1.3 gives

dimg f(4;) < dimgA; < dimgE;. (3.11)
Each f(A)) is bounded: fix x; € Aj; if L is a Lipschitz constant, then |f(x) — f(x;)| <
Llx—xj| on A;. The sets f(A;) cover f(E). Taking the supremum in (3.11), then the infimum

over the original covers, and using Theorem 3.2 proves (3.10). If f is bi-Lipschitz, apply
(3.10) also to the inverse map on f(E). [

Theorem — 3.4 (T-1.2.11: dimension hierarchy)

For every E C RY,

dimH EL dimp E. (3.12)

If E is nonempty and bounded, then

dimg E < dimgE < dimgE, dimp E < dimgE. (3.13)

Proof

First suppose E is nonempty and bounded. Put £ = dimgE. If { = 400, the Hausdorff-to-
lower-box inequality is automatic. Otherwise take t > € and choose u with ¢ < u <t. By
the definition of the liminf, there are scales r;. | 0 such that

N, (E) <™ (3.14)

The corresponding covering balls have diameter at most 2r, so

?/grk(E) <N, (BE)2n) <27 — 0. (3.15)
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For any fixed § > 0, arbitrarily large k satisfy 2r, < §; the same covers are admissible
at scale 6. Equation (3.15) therefore gives # é(E) = 0. Since § was arbitrary, Z'(E) = 0,
and hence dimyy E < t. Letting ¢t | € proves the first inequality in (3.13). The second is the
liminf-limsup inequality. Theorem 3.2 and the one-set cover in (3.1) give

dimp E= MMBE S RBE,

which completes (3.13).
For arbitrary E C R?, take any cover E C U iE; by bounded sets. Countable stability of
Hausdorff dimension, monotonicity, and the bounded case give

J J
Taking the infimum over covers and using Theorem 3.2 proves (3.12). The empty set
has both dimensions zero. [J

Proposition — 3.5 (P-1.2.12: lower box and packing are incomparable)

There are bounded subsets of the line for which lower box dimension is larger than
packing dimension, and compact subsets for which it is smaller.

Proof

Let D = QN [0,1]. A singleton has packing dimension zero: for every s > 0, a centred
packing of {x} contains at most one ball, and

I5({x}) < (26)°,

so P({x}) = 0. Countable stability gives dimp D = 0, while Theorem 1.3 gives both box
dimensions of D equal to one. Thus

dimp D =0 < 1 =dimpD. (3.17)

For the reverse strict inequality, choose integers

m.
1=my<my <my<-, L o, (3.18)
mMj+1
and set
S = U{mzj + 1,...,m2]-+1}. (319)

>0
For s, = #(SN {1,...,n}), the ends of the free and frozen blocks give
S, Sm .
a0 2L, (3.20)
m2j+1 majv2

Indeed, the first ratio is at least 1 — my;/my;, 1, and the second is at most my;,1 /myj .
Hence
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d(s) =o, dis) =1. (3.21)

Consider the digit-restriction set
= 26,
Kg = - 1, €{0,1}(n€S), ¢=0n¢e¢S));. (3.22)
n=1
It is compact. Indeed, from any sequence of its points, successively select subsequences
on which the first digit, then the second digit, and so on are constant. The diagonal
subsequence converges because the tail after digit N is at most 37N, and its limit has the
required fixed digits. Thus Ky is sequentially compact, hence compact as a subset of R.
At level n there are exactly 2* permitted ternary cylinders, each of diameter at most
37". Choosing one point in each cylinder gives a cover by 2* balls of radius 37", and hence

Ny-n(Kg) < 2%, (3.23)

The 2* points obtained by setting every digit after n equal to zero belong to K. If two
such points first differ at digit k < n, their distance is at least

n
237k - 3 237 >3k >3
j=k+1
They are therefore 37"-separated. Lemma 1.1 gives
2% < N3—n/2(KS). (3.24)
The discrete-scale lemma and (3.23)-(3.24) imply

log2_ log 2
2B20s) = B2,
log3 log3

. log 2 —
@BKS = Q(S) =0, dlmBKS =
log3

It remains to compute packing dimension. Write f = log2/log3. Every nonempty
relatively open subset U of K contains a permitted cylinder: for x € U, choose a sufficiently
long prefix of a ternary expansion representing x; all points of Kg sharing that prefix lie
arbitrarily close to x. Such a cylinder is a translate of 37N Ks,,» where

(3.25)

Sy={n—-N:nesS, n>N}L

Every tail Sy still has upper density one, because the later free blocks in (3.19) dominate
all preceding indices. The calculation (3.23)-(3.25), applied to Sy, shows that the cylinder
has upper box dimension . Consequently

dimgU = f (3.26)

for every nonempty relatively open U C K.
Let Kg C U;E; be any countable cover by bounded sets, and let

_ T A Ks
F=EnKs .
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These are closed subsets covering the complete metric space Kg. By the Baire Category
Theorem, some F; contains a nonempty relatively open set U. Closure invariance and
monotonicity from Theorem 1.3 give

dimpE; = dimgE; > dimgF; > dimgU = . (3.27)

Thus every cover in (3.1) has supremum at least 8, while the one-set cover and (3.25)
give the reverse inequality. Theorem 3.2 now yields

dimp Ks = ﬁMBKS = ﬂ >0= @BKS‘ (328)

This proves both directions of incomparability. [

I.2.4 Cartesian products

Give X x Y the max metric

doo((x, ), (x’, y")) = max{dx(x, x"), dy(y, y")}. (4.1)

For nonempty totally bounded E C X and F C Y, product covers and product separated
sets give, for every r > 0,

N,(E x F) < N.(E)N,(F), (4.2)

and

N.(E x F) > My, (E x F) > My, (E)My,(F). (4.3)

Indeed, a max ball is the Cartesian product of its factor balls, which proves (4.2). The
product of a 2r-separated subset of E with one of F is 2r-separated in the max metric;
Lemma 1.1 then proves (4.3).

Theorem — 4.1 (T-1.2.13: box dimensions of products)

One has
dimgE + dimg F < dimg(E x F) o
. 4.4
< min{dimgE + dimgF, dimgE + dimyF},
and
max {dimpE + dimgF, dimgE + dimpF} < dimg(E x F) 43)

< MBE + MBF

If both factors have box dimension, then the product does and

dlmB(E x F) = dimg E + dimg F. (46)
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Proof

Divide the logarithms of (4.2) and (4.3) by —logr. Lemma 1.2 says that the factor terms
involving M,, have the same lower and upper limits as the corresponding N, terms.
For extended nonnegative sequences (ai), (by),

liminf(a; + b;) > liminfa; + lim inf by, (4.7)
lim sup(ag + by) < lim sup g + lim sup by, (4.8)
lim sup(ay + by) > max{lim sup a; + lim inf by, lim inf g + lim sup by}, (4.9)
and
lim inf(a + b;) < min{lim inf a; + lim sup by, lim sup a + lim inf b }. (4.10)

Equations (4.7)-(4.10) follow directly by bounding one sequence eventually above or
below by its appropriate limiting envelope and then taking a subsequence realising the
other limit. Applying (4.7) and (4.9) to the lower bound (4.3), and (4.8) and (4.10) to the
upper bound (4.2), proves (4.4)—(4.5). If the lower and upper dimensions of both factors
coincide, both bounds collapse to (4.6). [

We next prove the two upper product inequalities without using either of the deep
lower product inequalities.

Lemma — 4.2 (bounded-box factor estimate)

Let E C R™ be arbitrary and let F C R" be nonempty and bounded. Then

dimy(E x F) < dimyy E + dimgF. (4.11)

Proof

The assertion is automatic if either term on the right is infinite. Choose

a > dimgy E, b > dimgF. (4.12)

There is ry > 0 such that

N.(F)<r? (0 <r<ry). (4.13)

We record explicitly the ball-cover consequence of #Z“(E) = 0. Givenn > 0 and ¢ > 0,
there is a countable cover of E by closed balls

(B(x;,1:))i, 0 < r; < min{n, rp}, Z rf<e. (4.19)
i

To obtain it, start with a countable cover (U;) of sufficiently small diameter and with
Y (diamUj;)* < ¢/2; discard sets missing E and choose x; € U; N E. When diamU; > 0, use
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the ball centred at x; of radius diam U;. Each zero-diameter nonempty member meets E in a
singleton; give these countably many singletons positive radii whose a-powers sum to less
than /2. The radii can individually be made at most min{n, ry}. This proves (4.14).

For each i, cover F by Nj.(F) closed radius-r; balls. Their products with B(x;,1;) cover
E x F; in the max metric each product has diameter at most 2r;. Equations (4.13)—(4.14) give
total (a + b)-cost at most

DN (F)(@r)*t < 200 ) pt < 00t (4.15)
i i

The covering diameters are at most 2. Letting ¢ | 0 shows ?fza,;r Y(E x F) = 0; then

letting | 0 gives °*P(E x F) = 0. Hence dimg(E x F) < a+b. Let a and b decrease to
the values in (4.12) to obtain (4.11). [

Theorem — 4.3 (T-1.2.14: upper Hausdorff product inequality)

For arbitrary E ¢ R™ and F C R",

dimy(E x F) < dimg E + dimp F. (4.16)

The analogous inequality with the factors exchanged also holds.

Proof

Empty factors are immediate, and an infinite term on the right makes the claim automatic.
Put p = dimp F < +o0 and take b > p. By Theorem 3.2 and the definition (3.1), there is a
cover F C U;F; by bounded sets with

sup diimBFj <b. (4.17)
J

Since E x F C U;(E x Fj), countable stability of Hausdorff dimension and Lemma 4.2 give
dimy(E x F) < sup dimg(E x F;)
J

< dimy E + sup diirnBFj (4.18)
J
< dil’l’lH E+b.

Letting b | p proves (4.16). The coordinate swap is an isometry for the max metric, so
applying (4.16) after swapping proves the symmetric version. [

Theorem — 4.4 (T-1.2.15: upper packing product inequality)

For arbitrary E ¢ R™ and F C R",

din’lp(E x F) < dimp E + dimp F. (4.19)
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Proof

The result is immediate for an empty factor or when the right side is infinite. Put p = dimp E,
q = dimp F, and fix ¢ > 0. Theorem 3.2 and (3.1) give bounded covers

Ec| JE. Fc|JF, (4.20)
i J
such that
supdimgE; < p + €, supdimpF; < g + €. (4.21)
i J

The countable family (E; x F;); ; covers E x F. The upper bound in Theorem 4.1 gives

dimg(E; x Fj) < dimpE; + dimpF; < p + q + 2e. (4.22)

Taking this family in the modified upper box definition and applying Theorem 3.2 yields
dimp(Ex F) < p+q + 2e.

Lete | 0. O

I.2.5 Citation-owned lower bounds and sharpness

No assertion in this section is used in an F proof above. The statements are included to
make the mathematical frontier of the chapter explicit.

Guided result — 5.1 (G-1.2.16: Howroyd product chain; no full proof here)

Let E, F be nonempty separable metric spaces, and equip their product with the metric
dy from D-1.2.08. Then

(5.1)
For Euclidean subsets, the second and fourth comparisons are Theorems 4.3 and 4.4.
Their extensions to the metric spaces in the present statement, as well as the first and
third comparisons, are cited without proof here.
Reference. The original product chain is due to Howroyd [How96, pp. 715-727].
Its exact form and metric-space extension are restated in Wei-Wen-Wen [WWW 16,
pp- 1-2, equations (1)-(2)].

Guided result — 5.2 (G-1.2.17: sharp Hausdorff products; no full proof here)

Ifa,B,y,A>0,<y,and

a+pf<A<a+y,
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there are compact metric spaces E, F such that

dimgE=«a, dimgF=p, dimpF=y, dimg(ExF)=A (5.2)
Reference. Wei, Wen, and Wen [WWW16, Theorem 1, p. 2].

Guided result — 5.3 (G-1.2.18: sharp packing products; no full proof here)

Ifa,B,y,A>0,a<y,and

a+pf<AL<y+p,

there are compact metric spaces E, F such that

dimgE=«a, dimpF=p, dimpE=y, dimp(ExF)=A (5.3)
Reference. Wei, Wen, and Wen [WWW16, Theorem 2, p. 2].

Guided result — 5.4 (G-1.2.19: sharp upper-box products; no full proof here)

Ifa,B,y,A>0,a <y,and

there are compact metric spaces E, F such that

dimgE = a, dimgF =p, dimgE=y, dimg(ExF)=A (5.4)
Reference. Wei, Wen, and Wen [WWW16, Theorem 3, p. 2].

I.2.5.1 Construction map for Theorems 5.2-5.4 (not a proof)

For S C IN, the binary digit-restriction set is

Es=1> 62" :6€{0,1(n€S), &=0n¢S)H.
n=1

Wei-Wen-Wen use these binary digit-restriction sets, encode their Hausdorff, packing,
lower box, and upper box dimensions by lower and upper densities of index sets, and
choose alternating blocks whose endpoints satisfy k;/kj,; — 0. Synchronising two index
sets makes the liminf or limsup of the sum of their densities attain the prescribed A; finite
Cartesian powers clear the restriction that the intermediate densities lie in (0,1). The
quantitative density lemmas and the three parameter choices occupy pp. 3-12 of the cited
paper. This paragraph is orientation only and does not replace those proofs.
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I.2.6 Intuition and strategy

The following discussion explains the geometric ideas behind the proofs.

I.2.6.1 Equal-scale versus variable-scale geometry

Box dimension asks how many pieces are needed when every piece is examined at one
common scale. This makes it computable, but also makes it sensitive to closure and destroys
countable stability: a countable dense set looks as large as its closure at every positive
resolution.

Packing measure allows every ball to choose its own small radius. A supremum over
disjoint balls is the covering/packing dual of Hausdorff content. The raw supremum is still
too rigid to be a measure. The second operation, covering the set by pieces and summing
their zero-scale premeasures, is what restores countable subadditivity.

The notation must preserve this two-stage construction:

Py — Fy — P°.

Confusing the last two objects is a structural error, not a harmless abuse.

1.2.6.2 Why modified upper box dimension appears

If a bounded set has upper box dimension below s, every variable-radius packing can be
sorted into dyadic radius classes. There are not enough balls in any class to keep the total
s-cost positive. If the upper box dimension is above s, a sequence of especially efficient
equal-radius packings has unbounded s-cost. Thus finite s-packing premeasure forces
upper box dimension at most s.

Packing outer measure is obtained by covering with pieces before summing. Accord-
ingly, its critical exponent is the best upper box exponent obtainable after a countable
decomposition. That is exactly modified upper box dimension.

I.2.6.3 The hierarchy is not a total order

For bounded Euclidean sets,

dimyy E < min{dimgE, dimp E} < max{dimgE, dimp E} < dimgE.

There is no fixed order between the two middle quantities. Dense countable sets
make lower box dimension larger. Alternating free and frozen digit blocks make packing
dimension larger. These two tests are useful whenever a new proposed dimension is
introduced: test countable density and test oscillating digit frequencies.

I.2.6.4 Product synchronisation

At a fixed scale, a product cover is obtained by multiplying factor covers, and a product
separated set is obtained by multiplying factor separated sets. The logarithm converts
these products to sums. What prevents a universal exact formula is that liminf and limsup
may be attained along different scale subsequences in the two factors.
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The sharp examples of Wei-Wen-Wen deliberately synchronise or desynchronise long
digit blocks. Their result says that the elementary product interval is not merely a proof
artefact: every value allowed by the inequalities can occur.

I.2.6.5 Boundary between elementary and deep product estimates

The upper estimate

dimy(E x F) < dimy E + dimp F

is a covering argument. Decompose F into pieces with controlled upper box dimension,
use a Hausdorff cover of E, and cover F at the radius assigned to each member of that cover.

The lower estimates require the existence or distribution of measures with controlled
small-ball behaviour. Those ideas belong naturally with Frostman theory in 1.3. In this
chapter the deeper product estimates are explicitly cited without proof; they are not
consequences of the elementary covering argument just described.

1.2.7 Exercises

Every exercise uses only D/R-1.1, the F portion of 1.2, and A-RA.

I.2.7.1 Exercise 1 — Covers with ambient centres
Let E be nonempty and totally bounded. Define N/ (E) as in D-1.2.02, but allow the centres
of the covering balls to lie anywhere in the ambient metric space. Prove

N/(E) < N,(E) < N/,(E),

and deduce that N/ gives the same lower and upper box dimensions.

I.2.7.2 Exercise 2 — Geometric sampling of scales

Let E be a nonempty totally bounded metric set and fix 0 < ¢ < 1. Prove directly that both
box dimensions may be computed from r, = ¢*. For r, = 2K, explain why Lemma 1.2 does
not apply directly, but show that sampling is nevertheless valid by comparing successive
logarithmic scales.

I.2.7.3 Exercise 3 — A polynomial sequence

For a > 0, let

E,={0}u{n™® : ne N}
Prove that the box dimension exists and

1
14+a

dimB Eot =
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I.2.7.4 Exercise 4 — The packing premeasure is not an outer measure

Let D=0Qn[0,1]. Prove

HD)=1,  HEP=0 (xeD)

Conclude that P& is not countably subadditive, whereas P}(D) = 0.

I.2.7.5 Exercise 5 — General digit restrictions
For arbitrary S C N, prove

. log 2 - lo
dimp K = @4(5), dimgKg =

g2
d(S),
log3 )

and
dimp Kg = dimpKj.

1.2.7.6 Exercise 6 — Countable modifications

If E c R? and C c R? is countable, prove

dlmP(E U C) = dlmp E.

Give an example showing that the analogous assertion can fail for both box dimensions.

1.2.7.7 Exercise 7 — Holder maps and box dimension

Let E be a nonempty totally bounded subset of a metric space (X, dx), let (Y, dy) be a metric
space, and let 0 < L < co. Suppose f : E — Y satisfies

dy(f(x), f() < Ldx(x,y)%,  0<6<1.

Prove
dimg f(E) < 6~ 1dimgE, dimg f(E) < 6~ 'dimgE.
1.2.7.8 Exercise 8 — Products with intervals
If a nonempty bounded set E has box dimension s, prove

dimp(E x [0,1]%) = s + k

for every positive integer k, using the max metric.
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1.2.7.9 Exercise 9 — Product oscillation bounds

Suppose

dimgE =a, dimgE= A, dimgF=5b, dimgF =B.
Assume these four numbers are finite.
Write the sharp intervals supplied by T-1.2.13 for the lower and upper box dimensions
of E x F. Determine when each interval collapses to one point.
1.2.7.10 Exercise 10 — A one-sided Hausdorff product estimate
Let E C R™ and let F C R" be nonempty and bounded with dimgF = 0. Prove directly,
without invoking T-1.2.14, that

1.2.7.11 Exercise 11 — Bi-Lipschitz product metrics

Prove

doo < dy < N2dy
on a product of two metric spaces. Deduce that all dimensions proved bi-Lipschitz
invariant in I.1-1.2 have the same value for the two metrics in the Euclidean setting.
1.2.7.12 Exercise 12 — Audit the critical exponent

Let p = dimp E < +oc0. Show that each of the three possibilities

PP(E) =0, 0 < PP(E) < +oo, PP(E) = +o0

is logically compatible with the definition and the critical-jump theorem. Identify the
exact step at which an attempted proof of a universal endpoint value would fail.
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Chapter 1.3

Frostman Measures, Energies, and
Capacities

A lower bound for dimension can be encoded in a measure. A Frostman measure limits
the mass in every small ball; an energy integral instead controls the average interaction
between pairs of points. We develop the passage between these descriptions, formulate the
associated capacity, and apply the energy method to orthogonal projections. Keep track of
the strict inequalities between exponents: they are what make the relevant scale integrals
converge.

The definitions below fix this chapter’s conventions. Geometric intuition and proof
strategy are discussed separately after the main development; exercises and their solutions
provide a second route through the material.

Definitions and notation

All Euclidean norms are denoted by |.|. Hausdorff measures retain the diameter normalisa-
tion of I.1. Fourier transforms use the 27 convention fixed below.

Definition — 1.3.01: Unrestricted Hausdorff content

For ECR? and s > 0, define

[e¢] o0
HS(E) = inf] ) (diamU;)* : E c |_JU;¢.
j=1 Jj=1
There is no diameter restriction on the covering sets. The empty cover has cost zero
and covers only the empty set.

Definition — 1.3.02: Frostman measure

Let E C R be Borel, s > 0, and 0 < ,u(]Rd) < 4o0. A finite Borel measure y carried by
E is an s-Frostman measure if there is C < +oco such that
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u(Be, ) <Cr' (xR r>0).

The least admissible C is the s-Frostman constant of y, with value +oco if no finite
constant exists. When p(E) = 1, it is an s-Frostman probability measure.

Definition — 1.3.03: Riesz kernel, potential, and energy

Let 0 < s < d. The s-Riesz kernel is

KO =™ (x20)  k(0) = +eo.

For a finite Borel measure y on R?, its s-Riesz potential is

U (x) = j Ix = 91 dp(y) € [0, +o0],
]Rd

and its s-Riesz energy is

L) = mem =31 ) = [ Ul e

All integrals are nonnegative extended integrals.

Definition — 1.3.04: Capacity and equilibrium measure

For a Borel set E C RY, let Prob(E) be the class of Borel probability measures carried
by E. For nonempty compact E and 0 < s < d, define

-1
cap®) = _inf 1) .

uEProb(E)

with (+00)™! = 0 and 07! = +co. Set Cap (@) = 0. A measure yp € Prob(E) is an
s-equilibrium measure if

I = inf IL(p).
(1) pePlr%b(E) (1)

Definition — 1.3.05: Fourier and Gamma normalisation

For a finite Borel measure p on ]Rd, define

() = j]Rd e2mieE gu), Fe R,

For a > 0, define the Gamma function by
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I'(a) = J u e du.
0
For 0 < s < d, set

_ a2 l@d=9/2)
- T(s/2)

Cd.s

Definition — 1.3.06: Orthogonal projections and direction measure

Let

Sl={ecR?: | =1}

For e € S, the scalar orthogonal projection in direction e is

7, : R?2 >R, m(x) =x-e.

For a finite Borel measure p, write

e = (mep,  pe(A) = p(ms ' (A))

for its projected measure. The symbol ¢ denotes normalized arclength probability
measure on S!. A statement holding for almost every direction means outside a
o-null subset of S!.

Throughout, Hausdorff measures use diameter normalisation. All measures are nonneg-
ative Borel measures. The ambient Euclidean dimension is denoted by d unless the planar
case is stated.

I.3.1 Hausdorff content and compactness of measures

For EC R? and s > 0, define the unrestricted content

H5(E) = inf] ) (diamUp)* : Ec | JU;t. (1.1)
j j

Unlike 77§, the infimum in (1.1) imposes no upper bound on the covering diameters.

Lemma — 1.1 (L-1.3.01: content detects positivity)

For every E C R? and s > 0,

FS(E)=0 — XE)=o. (1.2)
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Proof

Every §-cover is an unrestricted cover, so

HH(E) < H5(E) < H°(E). (1.3)

Thus Z°(E) = 0 implies #5(E) = 0.
Conversely suppose #&(E) = 0. Fix § > 0 and £ > 0. Choose an unrestricted cover (U;)
with

Z(diam U;)’ < min{e, 6°}. (1.4)
J

Every nonempty member of this cover has diameter strictly less than 6, so it is a §-cover
and
H5(E) <e.

Since ¢ was arbitrary, #5(E) = 0. This holds for every 6, hence #°(E) = 0. [
For a Borel set E, write Prob(E) for the Borel probability measures carried by E. When
E is compact, a sequence (y;) in Prob(E) converges weakly to y € Prob(E) if

[ ram— [ ran  Gecon (1.5
E E

Lemma — 1.2 (L-1.3.02: compactness and lower semicontinuity)

Let E C R be compact.

(1) Every sequence in Prob(E) has a weakly convergent subsequence whose limit
belongs to Prob(E).

(2) If0 <s<dand y; converges weakly to y, then

L(p) < liminf IL(y)). (1.6)
Jj—>o0o

Proof

Because E is compact metric, C(E) is separable in the uniform norm. Choose a dense
sequence (fi)k>1. Given (1), the sequence (] fidy;); is bounded; select a convergent
subsequence. From it select a subsequence on which the integrals of f, converge, and
continue. The diagonal subsequence, denoted again by (1), has convergent integrals for
every f.

For arbitrary f € C(E), uniform approximation by some f; shows that (| fdy;); is
Cauchy. Define

L = tim | £
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Then L is a positive linear functional on C(E), L(1) = 1, and |L(f)| < | flle- The Riesz
Representation Theorem supplies a unique Borel probability measure p on E such that
L(f) = [ fdu. This is (1.5) and proves the first assertion.

For the second, define on E x E

Kn(x,y) = min{N, [x — y|~*}, Kn(x,x) = N. (1.7)

The function Ky is bounded and continuous. Weak convergence implies

ﬂ Ky dpdp; — ﬂ Ky dpdp. (1.8)

To justify the product convergence in (1.8), first check it for functions g(x)h(y), then for
finite sums of such products, and use their uniform density in C(E x E). Finally, monotone
convergence gives

L(y) = sup J:[ Ky dpdp < liminf I(p;),
N J

which is (1.6). J

I.3.2 A finite-tree proof of Frostman’s lemma

Fix a half-open cube Q, of side length L whose interior contains the compact set E. Its 24
half-open dyadic children partition it; iterating gives the level-k descendants Dy(Q,), each
of side length 127 The half-open convention assigns each point of Qy to exactly one cube
at every level.

Lemma — 2.1 (L-1.3.03: finite dyadic Frostman flow)

Let s > 0 and

h=%5(E) > o.

For every n > 1, there is a finitely supported v,, € Prob(E) such that

1(Q) < d*/2h71e(Q)* (2.1)
for every Q € Di(Q,) and every 0 < k < n.

Proof

On the finite tree of descendants through level n, define a number w(Q) from the leaves
upward. At level n, put

w0y, onE=o,
w(Q) = 0. 0NE=0. (2.2)

At levels k < n, put
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w(Q) = min{t(Q)’, ). w(R)}. (2.3)

R child of Q
Induction from the leaves shows that w(Q) is the least sum of ¢(R)* over a family of
descendants R of Q, at levels between k and n, whose union contains every occupied level-n
descendant of Q. Indeed, a least cover either uses Q itself, at cost £(Q)*, or does not use it
and then splits into independent least covers inside its children.
Every such family for Q, covers E. Since a dyadic cube R has diameter Vdt(R), (1.1)
gives

h<d2 ) (R
R

Taking the least such sum yields

w(Qp) > d~/?h. (2.4)

We now send a mass w(Q,) down the tree. Give Q, incoming mass m(Q,) = w(Qy). If Q
is not a leaf and has incoming mass m(Q) < w(Q), distribute that mass among its children
so that

0 < m(R) < w(R), > mR) =m(Q). (2.5)

R child of Q
This is possible because (2.3) gives m(Q) < w(Q) < Y, w(R); one may fill the children
successively up to their capacities. Empty leaves receive zero mass. For every occupied
leaf Q, choose xg € E N Q and place an atom of mass m(Q) at xp. Let the resulting finite
measure be 4,. Conservation in (2.5) gives

M(E) =w(Qo),  4(Q) = m(Q) < w(Q) < €(Q)’ (2.6)

for every node through level n. Normalize by v, = A,/w(Qy). Combining (2.4) and (2.6)
proves (2.1). O
An s-Frostman probability measure on E is a member y € Prob(E) for which

u(B(x,r)) < Crf (x eRY, r>0) (2.7)

with a constant C < +o0.

Theorem — 2.2 (T-1.3.04: compact Euclidean Frostman lemma)

Let E C R be compact and s > 0. Then

H*(E)>0 <= E carries an s-Frostman probability measure. (2.8)

If h = %35,(E) > 0, the measure can be chosen so that

p(B(x,r) < Cysh™ ' (x€RY, r>0). (2.9)

Conversely, a Frostman probability with constant C satisfies
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H5(E)>CL. (2.10)

Proof

Assume first that Z°(E) > 0. Lemma 1.1 gives h = Z5,(E) > 0. Let (v,,) be the measures
from Lemma 2.1. By Lemma 1.2, a subsequence converges weakly to some p € Prob(E).
Fix an open ball B(x,r) with 0 < r < L. Choose a dyadic level k such that

r< L2k <or (2.11)

The ball meets at most 4¢ half-open cubes of that level. For every n > k, (2.1) gives
vy (B(x,r)) < 49a5/2h~1(L27F)s < 4d25qs/2p~ 145, (2.12)
Weak convergence has the open-set inequality

uG) < limn infv,(G) (2.13)

for open G. For completeness, (2.13) follows by putting a compact subset of G under
a continuous function supported in G, applying (1.5), and then using inner regularity.
Equations (2.12)—(2.13) bound every open ball of radius at most L.
If0 <r < L/2, then
u(B(x,r)) < p(B(x, 2r)) < 492245/ 2p~1ps, (2.14)

Forr > L/2, use ,u(IRd) = land h < diam(E)* < d*/2LS to enlarge the dimensional
constant in (2.14). This proves (2.9) for all » > 0, and hence the forward implication in (2.8).

Conversely suppose p is an s-Frostman probability on E with constant C. The mass-
distribution principle T-1.1.08, applied with the power gauge r°, gives

HS(E) > @ =CL

This is (2.10) and completes the proof. [J

I.3.3 Riesz potentials, energies, and capacity

For 0 < s < d, define

Hix) = j -y du(y), L) = j #0) du(e), (3.1)

where the kernel equals +co on the diagonal. These are nonnegative extended integrals.

Lemma — 3.1 (L-1.3.05: layer-cake identity)

For every finite Borel measure y on R? and every 0 < s < d,
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L(p)=s L“’ rs1 (J u(B(x,r)) d,u(x)) dr. (3.2)

Proof
For z € RY, with both sides interpreted as +co when z = 0,
|z| 5 = SL | rSldr=s J() rms1 Lez1<r} dr. (3.3)
z

Apply (3.3) with z = x — y and use Tonelli’s theorem twice. The inner integral in y is
u(B(x,r)), which gives (3.2). [

Corollary — 3.2 (C-1.3.06: Frostman growth gives finite lower energy)

Lett > 0 and 0 < s < min{t, d}, and let s be a t-Frostman probability measure on R?
with constant C. Then

L(p) <1+ ts—c < 400, (3.4)
—S

Proof

The Frostman estimate and the trivial probability bound give

_ crt, o<r<i,
[ rBesauo < { (35)
1, r>1.
Insert (3.5) into (3.2):

1 00

L(p) < sCJ r=sTldr 4+ SJ s ldr
0 1

-3
t—s

Corollary — 3.3 (C-1.3.07: finite energy gives positive measure)

Let 0 < s < d, let E C RY be Borel, and let 1 € Prob(E). If (p) < +o0, then

HS(E)>0,  dimgE>s. (3.6)

More precisely, there is a Borel set F C E with p(F) > 0 such that v = y|F obeys

v(B(x,r)) < Mr® (xeF,r>0) (3.7)

for some finite M.
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Proof

Since

[0t dp =1 < oo

the potential is finite at p-almost every point. It is Borel measurable as the monotone
limit of the integrals of the bounded continuous kernels from (1.7). Hence for some M < +oo,
the Borel set

F=Eni{x: U'(x) < M} (3.8)

has positive y-measure. If x € F and r > 0, then
M > U (x)
> J lx — 17 dp(y) (3.9)
B(x,r)

> r S u(B(x,r)).
Since v < g, equation (3.9) gives (3.7). The mass-distribution principle T-1.1.08 applied
to v, carried by F, yields

H5(F) > % > 0.

Monotonicity gives #°(E) > 0; the critical-exponent characterization in I.1 then gives
For a nonempty compact E C R and 0 < s < d, define

-1
Cap(E)=|( inf I 3.10
apy(E) (yePlrrcl)b(E) s(ﬂ)) , (3.10)

with the reciprocal conventions in D-1.3.04, and set the capacity of the empty set equal
to zero.

Theorem — 3.4 (T-1.3.08: energy and capacity characterize dimension)

IFECR%is nonempty and compact, then
dimgg E = sup ({s € (0,d) : Ju € Prob(E), L(u) < +oo} U {0}) (3.11)
and
dimy E = sup ({s € (0,d) : Capy(E) > 0ju {0}) . (3.12)
Proof

Let a = dimg E. If 0 < s < a, choose t with
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s<t<a.

The HausdorfF critical-exponent theorem gives #*(E) = +oo. Frostman’s lemma sup-
plies a t-Frostman probability measure p on E, and Corollary 3.2 gives L(u) < +oo.

Conversely, if some p € Prob(E) has finite s-energy, Corollary 3.3 gives a > s. Therefore
the first supremum is exactly «, including @ = 0 and a = d.

By (3.10), Cap,(E) > 0 exactly when the infimum of the energies is finite, which is
equivalent to the existence of one probability measure of finite s-energy. Thus (3.12) is the
same formula as (3.11). Neither argument determines the capacity at s = a. [J

Theorem — 3.5 (T-1.3.09: capacity calculus and equilibrium measures)

Let0O<s<dandletE FC R? be compact.
(1) IfECF,then
Cap,(E) < Cap,(F). (3.13)

(2) If ais a nonzero real scalar and b € RY, then
Cap,(aE + b) = |a|* Cap,(E). (3.14)

(3) Every nonempty compact E has an s-equilibrium measure.

Proof

If E C F, then Prob(E) C Prob(F). The infimum in (3.10) for F is therefore no larger than
the one for E; taking reciprocals proves (3.13).

Let T(x) = ax + b. Push-forward by T is a bijection from Prob(E) onto Prob(aE + b).
For u € Prob(E),

L(Top) = ﬂ ITGx) — T du()du(y)

= lal " L(p).

Taking infima and reciprocals gives (3.14), including the endpoint reciprocal conventions.
Finally, put

(3.15)

m= inf L(p).
pueProb(E) S(u)
If m = +oo, every member of Prob(E) is a minimizer. If m is finite, choose a minimizing
sequence (y;). Lemma 1.2 gives a weakly convergent subsequence with limit 1 € Prob(E),
and lower semicontinuity gives

L(p) < liminf I(y;) = m.
J

The reverse inequality follows from the definition of m, so equality holds. Thus y is
an equilibrium measure. When the capacity is positive, the minimum is finite and equals
Cap,(E) L. O
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I.3.4 Fourier representation of Riesz energy

We first prove the only Fourier calculation needed in this chapter. It is included inside the
proof so that both the phase convention and the numerical constant are auditable.

Theorem — 4.1 (T-1.3.10: exact Fourier—energy identity)

Let 0 < s < d and let p be a finite compactly supported Borel measure on R?. Then

_ apT@=9/2)
N T(s/2)

The equality is an equality of nonnegative extended real numbers.

L = aas [ P @P (4.)

Proof

We begin with the one-dimensional Gaussian. Put
6O = | et ax
R
The derivative of the integrand is dominated by the integrable function 27|x| exp(—zx2),

so differentiation under the integral sign is valid. Integration by parts, with vanishing
boundary term, gives

G'(&) = —27TiJ' xe X e 2mxE gy
R

(4.2)
= —27EG().
Moreover, Tonelli’s theorem and polar coordinates give
—mx? ’ —7r|x[? - —nr?
e dx) =1 e dx=2m| re’™ dr=1.
R R? 0
The one-dimensional integral is positive, so G(0) = 1. Solving (4.2) yields
G@E) = e, (4.3)
Taking products in d coordinates and then scaling gives, fort > 0 and z € R?,
e—mf|z|2 — t—d/2 e—n|§|2/t62ﬂiz~§ de. (4.4)
R4
This is a direct consequence of (4.3), not an appeal to Fourier inversion.
For z # 0, the substitution u = 7t|z|? in the defining Gamma integral gives
2 [o¢]
2|5 = i J 15/2-1g=mtlal’ gy (4.5)
I'(s/2) Jo

At z = 0, both sides of (4.5) are +o0, so it remains valid as an extended identity. Inte-
grating (4.5) with z = x — y against y x p and using Tonelli gives
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— /2 (7 s/2— —mtlx—y?
) L t 1ﬂ ey g p(y) . (46)

For each fixed t > 0, insert (4.4). Absolute integrability follows from

t=4/2(RY)? J e gy = (R < oo,
R

Consequently Fubini’s theorem is applicable, and the two measure integrals factor to
give

[J e dutrtncn =472 [ et cere ae (@7)
All quantities in (4.6)-(4.7) are now nonnegative. A second use of Tonelli therefore
gives
L(p) = il |(E))? (Jm 1(s=d)/2-1p=rlel* /1 dt) dé (4.8)
* I'(s/2) Jre 0 ' '

For & # 0, set u = 7é|?/t. Since (d —s5)/2 > 0,

L"" 1)/ 21l /1 gy — (n|g|2)~D/21((d - 5)/2) (4.9)

= nG~D/2p((d - 5)/2)[E154.

The exceptional point £ = 0 has Lebesgue measure zero; the weight |¢"™¢ is locally
integrable because s > 0. Substituting (4.9) into (4.8) produces (4.1), since

P /2
I'(s/2)
Every interchange was either absolutely integrable or nonnegative, so the argument
also covers the value +oo. [

a6 DI2L((d - 5)/2) = ey

I.3.5 Averaged energies and the first projection theorem

Lemma — 5.1 (L-1.3.11: average projected energy)

Let 0 <t < 1 and let u be a finite compactly supported Borel measure on R?. Then

[ 10 do) = 4,10, 6.
where
A = J le-(1,0) "t do(e) < +oo. (5.2)
Sl

Both sides of (5.1) are allowed to be infinite.
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Proof

The definition of push-forward and Tonelli’s theorem give, for each e,

L) = J e = ) - el dpC)du(y). (53)

If z # 0, rotation invariance of normalized arclength implies

J |z-e| " do(e) = |z| 7t A,. (5.4)
Sl

The equality also holds at z = 0 in the extended sense. To check the finiteness asserted
in (5.2), parametrize e = (cos 0, sin §). The only singularities of | cos 6] in one period occur
at two simple zeros of cosine. Near each zero it is bounded by a constant times |u| ™, whose
integral is finite exactly when t < 1.

Finally, integrate (5.3) over e, use Tonelli to change the order of the three nonnegative
integrations, and apply (5.4). This gives

[, 11 do@ =[] 1x =517 duoduto),

which is (5.1). OJ

Theorem — 5.2 (T-1.3.12: first orthogonal projection theorem)

Let E C R? be nonempty and compact. Then, for o-almost every e € S,

dimy 7,(E) = min{dimy E, 1}. (5.5)

Proof

Put

a = min{dimy E, 1}.

Every 7, is 1-Lipschitz, so Hausdorff-dimension monotonicity gives dimgy 7,(E) <
dimyg E. Also m,(E) C R, and hence dimy 7,(E) < 1. Thus the upper bound in (5.5)
holds for every e.

If « = 0, this upper bound and nonnegativity already give (5.5). Suppose & > 0,
and choose a strictly increasing sequence (t;) in (0,a) with t; tending to a. The energy
characterization in Theorem 3.4 supplies y; € Prob(E) such that

I (py) < +oo. (5.6)

Because tj < @ < 1, Lemma 5.1 and (5.6) imply

[, 1 dat) <+
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Therefore Itj((yj)e) < +oo for almost every e. Intersecting these countably many full-

measure sets of directions yields a full-measure set Q C S! on which all these energy
inequalities hold. If e € Q, then (i), is a probability measure carried by the compact set
7,(E). Corollary 3.3 therefore gives

dlmH ]Te(E) > tj (} > 1).

Letting j tend to infinity yields dimy 7,(E) > @. Together with the pointwise upper
bound, this proves (5.5). [

I.3.6 Intuition and strategy

The following discussion explains the geometric ideas behind the proofs.

1.3.6.1 Frostman measures are distributed witnesses

A Hausdorff cover proves that a set is small by paying for the diameters of sets that cover
it. A Frostman measure proves that a set is large by showing that no small ball can capture
too much of a unit mass:

u(B(x,r)) <ré.

The two statements are dual. If the mass is spread this thinly, any cover must have
positive total s-cost. Conversely, positive Hausdorff content can be routed down a finite
tree of dyadic cubes without overloading a cube. A compactness argument turns those
finite routings into one limiting measure.

The construction in the proof is deliberately finite before taking a limit. This prevents
the usual informal phrase “distribute mass according to content” from hiding a countable-
consistency problem.

I.3.6.2 Energy measures crowding at every scale

The layer-cake formula rewrites

L) = j b — 1 du(x)du()

as an integral of average ball masses over all radii. Finite energy therefore means that
pairs of mass points do not crowd too strongly at small scales. A ¢t-Frostman estimate has
more decay than an s-energy requires when t > s; the spare exponent makes the scale
integral converge.

The converse is not a pointwise statement on all of the measure. Finite average potential
first gives a positive-mass level set on which the potential is bounded. Only after restricting
to that set does one obtain uniform ball growth and invoke the mass-distribution principle.
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I.3.6.3 Capacity packages the best energy

Capacity asks for the least possible energy among probability measures on a compact set
and then takes its reciprocal. A set has positive s-capacity exactly when it can carry one
finite-s-energy probability measure. The Hausdorff dimension is consequently the largest
exponent below which this is possible.

The critical exponent remains delicate. Knowing

dlmH E=s

does not determine Cap,(E). Every safe formulation in this chapter uses a strictly
smaller energy exponent or a supremum over such exponents.

1.3.6.4 Why the Fourier weight has exponent s — d

The kernel |x|™* is homogeneous of degree —s. Fourier transformation reverses homogeneity
relative to dimension, so its transform has degree s — d. The identity

L) = g, j AP de

turns geometric crowding into frequency concentration. It is the bridge to the Fourier-
decay volumes of the series.

The constant is not decorative: it depends on the Fourier phase and its 27 normalization.
The formal proof derives it from a Gaussian and a Gamma integral, so no convention is
imported silently.

I.3.6.5 Projection by averaging singularity

Projecting a difference vector z in direction e replaces its length by |z - e|. Averaging over
directions gives

Ll |z-e| T do(e) = Alz| ™.

The constant is finite precisely for ¢ < 1: near a perpendicular direction, the dot product
has a simple zero and the integrand behaves like |u|™. Thus a finite planar t-energy
produces finite projected t-energy for almost every direction. Taking a countable sequence
of exponents tending upward to min(dimy E, 1) proves the dimension formula.

This argument deliberately stops at dimension. At¢ = 1 the directional average diverges,
so positive Lebesgue measure of projections requires a stronger argument and is not
smuggled into the baseline theorem.

1.3.7 Exercises

Every exercise uses only D/R-1.1-1.3 and A-RA. No later projection or Fourier-decay theorem
is permitted.
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I.3.7.1 Exercise 1 — Atoms have infinite energy
Let 0 < s < d and let z be a finite Borel measure on R%. Prove that if u({x,}) > 0 for some
Xo, then L(u) = +oo. Conclude that every finite-energy measure is nonatomic.
1.3.7.2 Exercise 2 — Euclidean similarities
Fix 0 < s < d. Let T(x) = aOx + b, where a # 0, O is an orthogonal transformation of le,
and b € R%. Prove

L(Tep) = lal > Li(p)

for every finite Borel measure p. Deduce

Cap(T(E)) = lal* Cap,(E)

for every compact E.

I.3.7.3 Exercise 3 — Monotonicity in the energy exponent

Let p be a probability measure carried by a bounded set of diameter D > 0. If 0 < s <t < d,
prove

L(p) < D' L(p).

Explain why this is the local reason that the set of finite-energy exponents is an interval.

1.3.7.4 Exercise 4 — Diameter and countable sets

Fix 0 < s < d. Let E C R¢ be nonempty and compact with diameter D.
1. Prove Cap,(E) < D®, with the convention that the right side is zero when D = 0.
2. Prove that if E is countable, then Cap (E) = 0.

I.3.7.5 Exercise 5 — Exact energy of an interval

Let A be Lebesgue measure restricted to [0, 1]. For 0 < s < 1, prove

_ 2
M= a5e=y

Use this to recover dimy[0, 1] = 1 from the energy criterion.

1.3.7.6 Exercise 6 — The middle-third Cantor measure
The middle-third Cantor set is

C=1> 2437 : a €{0,1}.
k=1

For ay, ..., a, € {0, 1}, its level-n basic interval is
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n n
> 237k, Y 2q 37k 437
k=1 k=1
Let

_ log2

1= log3’

To define the Cantor measure without an existence assumption, put

be(w) = [2Fu] — 2125 M), Tw) =) 26 @3 (0<u<1),  p=Td(L o)
k=1

Verify that this probability measure assigns mass 27" to every level-n basic interval.
Prove that
u(B(x,r)) < 8rd (x eR,r >0).
Deduce directly that dimy C = g.

1.3.7.7 Exercise 7 — Fourier audit for the interval
For the measure A in Exercise 5, prove
. . sin(r&)
AE) = e 22
ORTaE

where the quotient is interpreted as one at &£ = 0. Check directly that

[, AR dE <-+os
for 0 < s < 1, and use Theorem 4.1 and Exercise 5 to identify the integral exactly in
terms of ¢; ;.
1.3.7.8 Exercise 8 — Compactly supported L* densities
Let f > 0 be compactly supported, f € L'(R?) N L3(R%), and | f=1.Letdu = fdx. Using
Plancherel’s theorem from A-RA and Theorem 4.1, prove

L(p) < 400 (0<s<d.

1.3.7.9 Exercise 9 — A quantitative energy-to-measure bound

Let E C RY be Borel, 0 < s < d, and let 1 be a probability measure carried by E. Suppose
0 < L(p) < +oo. Prove

1
al(p)
Your proof should make the level set of the potential and every constant explicit.

H°(E) >
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1.3.7.10 Exercise 10 — A quantitative exceptional-direction estimate

Let 0 < t < 1, let 1 be a finite compactly supported Borel measure on R?, and let L > 0.
Prove

Al
ofee St L(w,) > L} < tz(ﬂ).

What does the estimate say when L(y) < +o0 and L tends to infinity?

1.3.7.11 Exercise 11 — Oriented and unoriented directions

Let 0 < t < 1, let y be a finite compactly supported Borel measure on R?, and let E C R?
be nonempty and compact. An unoriented line direction is a one-dimensional linear
subspace of R?. Write

€ ={Re : ec S'}, q:S' =%, qle)=Re.

Equip & with the quotient topology under the identification e with —e and the direction
probability measure gzo on its Borel sets.
Prove

It(ll—e) = It(ﬂe)! dimy ”—e(E) = dimy ”e(E)-

Explain why stating Theorem 5.2 on S! or on the space of unoriented lines produces
the same exceptional-direction conclusion.

I.3.7.12 Exercise 12 — Audit the endpoint =1

Prove

A= Ll e+ (1,0)[ "1 do(e) = +oo.

Identify the exact step in Lemma 5.1 and Theorem 5.2 that cannot be run with t = 1.
Explain why proving dimy 7,(E) = 1 does not by itself prove that the projection has
positive one-dimensional Lebesgue measure.
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Dimensions of Measures and Exact
Dimensionality

The size of a measure near a typical point need not describe every part of its support.
Local dimensions quantify this pointwise behavior, while dimensions of a measure ask
how small a set can carry positive or full mass. We relate these notions and introduce exact
dimensionality. Entropy offers a third, averaged description at a fixed scale. The examples
are designed to show which implications hold and which plausible equalities fail.

The definitions below fix this chapter’s conventions. Geometric intuition and proof
strategy are discussed separately after the main development; exercises and their solutions
provide a second route through the material.

Definitions and notation

Throughout, i denotes a Borel probability measure on R?. Closed balls are used in local-
dimension limits. Changing to open balls does not alter the limits, but that equivalence is
not used as an unstated convention.

Definition — 1.4.01: Lower and upper local dimensions

For x € ]Rd, define

1 B(x, - 1 B(x,
d () = lim inf - 2BHBT). 7,69 =g log j(BGr 1))
H rlo logr 710 logr
Only radii 0 < r < 1 matter, so the denominator is negative. We set log 0 = —oo; its
quotient by logr < 0 is 4o0. If the two values agree, their common value is the local
dimension d,(x).

63
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Definition — 1.4.02: Essential extrema

For a Borel function f : R? — [0, +0], define

essinf f = supfa € R : f(x) > a for p-a.e. x},
H

and

esssup f =inffae R : f(x) < afor p-ae. x},
U

with the usual extended-real endpoint conventions.

Definition — 1.4.03: Four set-carried dimensions of a measure

Define the lower and upper Hausdorff dimensions of y by
dimyp = inf{dimy E : E Borel, u(E) > 0},
dimyp = inf{dimy; E : E Borel, u(E) = 1}.
Define the lower and upper packing dimensions by
dimpy = inf{dimp E : E Borel, u(E) > 0},

dimpy = inf{dimp E : E Borel, u(E) = 1}.

“Lower” refers to positive-mass carriers and “upper” to full-mass carriers; it does not
refer to lower or upper box dimension.

Definition — 1.4.04: Exact dimensionality

The probability measure y is exact dimensional of dimension « if

c_lﬂ(x) = Eﬂ(x) =« for p-a.e. x.

The value « is then denoted dim y. The phrase is not used when the almost-everywhere
local limit fails to exist or is not almost surely constant.

Definition — 1.4.05: Adic partitions and Shannon entropy

For an integer b > 2 and n > 0, let

d
WD = T Tikb™ (& + 6™ - ke z4¢.
=1
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These half-open cubes form the level-n b-adic partition. For a finite or countable
measurable partition P whose entropy is well defined, set

H(p, ) =~ Y. p(P)log u(P),
Pe»p

with 0log 0 = 0. Natural logarithms are used. If j1 is compactly supported, only finitely
many atoms of D,bl have positive mass.

Definition — 1.4.06: Entropy dimensions

For a compactly supported probability measure y, define

b
®) H(p, 2)
y = liminf ————,
n—co  nlogb

dimg

b
ﬁ(b) = lim su —H(y, QZ,S ))
e & n_,oop nlogh
L-1.4.10 proves that these values do not depend on the integer base. After that proof

the superscript is dropped. If the lower and upper values agree, their common value is
the entropy dimension dim, p.

Definition — 1.4.07: Cantor coding and inhomogeneous Bernoulli products

Let 3 = {0, 3N, where N = {1,2,..}. If o = 7, let

N(w,7) =min{k > 1 : o # 1}, d3(w,7) = 3l-Nlw.1),

and set d3(w, w) = 0. The length-n cylinder at w is
[wn] ={r : 7 = wy for 1 <k < n}.
The Cantor coding map is
m(w) = Z Za)k3_k.
k=1

Given numbers pi € (0, 1), the inhomogeneous Bernoulli product v, is the proba-
bility measure on X determined by

vo(lolnD) = T o1 - .

k=1
Its Cantor realization is y1, = mv,. The binary entropy function is

h(p) = —plog p — (1 — p)log(1 — p).
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All measures are Borel probability measures on Euclidean space unless another compact
metric space is explicitly named. Hausdorff and packing dimensions retain the conventions
of L.1-1.2.

I.4.1 Local dimensions and the Hausdorff dictionary

For x € RY, put

d,(x) = lim inf 08 HBGT) (1.1)

_ 1 B(x,
, d H(x) = lim sup DeINT)) H(Bx r))’
10 logr ,

10 logr

with the conventions in D-1.4.01.

Lemma — 1.1 (L-1.4.01: geometric sampling and measurability)

Fix 0 < ¢ < 1. Both limits in (1.1) are unchanged if r is restricted to the sequence c".
Both local-dimension functions are Borel measurable.

Proof

It is convenient to write

—log p(B(x,r)) i

[0, +oo].
—logr

ay(r) =

If "1 < r < ", monotonicity of balls gives

~ log u(B(x, ") < ~ log u(B(x, 1)) < — log u(B(x, 1)), (1.2)

while

nlloge| < —logr < (n+ 1)|logc|. (1.3)

Dividing the extreme terms in (1.2) by the extreme denominators in (1.3) shows, with
factors n/(n + 1) that tend to one, that the full liminf and limsup equal their values on c".
For fixed r > 0, the map

x — p(B(x,1))

is upper semicontinuous. Indeed, if x; tends to x, then for every n > 0 and all large j,

E(xj, r) C B(x,r +1).

Hence

lim sup p(B(x;, 7)) < p(B(x,r +1)).
J

Letting 1 decrease to zero and using continuity from above of the finite measure proves
the claim. Thus a,(c") is an extended Borel function of x. Countable liminf and limsup
preserve Borel measurability, and the first part of the proof identifies them with (1.1). [J
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We next isolate the covering selection used in the converse local estimate.

Lemma — 1.2 (L-1.4.02: Euclidean 5r selection)

Let V be a family of positive-radius closed balls in RY, and suppose their radii are
bounded above. There is a finite or countable pairwise disjoint subfamily W C V such
that

|JBc | sB (1.4)

Bev Bew
where 5B is the concentric ball with five times the radius.

Proof

Choose R > 0 larger than every radius and divide V into classes

Ve={Be? : 27" R<r(B)<27kR}, k>o.

Proceed through the classes in increasing k. In class k, after removing balls meeting a
ball already selected in an earlier class, choose a maximal pairwise disjoint subfamily of the
remaining balls. To justify maximality, order the pairwise disjoint subfamilies by inclusion.
The union of every chain is again pairwise disjoint and is an upper bound for that chain, so
Zorn’s lemma supplies a maximal member. The union W of all selected families is pairwise
disjoint. It is countable because the interiors of its members are disjoint nonempty open
sets and each contains a distinct point of the countable dense set o?.

Let B € V;. If it was removed by an earlier selected ball B’, then r(B) < r(B’); since the
balls meet, B C 3B’. Otherwise maximality in class k gives a selected B’ € V}. meeting B.
Now r(B) < 2r(B’), so every y € B satisfies

ly —c(B")| < 2r(B) + r(B’) < 5r(B’).

Thus B C 5B’ in either case, proving (1.4). U

Lemma — 1.3 (L-1.4.03: local Hausdorff comparison sets)

Lets > 0.
(1) IfEisBorel, u(E) > 0,and d #(x) > s for p-almost every x € E, then dimy E > s.
(2) The Borel set

A ={x o dy(0) < s}

satisfies dimyg A <'s.

Proof

Discarding a null subset in the first assertion, assume the strict local inequality at every
point of E. Form > 1, let
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E, ={x € E : u(B(x,r)) <r® whenever 0 <r < 1/m}. (1.5)

The condition may be tested first at rational radii and then passed to every radius by
continuity from above, so E,, is Borel. The strict liminf inequality implies E = U, E,,,. Some
E,, has positive measure. For v = y|E,,, (1.5) gives the s-growth bound at centres in E,, for
small radii; for r > 1/m,

v(B(x,r)) <1< m'rS.

The mass-distribution principle applied to v gives #Z°(E,,) > 0, and hence dimy E > s.
For the second assertion, fix an integer j > 1 and a scale § > 0. At every x € A; N B(0, j)
there are arbitrarily small radii r for which

log u(B(x,r))
— <
logr

3

or, because logr < 0,

u(B(x,r)) >r'. (1.6)

Take all such balls with r < §/10. Lemma 1.2 selects disjoint balls B; = B(x;, ;) whose
fivefold dilates cover A N B(0, ). By (1.6) and disjointness,

> (diam 5B,)° =10° " rf < 10° > u(B;) < 10°. (1.7)
i i i

Thus 7 5(A; N B(0, j)) < 10° for every 6, so its s-dimensional Hausdorff measure is finite
and its dimension is at most s. Countable stability over j proves dimy A <'s. J

Theorem — 1.4 (T-1.4.04: Hausdorff local-to-global dictionary)

For every Borel probability measure p on RY,

dimy;pr = ess infdy, me = ess supdy. (1.8)
H H

Proof

Puta = ess inf, d,. I s < a, the set {d,, > s} has full measure. Every positive-mass Borel E
therefore meets it in positive measure, and Lemma 1.3 applied to that intersection gives
dimy E > s. Hence dimyp > s.

If s > a, the set {d u < s} has positive measure by the definition of essential infimum.
Lemma 1.3 gives this set Hausdorff dimension at most s, so dimgyp < s. Letting s approach
a from both sides proves the first equality, including the endpoint cases.

Put b = ess sup u d " If s > b, the set {d u < s} has full measure and dimension at most

s, so dimpgp <'s. If' s < b, then {d,, > s} has positive measure. Every full-measure Borel
set intersects it in positive measure and Lemma 1.3 forces that full-measure set to have
dimension at least s. Thus dimyy > s. Letting s tend to b proves the second equality. [J
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I.4.2 Upper local dimension and the packing dictionary

Lemma — 2.1 (L-1.4.05: reverse ball bounds and upper box dimension)

Suppose F C R? is bounded and, for some g=>0andry >0,

u(B(x,r)) >rl (xeF, 0<r<n). (2.1)

Then dimgF < q. Consequently, for every s > 0,

dimp{x : au(x) <s}<s. (2.2)

Proof

For 0 < r < 2r,, take a maximal r-separated subset {x, ..., xnr} of F. The balls B(x;,r/2) are
pairwise disjoint, while maximality makes the radius-r balls cover F. By (2.1),

N
12 )" p(B(x,r/2)) 2 N(r/2)1.
i=1

Thus

N,(F) < N < 29r79,

which proves the upper-box bound. B
Let A ={x : d,(x) < s}. For each x € A, choose a rational g < s strictly between d,,(x)
and s. For all sufficiently small r,

log u(B(x,r)) -
logr ’

so u(B(x,r)) > ri. Decompose A according to the rational g, a uniform small-scale

threshold, and intersection with B(0, j). Each piece has upper box dimension at most its

corresponding g by the first part. The modified-upper-box characterization and countable

stability of packing dimension give (2.2). [

Lemma — 2.2 (L-1.4.06: low upper box is invisible at high local dimension)

If F ¢ R? is bounded and diimBF < s, then

pFnfx s dy(x) >s}) = 0. (2.3)

Here p*(A) = inf{u(B) : A C B, BBorel} is the outer measure induced by p. This
formulation does not require F to be measurable; for Borel F, it is the ordinary measure
assertion.

Consequently, if a Borel set E satisfies

H(EN{x : Ey(x) >s}H) >0, (2.4)
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then dimp E > s.

Proof

Replace F by its closure. Closure preserves upper box dimension by T-1.2.03, and an
outer-measure-zero conclusion for the closure implies the same conclusion for F. We may
therefore assume that F is compact. In particular, the sets A,, below are Borel by Lemma
1.1’s ball-mass measurability argument.

Choose u with dimgF < u < s and put r,, = 27" For all large n,

N, (F) <™. (2.5)
Define

A, ={x € F : u(B(x,4r,)) < (4r,)°}. (2.6)

Cover F by the number of radius-r, balls in (2.5), with centres in F. For each covering
ball that meets A,, choose a point x; in the intersection. The covering ball is contained in
B(x;, 2r,,) and hence in B(x;, 4r,,). Therefore

H(An) < N, (F)(4r,)° < 47" (2.7)

The right side is summable in n. Consequently

,u(limnsup Ap) < l\}l_r)nm Z u(A,) = 0. (2.8)
n>N
If x € Fand ay(x) > s, choose t strictly between these two numbers. Lemma 1.1, applied
to the geometric radii 4r,,, shows that for infinitely many large n,

p(B(x, 4ry)) < (4r,)' < (4r,)°.

Thus x € limsup A,, and (2.3) follows from (2.8).

Suppose (2.4) holds but dimp E < s. Some bounded part of E still has positive measure
in the set from (2.4). The identity between packing and modified upper box dimension
supplies a countable cover of that bounded part by sets F; with diimBFj < s. Equation (2.3)
makes every F;-intersection with {Ey > s} have outer measure zero. Countable subadditivity
of outer measure contradicts (2.4). Hence dimp E > s. [J

Theorem — 2.3 (T-1.4.07: packing local-to-global dictionary)

For every Borel probability measure p on RY,

dimpp = essyinfgp, dimppy = ess;up E,,. (2.9)
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Proof

Let a = ess inf, 8,,. If s < a, then {3/1 > s} has full measure. Every positive-mass Borel
set satisfies (2.4), so Lemma 2.2 gives packing dimension at least s. Hence dimpy > s. If
s > a, the set {Eﬂ < s} has positive measure and packing dimension at most s by Lemma 2.1.
Hence dimpy < s. Letting s tend to a proves the first equality.

Let b = ess sup, d,. If s > b, then {d,, < s} is a full-measure set of packing dimension

at most s, so dimpy < s. If s < b, then {Eﬂ > s} has positive measure. Every full-measure

Borel set satisfies (2.4), so its packing dimension is at least s. Thus dimpy > s. Taking limits
proves the second equality. [J

I.4.3 The dimension lattice and maps

Corollary — 3.1 (C-1.4.08: dimension lattice and exactness)

Every probability measure satisfies

dimy;p < min{dimyy, dimpp} < max{dimyp, dimpy} < dimpp. (3.1)

It is exact dimensional of dimension « if and only if all four measure dimensions in
(3.1) equal a.

Proof

The essential infimum of a function does not exceed its essential supremum, and d, < Ey
pointwise. Applying these facts to the four formulas (1.8) and (2.9) gives every inequality
in (3.1).

If i is exact dimensional of dimension «, both local functions equal a almost everywhere,
so all four essential extrema equal a. Conversely, equality of the lower and upper Hausdorff
dimensions at & gives

essﬂmfdy = ess sup d” =a,

and hence d, = a almost everywhere. The two packing-dimension identities similarly

give Eﬂ = o almost everywhere. Thus the local limit exists and equals « almost everywhere.

O

Theorem — 3.2 (T-1.4.09: Lipschitz and bi-Lipschitz covariance)

Let f : RY - R™ be L-Lipschitz and put v = fyp. For every x,

d,(fG)) <dy(x),  dy(f(x) <dy(). (3-2)

Each of the four global measure dimensions of v is at most the corresponding dimension
of p. If f is a bi-Lipschitz embedding, all pointwise and global inequalities are equalities,
and exact dimensionality with its dimension is preserved.
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Proof

If L = 0, then v is a point mass and the assertions follow immediately. Assume L > 0. The
Lipschitz inequality gives

p(B(x,1)) < v(B(f(x), Lr)). (3.3)
Take negative logarithms in (3.3), divide by — log(Lr), and note that
—logr
—log(Lr)

The liminf and limsup give (3.2).

For a global dimension defined using a positive-mass carrier, choose a positive-mass
Borel carrier and then, by inner regularity, a positive-mass compact subset K. The compact
set f(K) has positive v-measure and

Taking infima proves both lower-dimension inequalities. For a full-mass carrier E,
choose compact K; C E with p(Kj) > 1 —1/j. The Borel set U; f(K;) has full v-measure.
Countable stability and Lipschitz monotonicity give its Hausdorff or packing dimension at
most that of E, proving both upper-dimension inequalities.

If f is bi-Lipschitz onto its image, apply the same arguments to its Lipschitz inverse.
This reverses (3.2) and all four global inequalities. The exact-dimensional assertion follows
from equality of the two local dimensions almost everywhere. [

I.4.4 Entropy dimension

For a compactly supported p and integer b > 2, abbreviate

Hy(n) = H(u, 2.

Lemma — 4.1 (L-1.4.10: entropy calculus and base independence)

The following statements hold.
(1) If a finite partition Q refines a finite partition P, then H(y, P) < H(u, Q).
(2) Ifevery atom of P meets at most M atoms of Q on the support of y, then

H(p, @) < H(u, ) + log M. (4.1)
(3) Ifp=pv+(1—pn where0< p<1,then
pH(v, ) + (1 — pH(, P) < H(yp, ) (42)

and

H(p, P) < h(p) + pH(, P) + (1 — p)H(n, P). (4.3)
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(4) The lower and upper entropy dimensions in D-1.4.06 are independent of the
integer base.

Proof

Let 2v@Q ={PNQ : Pe P,Q € @, PNQ # @} be the common refinement. For an atom
P with positive mass, define its conditional probability vector by qop = p(P N Q)/u(P),
indexed by Q € @. Its entropy means H(qgjp) = — ZQe@ qoip log qg|p- Atoms P of mass
zero contribute zero to the sum below and need no conditional vector. Direct expansion of
—ulog u gives the chain identity

H(p, PV @) = H(, P)+ Y. p(P)H(qgjp)- (4.4)
PeP
Every entropy on the right is nonnegative, proving refinement monotonicity. If at most
M conditional weights are nonzero, their entropy is at most log M. Indeed, if the positive
weights are qy, ..., g, weighted Jensen for the concave logarithm gives

k k
Z gilog(1/g;) < log (Z Qi(l/‘Ji)) = logk < log M.
i=1 i=1

Equation (4.4), followed by refinement monotonicity from Q to & v @, proves (4.1).

For (4.2), apply concavity of —ulog u to every atom mass and sum. For the upper bound,
split each atom of mass pv(P) + (1 — p)y(P) into the two masses pv(P) and (1 — p)n(P).
Splitting can only increase entropy, and the entropy of the split vector is

h(p) + pH(v, ) + (1 — p)H(n, P),

which proves (4.3).
Finally fix integer bases b, ¢ > 2. For each n, choose m = m(n) so that

mlogc =nlogb + O(1). (4.5)

The side lengths ™" and ¢™™ then differ by a factor bounded only by b,c. A cube from
either grid meets at most M, . 5 cubes of the other grid. Apply (4.1) in both directions to
their common refinement to obtain

|Hp(n) — Hy(m(n))| < Cp 4. (4.6)

Divide by nlog b; equation (4.5) makes the alternative denominator differ by O(1). The
sequence m(n) misses at most a bounded number of consecutive integers, and entropy is
nondecreasing under refinement with increment at most d log ¢ per level. Therefore its sam-

pled liminf and limsup equal the full ones. Equations (4.5)-(4.6) prove base independence.
O
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Theorem — 4.2 (T-1.4.11: Hausdorff-entropy—packing sandwich)

If i is compactly supported, then

dimyp < dimp < dimep < dimpp. (4.7)
Proof
Fix a base b. Write
H
e = liminf b(n) .
n nlogb

Choose u, q,t with e < u < g < t. Along an infinite sequence (ny),

Hy(ny.) < ung logb. (4.8)

Let Ay be the union of those level-ny cubes Q for which

Q) > b, 49)

For a random point with law y, the quantity —log u(Q) at its level cube has expectation
Hy(ny). Outside Ay it exceeds gni log b. Hence (4.8) gives

A > 1—-u/q>0. (4.10)
There are at most b7 cubes satisfying (4.9). Put A = lim sup; A. Since

u(A) = lim y(U Ak) >1-u/q, (4.11)
K—oo
k>K

the set A has positive measure. For every K, the cubes defining Ay, k > K, cover A, and
their total f-cost is at most

d'/? " pom (4.12)
k>K

The tail tends to zero because ny > k after reindexing. Thus #"'(A) = 0, so dimyu < t.
Letting ¢, q, u decrease to e proves the first inequality in (4.7). The middle inequality is
immediate.

Let p = dimpy and fix s > p. There is a full-measure Borel set E with dimp E < s. By the
modified-upper-box formula, cover E by bounded sets F; whose upper box dimensions are all
strictly below s. Intersect with the compact support and take closures; this preserves upper
box dimension and makes the pieces compact. For any § > 0, a finite union F = F; U...U F;
may be chosen with

p(F)>1-36. (4.13)

This finite union has upper box dimension u < s for some u. Therefore the number M,
of b-adic level-n cubes meeting F satisfies
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log M,, < unlogb + o(n). (4.14)

The compact support meets at most Cb such cubes. Decompose p as the mixture of

its normalized restrictions to F and F¢. The entropy mixture bound (4.3), together with the

maximum entropy on a finite alphabet, gives

Hy(n) <log2+ (1 —6)log M, + §(dnlogb + O(1)). (4.15)

If the complement in (4.13) has mass smaller than &, enlarge its coefficient to §; the same
upper bound remains valid. Divide (4.15) by nlog b and take limsup:

dimep < (1 - 8)u+6d < s+ 4d.

First let § decrease to zero and then let s decrease to p. This proves the last inequality
in (4.7). O

Corollary — 4.3 (C-1.4.12: exact measures have entropy dimension)

If a compactly supported probability measure is exact dimensional of dimension «,
then

dim, p = a. (4.16)

Proof

Corollary 3.1 makes all four set-carried dimensions equal to «. The two middle quantities
in (4.7) are squeezed between a and a; hence both equal a. U

I.4.5 Mixtures and inhomogeneous Bernoulli products

Theorem — 5.1 (T-1.4.13: separated mixtures)

Let pg, 11 be compactly supported exact-dimensional probabilities of dimensions a, o,
and suppose their supports have positive distance. For 0 < p < 1, put

1= ppo + (1= p)p.
Then

dimyp = dimpp = min{ey, o}, (5.1)

dimygp = dimpp = max{ag, a1}, (5.2)

and

dime p = pay + (1 — p)ey. (5.3)
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Proof

At a point in spt y, every sufficiently small ball misses spt y;, and hence

p(B(x.r)) = ppo(B(x.r)).

The constant factor p disappears after division by logr. Thus both local dimensions
of u equal o at py-almost every point. The parallel statement with «; holds on the other
support. The four dictionary formulas immediately give (5.1)—(5.2).

Corollary 4.3 gives dim. ;4 = ¢. For every adic partition, the mixture inequalities
(4.2)-(4.3) place H(u, D,)) between

PH(,UO, 9n) + (1 - P)H(.ul’ @n)

and that quantity plus h(p). Divide by the scale denominator and take the limit to obtain
(5.3). O

Lemma — 5.2 (L-1.4.14: bounded independent strong law)

Let (X¢) be independent real random variables satisfying EX;. = 0 and |X;| < M for
every k. Then

n
1 Z X — 0 almost surely. (5.4)
=

Proof

Put S, = ) k<, Xk Independence and centering give

Var(S,) = Zn: Var(X;) < M?n. (5.5)
k=1

Chebyshev’s inequality therefore yields

2

M
]P(|sz| > €m2) < W (5.6)

The sum of (5.6) over m is finite. The elementary summable-tail argument used in (2.8)
shows that only finitely many of these events occur. Applying this for rational positive ¢
gives

Sy2/m* — 0 almost surely. (5.7)

Ifm? <n<(m+1)? then

1S, — S,2] < M(2m + 1).

After division by n, this error tends to zero, and (5.7) proves (5.4). [J
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Theorem — 5.3 (T-1.4.15: inhomogeneous Bernoulli formula)

Let e € (0,1/2] and suppose
e<p<1l-¢ (k> 1). (5.8)
For the Cantor realization y;, of D-1.4.07, define
n n
1 h 1 h
a = liminf M b = lim sup M (5.9)
n—co  nlog3 nooo  nlog3
Then for pj,-almost every x,
d#p(x) =a, al,p(x) =b. (5.10)
Consequently
dimyypry = dimppry =@, dimppr, = dimppr, = b, (5.11)
and
dim.pp, = a, diimeyp =b. (5.12)
Proof

First observe that the coding map is bi-Lipschitz. If w, 7 first differ at coordinate k, the
leading difference in their coded values has absolute value 2 - 3~k , while the entire tail has
absolute value at most

Z 2.3/ =37k,
ik
Since d3(w, 1) = 31k it follows that
%d3(w, ) < J(w) - 7(0)| < dy(, 7). (5.13)

The closed ds-ball of radius 37" at w is exactly the cylinder [w|n].
On the product probability space define

Yi(w) = —(1 — wy) log pr — ey log(1 — py). (5.14)

The variables Y; are independent,

EY; = h(pp), (5.15)
and (5.8) bounds Y — EYj uniformly. Lemma 5.2 gives

% (— logvy([ln]) — Y h(pk)> 0 (5.16)

k=1
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for vy-almost every w. Equations (5.9), (5.16), and Lemma 1.1 compute the lower and
upper local dimensions in the symbolic metric as a and b. The ball inclusions from the bi-
Lipschitz estimate (5.13) preserve these limits under 7, proving (5.10). The two dictionaries
give (5.11).

It remains to audit entropy. A single sequence has mass at most (1—¢)" in every length-n
cylinder, hence has zero mass. The countable collection of adic boundary points is therefore
null. Up to this null set, the occupied atoms of the level-n triadic partition are precisely the
images of length-n cylinders. Product expansion of entropy gives
n
H(up 23 = 3 h(py). (5.17)
k=1

For completeness, (5.17) follows inductively: splitting every cylinder of mass w into
masses wp,,; and w(l — p,,1) increases its entropy by wh(p,1); summing w gives one.
Divide (5.17) by nlog3, use (5.9), and invoke base independence from Lemma 4.1. This
proves (5.12).

Corollary — 5.4 (C-1.4.16: explicit separation examples)

Let 0 < p < q < 1/2. There is a compactly supported probability p such that

hp) _ hg)

Tog3 < Tog3 = Smes = dimpy. (5.18)

dimyp = dimpp =

Moreover, there is a compactly supported probability for which all four measure
dimensions are strictly different in the order displayed in (3.1).

Proof

Choose consecutive blocks of positive integer lengths L; such that

Li>jLy++Liy) (=2 (5.19)

Set pr. = p on odd blocks and p; = g on even blocks. At the end of block j, the proportion
of all earlier coordinates is at most 1/(j + 1). Hence the average of h(py) tends along odd
block endpoints to h(p) and along even endpoints to h(q). Every summand lies between
these two values, so

n n

..ol . 1

liminf = Y h(p) = h(p),  limsup = > h(p) = h(q). (5.20)
Ly = no Mg

Theorem 5.3 gives (5.18). The inequality is strict because

174 (0<u<1/2).
u

h’(u) = log

For the fourfold separation, choose

0<p<pp<q<qggp<1/2.
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Using the same blocks, form a measure y; with alternating probabilities p;, ¢;, for i = 1, 2.
Translate y, by two units and put

p =0+ (1 —0)Tysp), 0<f0<1, T(x)=x+2.

The supports are positively separated. As in the local calculation in Theorem 5.1,
multiplication by a mixture weight does not change either local dimension on its component.
Theorem 5.3 therefore says that the essential values of the lower local dimension are

h(pi)
a; = s
log 3
and those of the upper local dimension are
_ hg)
" log3’

The dictionaries yield

dimyp = a;, dimgp =ap, dimpp = by, dimpp = by.

Strict monotonicity of h gives a; < a; < by < by, completing the example. J

I.4.6 Intuition and strategy

The following discussion explains the geometric ideas behind the proofs.

I.4.6.1 Four global dimensions answer four questions

There are two independent choices. One may measure carriers by Hausdorff or packing
dimension, and one may ask for a carrier of positive mass or of full mass. This produces
four dimensions:

dimgyp, dimygp, dimpp, dimpp.
The lower value detects the smallest-dimensional component with positive mass. The

upper value must accommodate every component except a null set. A mixture of two exact
measures therefore turns minimum and maximum into different answers.

I1.4.6.2 Why lower local dimension belongs to Hausdorff dimension

If the lower local dimension exceeds s, then eventually

u(B(x,r)) <r'.

After passing to a positive-mass subset with a uniform scale threshold, this is a Frostman
bound and forces Hausdorff dimension at least s.

In the reverse direction, a point whose lower local dimension is below s has arbitrarily
small balls with mass larger than r*. A disjoint-ball selection converts those heavy balls
into a Hausdorff cover with bounded s-cost. The alternation between “eventually” and
“infinitely often” is the liminf mechanism.
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1.4.6.3 Why upper local dimension belongs to packing dimension

When the upper local dimension is below s, every sufficiently small ball at the point is heavy.
A separated set cannot contain many such points because the corresponding half-radius
balls are disjoint and their masses sum to at most one. This produces an upper-box bound
on countably many pieces and hence a packing bound.

For the converse, a bounded set of upper box dimension below s has too few balls at
dyadic scales to contain positive measure of points whose balls are exceptionally light
infinitely often. The estimates form a summable series. This is the technical reason the
packing dictionary is not merely the Hausdorff proof with names exchanged.

I.4.6.4 Entropy is an average-scale dimension

The quantity

H(u.9y) = [ ~log i(9,0) du(x)

is the expected number of natural-log units needed to identify the scale-n cell of a
random point. Normalizing by nlogb converts this information to a dimension.

Low entropy along a subsequence places a fixed positive mass in relatively few cubes; a
limsup of those cubes is a positive-mass set of small Hausdorff dimension. Conversely, a
full-mass set covered by pieces of low upper box dimension forces most entropy to live
on few cubes; the small remaining mass can contribute at most its proportion times the
ambient dimension. This is the mechanism behind

dimyp < dimep < dimep < dimpp.

Comparable grids have only bounded conditional ambiguity, so the integer base changes
entropy by O(1) rather than by a linear amount.

1.4.6.5 Exactness, mixtures, and oscillation

An exact-dimensional measure has one scaling exponent at almost every point. All four
global dimensions and both entropy dimensions are then forced to that exponent.

A separated mixture retains the local exponent of each component. Its lower dimensions
take the minimum, its upper dimensions take the maximum, while entropy averages the
component dimensions with the mixture weights.

An inhomogeneous Bernoulli product illustrates a different failure. Long blocks with
two weight distributions cause the typical logarithmic cylinder mass to oscillate between
two slopes. The Hausdorff dimensions record the liminf slope and the packing dimensions
the limsup slope. Mixing two such measures with separated supports makes all four global
dimensions distinct.

1.4.7 Exercises

Every exercise uses only D/R-I1.1-1.4 and A-RA.
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1.4.7.1 Exercise 1 — Atoms and points outside the support
Let u be a probability measure on R4,

1. Prove that if p({x}) > 0, then dy(x) = Ey(x) =0.
2. Prove that if x lies outside spt y, then both local dimensions are +oo.

1.4.7.2 Exercise 2 — Equivalent metrics

Let p be a Borel probability measure on a space X with two metrics dy, d, satisfying

cdi(x,y) <dy(x,y) < Cdy(x,y)

for all x,y € X, with 0 < ¢ < C < +oo. These metrics give the same topology and
therefore the same Borel sets. Define local dimensions by D-1.4.01’s formula, using closed
balls for the respective metric. Prove that every lower and upper local dimension is the
same for the two metrics.

1.4.7.3 Exercise 3 — Countably supported measures

Let 4 be a probability carried by a countable subset of R?. Prove that all four measure
dimensions are zero. If the support is compact, prove that its entropy dimension also exists
and equals zero.

I.4.7.4 Exercise 4 — Ahlfors-regular measures

Assume p is compactly supported and there are & > 0,7y > 0, and 0 < ¢ < C < 400 such
that

cr® < u(B(x,r)) < Cr*
for x € spt p and 0 < r < ry. This two-sided bound is called a-Ahlfors regularity of y

at small scales. Prove that y is exact dimensional of dimension « and identify all six global
dimensions in 1.4.

1.4.7.5 Exercise 5 — Strict dimension loss under a Lipschitz map

Let y be normalized two-dimensional Lebesgue measure on [0,1]%, and let f(x,y) = x.
Prove that p is exact dimensional of dimension two while fiy is exact dimensional of
dimension one. Thus every inequality in the Lipschitz part of T-1.4.09 can be strict.

1.4.7.6 Exercise 6 — Entropy on a finite alphabet
Let (py, ..., pN) be a probability vector. Prove

N
— Y pilogp; <logN,
i=1
with equality exactly when p; = 1/N for every 1 < i < N. Use this to rederive the
bounded-intersection inequality (4.1).
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1.4.7.7 Exercise 7 — Finite separated mixtures

Let g4, 1 <i < N, be compactly supported exact-dimensional probability measures with
pairwise positively separated supports and dimensions ¢;. For positive weights p; summing
to one, compute all four set-carried dimensions and the entropy dimension of )'; p;/.

1.4.7.8 Exercise 8 — An atom plus an interval

For 0 < p < 1, define

p=pdo+ (1= p)A[12)
Compute all four set-carried dimensions and the entropy dimension. Explain why this
one example distinguishes minimum, maximum, and average behavior.
1.4.7.9 Exercise 9 — Translated adic grids
Translate every b-adic grid by a fixed vector v € R?. Prove that the lower and upper entropy
dimensions computed from the translated grids agree with those in D-1.4.06.
1.4.7.10 Exercise 10 — Periodic inhomogeneous Bernoulli products

Assume py,, = pi for some positive integer m, with all weights bounded away from zero
and one. Prove that y,, is exact dimensional and

h(py) + -+ + h(pp,)
mlog 3 ’

dim p,, = dime pp, =

1.4.7.11 Exercise 11 — A concrete oscillating product

Use the dominating-block construction with probabilities 1/4 and 1/2. Compute the two
almost-sure local dimensions, all four set-carried dimensions, and the lower and upper
entropy dimensions. Prove that the measure is not exact dimensional.

1.4.7.12 Exercise 12 — The middle dimensions are incomparable

Give one compactly supported probability with

dimygp > dimpp

and another with the reverse strict inequality. Your examples must follow from proved
results in this chapter, not from an external construction.
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Assouad Dimensions, Tangents, and
Microsets

Hausdorff and box dimension describe global size, but a small region can be much more
crowded than the set looks globally. Assouad dimension measures the largest local covering
growth between two scales; lower dimension measures the smallest. Dimension spectra tie
those scales together and reveal information lost by either endpoint. We first develop the
covering estimates and examples, then study what survives when a set is magnified and
a limiting picture is taken. The distinction between similarities and the more restrictive
homotheties matters for the tangent and microset conventions below.

The definitions below fix this chapter’s conventions. Geometric intuition and proof
strategy are discussed separately after the main development; exercises and their solutions
provide a second route through the material.

Definitions and notation

Throughout, d > 1, Euclidean balls are closed, and N, is the centred covering number from
D-1.2.02. The observation window is

w=1[0,1]¢,  w°=(0,1)".

Definition — 1.5.01: Local covering convention

For a nonempty bounded set F C ]Rd, x € F,and 0 < r < R, the local covering
number at (x; R, r) is

Ne(x; R, r) = N.(F N B(x, R)).

Write |F| = diam F. A set is called nondegenerate here if it contains at least two
points. If F is nondegenerate, every Assouad or lower-dimension quantifier below
uses

83
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0<r<R<IF|

The empty set and every singleton are assigned all dimensions in D-1.5.02-D-1.5.04
equal to zero. Thus a zero diameter never occurs in a scale denominator.

Definition — 1.5.02: Assouad and lower dimensions

For a nondegenerate bounded F, its Assouad dimension is

there is C > 1 such that for every x € F and

dimy F = mf{s 20 0<r<R<IF, Mp(cRr) < CR/PY

Its lower dimension is

there is ¢ > 0 such that for every x € F and
0<r<R<ZIF|, We(x;Rr)>c(R/r)

dimLFzsup{szo :

The constants are uniform in the point and both scales.

Definition — 1.5.03: Modified lower dimension

For nonempty bounded F, define its modified lower dimension by

dimML F= sup{dimL E: @+ ECF}L

Set dimyy;, @ = 0, consistently with D-1.5.01. Every nonempty subset of a bounded
Euclidean set is totally bounded, so its lower dimension is defined by D-1.5.02. This is
the standard monotone modification; no closure is inserted into the supremum.

Definition — 1.5.04: Assouad/lower spectra and scale profile

Let F be nondegenerate and bounded and let 0 < § < 1. Put

r=RY? (0 <R <min{L|F}),
s0 0 < r < R. The Assouad spectrum is

there is C > 1 such that for every x € F and }

.0 :
F=inf{s>0 : Z
dimj F'= in is =03 <R < min{l, |F]}, Ngpie(FnB(x,R)) < C(R/RMOs

The lower spectrum is

there is ¢ > 0 such that for every x € F and }

.0
d F= >0 : a
L = {S =" 0<R<min{l,[F}, Nps(FnB(x R)>c(R/RVO)

The constant is uniform in the point and scale. The Assouad scale profile of F is the
function
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0+—> (dim{ F,dim} F), 0<0<1.

This phrase does not denote a Falconer-Howroyd capacity or projection dimension
profile.

Definition — 1.5.05: Hausdorff metric and compact hyperspace

For a metric space (X, dx) and nonempty compact A, B C X, define

dy (A, B) = max {sup dist(a, B), sup dist(b, A)}.

acA beB
Here distances are computed with dy. The compact hyperspace K(X) is the set
of all nonempty compact subsets of X, equipped with dy. The displayed function
is a metric: symmetry is immediate; zero distance forces equality because the two
sets are closed; the triangle inequality follows by approximating each point through
the intermediate set and then taking suprema. It is finite because compact sets are
bounded. In particular, K(W) uses Euclidean distance. Convergence in a compact
hyperspace always means Hausdorff metric convergence. The name does not assert
that K(X) itself is compact for arbitrary X; compactness for the observation window
is proved in L-1.5.09.

Definition — 1.5.06: Similarities, homotheties, and weak tangents

A similarity of RY is a map

T(x) = cOx +1t,

where ¢ > 0, O is orthogonal, and ¢t € R?. Tts similarity ratio is c. It is a homothety
when O is the identity.

Let F c RY be nonempty and compact. A set E € K(W) is a windowed weak tangent
of F if EN W* is nonempty and there are similarities Ty with ratios ¢y — oo such that
every T .(F) N W is nonempty and

dy(E, Ti(F)nW) — 0.

The terms weak tangent and tangent mean this stricter windowed notion inside
the series. A source allowing bounded ratios, zooming out, or limits confined to the
boundary uses a broader convention and must be labelled as such.

Definition — 1.5.07: Strict minisets, microsets, and star dimension

For nonempty compact F C RY, a strict miniset is a nonempty set
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(AF+)nW, A>1, teR

A set E € K(W) is a strict microset of F if EN W is nonempty and there are 4 — oo
and #, € R? such that

MF+t)NW — E  indy.

The star dimension used in this series is

dim, F = sup{dimy E : E is a strict microset of F}.

Every strict microset is a windowed weak tangent obtained by homotheties.

Definition — 1.5.08: Furstenberg minisets, galleries, and grid exponent

Let F € K(W). A Furstenberg miniset of F is any A € K(W) for which

ACCF+t

for somec > 1andt € RY. A Furstenberg microset is a Hausdorff limit of Furstenberg
minisets. This subset convention is broader than the strict-intersection convention in
D-1.5.07.

For F € K(W), its Furstenberg microset family is

there are A; € (W), ¢; > 1, t; € R? such that

Gp=1Ae W) : A;j C ¢F +t;and dy(Aj, A) - 0

Thus Gy is precisely the family of all Furstenberg microsets of F. The fact that it is a
gallery is part of the cited result G-1.5.14, not part of this definition.

A nonempty family G ¢ K(W) is a gallery if it is closed in K(W) and contains every
Furstenberg miniset of each of its members.

Let D,, be the half-open dyadic cubes

27"k +[0,1)9), kezZq,

and put
0,(A)=#H0e D, : ONnA =02}

The dyadic gallery exponent is

A(%) = lim sup % log, (Zug Qn(A)) .
€

n—oo

Throughout, F, E are nonempty compact Euclidean sets unless another hypothesis is
stated. Balls are closed, N, and M, are the centred covering and separated-set numbers of
D-1.2.02, and
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w = o, 1]¢.

I.5.1 Local covering calculus

Lemma — L-1.5.01 — Local covering calculus and dyadic equivalence [F]

For nonempty totally bounded metric sets A, B and positive radii (with one common
ambient metric for the union):

r<R = Nz(A) < N.(4), (1.1)

N.(AU B) < N.(A) + N,(B), (1.2)

and, with the max product metric,

N,(A x B) < N,(A)N,(B). (1.3)

If A, B are nonempty compact subsets of one metric space and dy(A, B) < ¢, then

Nr+2£(A) < Nr(B)> Nr+25(B) < Nr(A)- (1-4)

Two further comparisons will keep track of the centres. For nonempty totally bounded
sets A C B in one metric space,

N,,.(A) < N,(B). (1.4a)

For a nonempty bounded A C RY,r>0and A > 1, put Dy(A) = ([2A4d] + 1)?. Then

No(A) < DgIN(A). (1.4b)

In particular, if A C B C R are nonempty and bounded, then N,(A) < Dy(2)N,(B).
Unlike (1.1), this is not exact monotonicity: a fixed recentering factor is necessary.
For example, in the real line A = {—1,1} and B = {-1,0, 1} satisfy N;(A) = 2 but
Ni(B) =1.

Here is a precise dyadic version of the local dimension estimates. Let F ¢ R? be
compact with D = diam F > 0, and fix s > 0. For every integer m, let 9, be the
half-open cubes 27"(k + [0,1)%), k € Z¢. If O € D,,, and n > m, put

M(Q;F)=#HQ' €D, : ' CQ, Q' NF # a}, n>m, (1.5)

The exponent-s Assouad upper estimate in D-1.5.02 is equivalent to the existence of
C > 0 such that

M,(Q;F) < C2mms  (meZ 27 <D, n>m Q€ D). (1.6)

For the lower estimate, define the finite family of adjacent parents




88 CHAPTER 5. ASSOUAD DIMENSIONS, TANGENTS, AND MICROSETS

d,(x)={0€ D, : OnB(x,27™) = ¢}. (1.6a)

It has at most 4? members. The exponent-s lower estimate in D-1.5.02 is equivalent to
the existence of ¢ > 0 such that

max M,(Q;F) > c2n=m)s (xeF, meZ, 27 <D, n>m). (1.6b)
Qedy(x)

The parent attaining the maximum may depend on x, m,n. No lower bound in every
individual occupied parent is asserted. The constants may change between the ball
and dyadic formulations; their changes depend only on d, s and the original constant.
The distinction is essential even for F = [0, 1]: the parent [1, 2) meets F only at 1, so
it has just one occupied descendant at every level, although the interval has lower
dimension one. An adjacent parent captures the interval’s local complexity.

Proof

Equations (1.1) and (1.2) follow by retaining a finer cover and by joining two covers. If
A and B are covered by r-balls with centres a; and b;, then the products of those balls are
r-balls for the max metric and cover A x B; this proves (1.3).

Assume dy(A, B) < € and let

N
Bc| JB®.r.  bjeB, N =N(B).
j=1

Choose a; € A with d(a;,b;) < ¢. If a € A, choose b € B with d(a,b) < ¢, then choose j
with d(b, b;) < r. The triangle inequality gives

d(a,a;) <r+ 2.

Thus the balls B(aj, 7 +2¢) cover A, proving the first inequality in (1.4); symmetry proves
the second.

For (1.4a), start with a centred r-cover of B. Discard balls missing A, and from each
remaining intersection choose a point of A. Its 2r-ball covers that intersection by the
triangle inequality. To prove (1.4b), enclose each ball of a centred Ar-cover of A in an
axis-parallel cube of side 2Ar. Partition the cube into at most Dy(A) cells of diameter at
most r; assign boundary points to one cell. For each cell meeting the covered part of A,
choose a centre in that intersection. The resulting r-balls cover A. Combining (1.4a), with
r replaced by r/2, and (1.4b) for B gives the stated fixed-factor subset comparison.

A ball of radius £ meets at most 4% half-open grid cubes of side €. A cube of side ¢ has
diameter at most vde. Both facts follow coordinate by coordinate and include points on
grid boundaries.

Suppose first that the exponent-s ball upper estimate holds. Write ¢ = 27™, h = 27",
and choose x € Q N F if that set is nonempty. It is contained in the local piece with outer
radius min{v/d¢, D}. Cover that piece by centred h-balls. Each such ball meets at most 44
level-n cubes, so
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M,(Q; F) < 4°C(Nd t/h)".

Here h < £ < D, so the inner radius is admissible. Empty parents have count zero. This
proves (1.6).
Conversely suppose (1.6). For 0 < r < R < D/2, choose dyadic lengths

r r
R<t<2R, —<h< L. (1.7)
2Vd Vd
Their levels satisfy n > m. At most 49 level-m parents meet B(x, R). In each of their
occupied level-n cubes meeting the target local piece, choose a point of that piece. Its r-ball
covers the intersection because the cube diameter is at most . Consequently

N.(F N B(x, R)) < 49C(¢/h)* < 49C(aVd) (R/r)S.

For D/2 < R < D, cover F by at most Dy(4) centred D/4-balls, using (1.4b) and
Np(F) = 1. If r < D/4, cover each of those local pieces at radius r/2 by the estimate just
proved, and recenter retained balls in F N B(x, R). This gives the same exponent with a
constant depending only on d,s,C. If r > D/4, (1.4b) gives a uniform bound directly for
the target piece. Thus all outer scales are covered.

Now assume the exponent-s ball lower estimate. Fix x,m,n as in (1.6b), and again put
£ =27 h = 27" When Vdh < ¢, the occupied level-n cubes meeting F N B(x, £) give a
centred Vdh-cover of this set. Hence their number is at least c(¢/(vdh))’. They lie in at
most 4¢ parents in A,,(x), so one parent has at least a 474 fraction of this count. When
Jdh > t, there is at least one occupied fine cube, while (£/h)° < ds/2. Reducing the lower
constant handles this case too. This proves (1.6b), uniformly in all its variables.

Finally suppose (1.6b). Seta = 1+ vd. Given x € F and 0 < r < R < D, choose dyadic
lengths
£<€§B, r<h<2r

2a a

Every parent in A,,(x) lies in B(x, af), hence in B(x, R). If h < £, use (1.6b) at these levels.
Each counted fine cube contains a point of the target local piece, and an r-ball meets at
most 4% fine cubes because h > r. Any centred r-cover therefore has at least

474c(t/h)* > 4~ %(4a)S(R/r)*

members. If & > ¢, including the equal-level case n = m, then R/r < 4a; the estimate
follows instead from N, > 1. This proves the lower equivalence without any assertion
about a fixed individual parent. [J

Lemma — L-1.5.02 — Local Frostman tree from lower homogeneity [F]

Assume there are ¢ > 0 and t > 0 such that

N,(F n B(x,R)) > c¢(R/r)! (1.8)

whenever x € Fand 0 < r < R < |F|. If 0 < s < t, then there is a constant
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C = C(c, s,t,d) such that, for every x € F and every 0 < R < |F|, there is a probability
measure /i, g carried by F N B(x, R) satisfying

1 r(B(y. 1)) <CUr/RP  (yeRL0<r<R). (1.9)

Proof

For s = 0, take any point mass in F N B(x, R) and C = 1. Assume 0 < s < f. Choose an
integer M so large that, with

qg=@32M)7", b= [c4M)], (1.10)

we have

b>2, b>q*. (1.11)

This is possible because t > s.

The construction is indexed by finite words over {1,...,b}. A word of length n is an
ordered n-tuple of these symbols; the unique length-zero word is denoted by @. Appending
j to u gives uj. An infinite sequence of symbols is a branch, and its length-n cylinder is the
set of all branches having those first n symbols.

Put py = R/4 and choose the root centre x5 = x. Suppose a centre x,, € F and a radius
Pn = q" po have been chosen. Apply (1.8) inside B(x,, p,/2) at scale

an = 8[)_;/1 = 4ppi1-
Using N, < M, from L-1.2.01 gives an a,-separated subset of cardinality at least

t
c<p”/2> — c(4M)' > b.

an

Choose exactly b of its points and call them x,, ..., X,5. The balls B(x,j, pp+1) lie in
B(x, pp), and sibling centres are more than 4p,,; apart. Iteration produces a rooted b-ary
family of nested balls. If two level-n branches first split at level j + 1, each later centre
moves from its level-j + 1 centre by at most

14 Pj+1
- . < .
2 ,.:,Z;q A
Since q < 1/32, their level-n centres are separated by more than 2p; 1 > 2p,. Thus the
open construction balls at a fixed level have disjoint interiors. If a ball of radius at most p,
meets a level-n construction ball, its centre lies in a ball of radius 2p,. The disjoint balls
of radius p, /2 about all such centres lie in a ball of radius 5p,/2. Comparing Euclidean
volumes bounds their number by Ay = 5%, independently of n.
Give each length-n cylinder mass b™". For an explicit realization, take Lebesgue proba-
bility on [0, 1) and use the symbols
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G =1+ [bru)] —blbF ) (k> 1).

Each specified prefix of length n corresponds to one half-open interval of length b™".
Send u to the unique point in the nested balls along this branch, and call the push-forward
probability p. The map is Borel: the level-n centre is a finite-valued Borel function of u, and
these centres converge pointwise. The radii tend to zero and all centres lie in the closed set
F, so the limit set is contained in F N B(x, R).

For R/4 < r < R, the probability bound gives p(B(y,r)) < 1 < 4°(r/R)?, which is covered
by the constant below. For 0 < r < R/4, choose an integer n > 0 so that

Pn+1 <T < Py

The packing observation gives
p(B(y.r)) < Agh™ < Aqq™.
Since p, = ¢"R/4 and r > qp,,

4 S
0 = (2) <wq /Ry,

Thus (1.9) holds with C = A 4°%¢~*. [

Theorem — T-1.5.03 — Dimension hierarchy [F]

For every nonempty compact F C RY,
0 < dimy, F < dimy F < dimp F < dimgF < dimy F < d, (1.12)
and
dimg, F < dimgF < dimgF. (1.13)
Proof

Only dimy, F < dimg F, the comparisons with Assouad dimension, and the ambient upper
bound are new. The first inequality is trivial when dim; F = 0. Otherwiselet 0 < s < dimy F
and choose s < t < dimy, F. The defining lower estimate holds with exponent ¢, so L-1.5.02
supplies an s-Frostman probability carried by F. The mass-distribution principle T-1.1.08
yields dimgg F > s. Letting s increase to dimy, F proves the first new inequality.

The inequalities

dimy; F < dimp F < dimgF

are T-1.2.11. If D = |F| > 0, an Assouad estimate at the fixed outer scale R = D gives

N,(F) <C(D/r)*
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for every u > dimy F; hence dimgF < dimy F. For the local piece A = F N B(x, R), one
has Ng(A) = 1, with centre x. Equation (1.4b), with A = R/r, gives N,(A) < Dy(R/r) <
C4(R/r)?. All centres are in A, and this proves dimp F < d.

Finally, the lower estimate at R = D gives

N.(F) > e(D/r)*

for every s < dimy F. Taking the lower logarithmic limit proves dim F < dimgF. The
remaining inequality in (1.13) is definitional. Degenerate compact sets satisfy all claims by
convention. [J

Theorem — T-1.5.04 — Stability, nonmonotonicity, and products [F]

Assouad dimension is monotone, finitely stable, closure-stable, and bi-Lipschitz invari-
ant on nonempty bounded Euclidean sets. Lower dimension is bi-Lipschitz invariant
but is not monotone. Modified lower dimension is monotone and bi-Lipschitz invariant,
with

For the max product metric,

dlmA(EXF) SdimAE+dimAF, (1.15)

dlmL(E X F) > dlmL E + dlmL F. (1.16)

Proof

If E C F, cover F N B(x, R) by r/2-balls. Retain only balls meeting E N B(x, R) and recenter
each retained ball at such a point of E; the resulting r-balls are a centred cover of the smaller
local piece. This fixed change of inner scale proves Assouad monotonicity. For a finite
union, if a local ball centred in E U F meets both sets, choose one point of each nonempty
intersection. Each part lies in a ball of radius 2R centred in its own set. Covering the two
parts separately, making the same harmless recentering, and using (1.2) gives

dimu (E U F) = max{dimp E, dimu F}.

Scales larger than the diameter of one component are absorbed into the constant.

For closure stability, monotonicity gives dimp A < dimp cl(A). Conversely, fix x € cl(A)
and 0 < r < R. Choose xy € A with |x — xy| < R/4. Every point of cl(A) N B(x, R) is
within r/4 of a point of A N B(xg, 2R). An r/4-cover of the latter set, followed by this
approximation and recentering at points of the target local piece, gives

N,(An B(x,R)) < N, /4(A N B(xp, 2R)).

An Assouad estimate for A bounds the right side by a constant times (R/r)%; outer
scales above |A| are absorbed into the constant. Thus dimp cl(A) < dimy A.
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Let T be bi-Lipschitz and choose K > 1 so that K~ |x — y| < |Tx — Ty| < K|x — y| on its
domain. The inclusions

T(F n B(x,R/K)) Cc T(F)n B(Tx,R) C T(F n B(x, KR)) (1.17)

give the transfer, with the following explicit recentering costs. A centred r/(2K)-cover
of the right-hand preimage piece maps to balls of radius r/2; recenter retained balls in the
middle set to obtain a centred r-cover. Thus an Assouad upper estimate transfers with
scale ratio at most 2K%R /r. If KR > diam F, replace that outer radius by diam F, which
covers all of F and only decreases the ratio.

Conversely, pull any centred r-cover of the middle set back to its preimage in F, and
recenter on F N B(x, R/K). This gives a centred 2Kr-cover of the latter set, hence

NAT(F) 1 B(Tx, R)) > Nyg,(F N B(x, R/K)).

When 2Kr < R/K, the defining lower estimate applies, with ratio R/(2K 2r); here
R < diam T(F) < K diam F ensures the outer radius is admissible. When 2Kr > R/K, the
ratio R/r is at most 2K2, so N, > 1 gives the desired estimate after reducing its constant.
Apply the same argument to T~! for equality of both dimensions.

The set [0, 1] has lower dimension one by elementary interval covering. The compact
superset [0, 1] U {2} has lower dimension zero: take the centre 2, any R < 1/2, and r/R
arbitrarily small; the local covering number remains one. Thus lower dimension is not
monotone.

Modified lower dimension is monotone directly from its supremum over subsets and
is bi-Lipschitz invariant by the preceding paragraph. Its lower bound in (1.14) follows
by choosing the subset F. For every nonempty A C F, one has dim;, A < dimp A: oth-
erwise choose exponents v < u strictly between the two dimensions and combine the
uniform upper and lower estimates to obtain ¢c(R/r)* < C(R/r)" for arbitrarily large R/r, a
contradiction. Assouad monotonicity therefore gives

dim; A < dimp A < dimy F;

taking the supremum proves the upper bound.

For (1.15), a max-metric local product ball is exactly the product of its two coordinate
local balls. Apply (1.3) to Assouad covers with exponents above the two dimensions and
multiply the bounds.

For (1.16), choose a nonnegative admissible lower exponent a for E and b for F. Every
nonnegative exponent strictly below a positive lower dimension is admissible, and exponent
zero is always admissible. We may use their local estimates up to the product diameter
D = max{diam E, diam F}: above a positive factor diameter Dg, the local piece is all of that
factor; for r < Dg use its estimate at Dy and the inequality (Dg/r)* > (Dg/D)*(R/r)*. For
r > Dg, the ratio R/r is bounded by D/Dg, and N, > 1 suffices. A singleton factor has
exponent zero and covering number one throughout. The upper estimates used in (1.15)
extend to these outer scales by the same argument, or simply by increasing the numerator
to R.

When 0 < r < R/2, in the two coordinate local balls choose maximal 2r-separated
sets. By L-1.2.01 their cardinalities are at least the corresponding N,, values, hence at least
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constant multiples of (R/r)* and (R/ r)?. Their Cartesian product is 2r-separated in the
max metric. L-1.2.01 then gives

N,((Ex F) n B((x,y), R)) > c«(R/r)**".

When R/2 < r < R, the ratio R/r is bounded and the same estimate follows after
reducing c. Let positive-dimensional factors’ exponents increase to their lower dimensions,
keeping exponent zero for a zero-dimensional factor. This proves (1.16). [

Proposition — P-1.5.05 — Polynomial sequences separate the dimensions [F]

For p > 0, set
F, = foyu{n™? : n> 1%L
Then
dimy Fj, = dimp F, = dimg F;, = 0, (1.18)
- 1
dimpF, = dimpF, = ——, dima F, = 1. 1.19
dimgF, B P A Fp (1.19)
Proof

The set is countable, so its Hausdorff dimension is zero. Packing dimension is countably
stable and every singleton has packing dimension zero, proving the packing assertion.
Every point n™? is isolated. Centring a ball small enough to contain only that point and
then taking r/R arbitrarily small shows that no positive lower exponent is possible; hence
dimL Fp =0.

The mean-value theorem gives constants 0 < ¢, < C,, such that

cpn D <P — (n+1)7P < Cpn~(PFD (1.20)

for all n. Given small r, choose n comparable to r~1/(P+1) The first n points need at
most n balls. The tail lies in [0, n~?] and needs at most

1+CnP/r<C/r Y/ (+D)

balls. This proves the upper box bound. Conversely, by the lower estimate in (1.20),

¢ 1/(p+1)
n=
[( 2P+3r>

Consecutive points in the block n < m < 2n have gap at least cp(Zn)_(pH) > 4r. The block
is therefore 2r-separated and has n + 1 points, so L-1.2.01 gives the matching lower bound
for N.(F,). Thus both box dimensions equal 1/(p + 1).

The ambient bound gives dimy F,, < 1. To prove the reverse inequality, let

choose, for sufficiently small r,

> 1L
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C
Ry=N"P?  ry= ZP(ZN)_(P“).

The N + 1 points n™?, N < n < 2N, lie in B(0, Ry) and are 2ry-separated by (1.20).
Hence

N, (Fp, nB(0,Ry)) 2 N + 1.

Since Ry /ry is comparable to N, no exponent below one can satisfy a uniform Assouad
upper estimate. Therefore dimy F, = 1. [

I.5.2 Dimension spectra

It is convenient in this section to use the equivalent smaller-scale variable p. Thus the two
scales are p and p?, with 0 < p < 1.

Theorem — T-1.5.06 — Spectrum hierarchy [F]

For every 0 < 6 < 1,

dim; F < dim{ F < dimgF < dimgF < dim{ F < dimp F. (2.1)

Proof

For a singleton all quantities are zero by convention. Assume that |F| > 0. The first and
last inequalities follow by restricting the pairs of scales in D-1.5.02 to R = p? and r = p.
The middle box inequality is definitional. We prove the other two by iteration.

Leta > dimGA F. For all sufficiently small u and every x € F,

N,(F n B(x,u?)) < c(@? Ju)°. (2.2)
Fix small r and form the increasing sequence

j
=T, rjzre.

Stop at the first n for which r,, > r,, where 0 < r, < min{1, |F|} is fixed. Then r,_; is

bounded below by the positive constant ri/ 9, so N, (F) < C, uniformly. Starting with an
rm—1-cover of F, cover the intersection of F with each rj-ball by r;_;-balls. This is exactly

(2.2), since rj = rje_l. Induction gives

Nr(F) < C*Cn(rn—l/r)a' (2-3)
Since n = O(log log(1/r)),

—logr
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Taking the upper logarithmic limit in (2.3) gives dimgF < a, and then a decreases to
dim§ F.

If the lower spectrum is zero, its comparison with lower box dimension is immediate.
Otherwise let 0 < s < dimg F. There is ¢ > 0 such that

Npio(F 0 B(x, R)) > c(R/R"%) (2.4)

for all sufficiently small R. We give the separated-tree iteration explicitly. Put §, = 2r
and define upward

§ =48y (G=0. (2.5)

Stop at the first n for which §, reaches a fixed sufficiently small reference scale é,. The
recurrence has the exact logarithmic form

. log4 log 4
—logd; = ¢/ (—10g(2r)+ o8 )— o8

1-0) 1-6
It follows that n = O(log log(1/r)) and 8, < 8, < 46¢. Choose &, so small that all parent

radii used below are within the range of (2.4). Begin with one parent centre in F. If the
level-j parent centres are §;-separated, apply (2.4) in B(x, §;/4). Its prescribed inner scale is

&/9"° =81,
By N5 < M;s, choose at least

N
children which are §;_;-separated and lie in B(x, 6;/4). Children of distinct parents
are also J;_;-separated because their parents are J;-separated and, for all scales used,

j_1 < j/2. Tterating from level n down to level zero produces a &y-separated subset of F
with at least

4N (, /8)° (2.6)

points. Since §; = 2r, L-1.2.01 gives

Ny(F) = My, (F) = ¢"47°(6,/(2r))". (2.7)
The factor ¢"47°" has logarithm O(n) = o(—logr), while §, is bounded above and below
by positive constants fixed independently of . Taking the lower logarithmic limit in (2.7)
gives
@BF > s.

Letting s increase to the lower spectrum completes (2.1). [J
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Theorem — T-1.5.07 — Two-parameter spectrum comparison [F]

Let 0 < 0; < 0, < 1. Then
! - 9‘? dim% F < dim} F (2.8)
and
dim% F < 1 - Zj dim? F + 912__;11 dim?/% F. (2.9)
For the lower spectra,
1 :9“12 dimy? F < dim}' F (2.10)
and
dim? F < H dim F + 929(21;_9(;1) dim’/% F. (2.11)
Proof

For a singleton the four inequalities are immediate. Assume that |F| > 0. Put H = Dy;(2),
as in L-1.5.01. We will use the precise subset comparison N,(A) < HN,(B) for A C B,
rather than exact monotonicity. We also use the following two-stage version. If a target
piece is covered by M balls centred in F, and each corresponding local piece of F has a
centred r-cover with at most P balls, the combined balls cover the target but may have
centres outside it. Discard balls missing the target and recenter the others, giving a centred
2r-cover. Equation (1.4b) then bounds its centred r-covering number by HMP.
Choose

s<dim®F,  t>dim?F,  u>dim)/®F

For arbitrarily small p, the failure of an exponent-s upper bound gives

sup N,(B(x, p%) N F) 2 (p%/p)’.

x€F

Because ,062 < pel, the subset comparison gives at least %! times this lower bound for
the larger outer ball p%. Since

(0% p)s = (p% / p)s(1=0)/(1=61),

this fixed factor does not affect the exponent, and we obtain (2.8) after sending s to the
spectrum. If that spectrum is zero, (2.8) follows directly from nonnegativity.

For every small p, first cover B(x, pel) N F by balls of radius pe2 and then cover each
resulting piece at radius p. The first stage uses parameter 6, /0,, while the second uses
parameter 6,. Apply the two-stage centred-cover comparison above; its factor H is included
in C. Therefore



98 CHAPTER 5. ASSOUAD DIMENSIONS, TANGENTS, AND MICROSETS

sup N,(B(x, p) 0 F) < C(p™ / p% )% / p)'
X
— C(p91 /p)u(92—91)/(1—91)“(1—92)/(1—91)'

Letting ¢, u decrease to their dimensions proves (2.9).

For (2.10), take 0 < s < dimi2 F when this dimension is positive. The lower bound at
the smaller outer ball p% gives a lower bound divided by H inside the larger outer ball
pel. The same exponent conversion gives (2.10). A zero lower spectrum makes the claimed
inequality immediate.

Finally choose

t> dimi2 F, u> dimii/ b,

By failure of the lower-spectrum bound at exponent ¢ with proposed constant one, there
are arbitrarily small p and a centre x for which the number of pel/ %-balls needed to cover
B(x, p91) N F is at most

(o /p" /2.

Cover each intermediate ball by p-balls using the Assouad spectrum at parameter 6; /6.
Recenter the resulting cover and apply (1.4b) as above, absorbing H into C. This gives

N, (B(x, pf) 0 F) < C(pbt / pil @)t (/%2 / py
= C(p% /p)",

where
_0(1-06,) 0, — 0,
v = u.
0,(1-6)  6,(1-6y)

Such small scales obstruct every lower-spectrum exponent greater than v. Let t,u
decrease to the indicated dimensions to obtain (2.11). [J

Corollary — C-1.5.08 — Continuity of the Assouad scale profile [F]

The functions

0 dimiF, 6+ dim{F

are continuous on (0, 1).

Proof

Fix a closed interval I c (0,1). By T-1.5.03 and T-1.5.06 every dimension appearing in
T-1.5.07 lies in [0,d]. For 6; < 6, in I, (2.8)—(2.9) imply

| dim’} F — dim® F| < Cp 410, - 64).
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Indeed, subtract the term with coefficient (1 — 6,)/(1 — ;) and bound the remaining
spectrum by d. Equations (2.10)-(2.11) give the same estimate for the lower spectrum,
with a possibly different Cj ;. Thus both functions are Lipschitz on every closed interval
compactly contained in (0, 1), hence continuous there. Since every point of (0, 1) lies in
such an interval, the proof is complete. [

I.5.3 Hausdorff hyperspaces and weak tangents

Lemma — L-1.5.09 — Compactness of the Hausdorff hyperspace [F]

The metric space (K(W), dy) is compact.

Proof

First prove total boundedness. Given ¢ > 0, choose a finite set Z = {z;, ..., zy} in W such
that every point of W has distance less than ¢/2 from some member of Z. For A € K(W),
let

Zy ={zj : dist(zj, A) < ¢}.

This set is nonempty and dy (A, Z4) < 2¢. There are only finitely many nonempty
subsets of Z, so these subsets form a finite 2¢-net in K(W).

It remains to prove completeness. Let (A,) be d-Cauchy. Select a subsequence (Anj)
such that

dy (A, Ay, < 277, (3.1)

Choose a; € A, and inductively a;,; € Ap,,, with |aj,; —aj < 277, Then (a;) converges
in compact W, so the set

there are jp — oo and x;. € A”fk

A=4aeW: (3.2)

with x; — a

is nonempty. It is closed in W, since it can equivalently be written as

A=A,
J21k2j

Indeed, a subsequential limit lies in every displayed closure; conversely, membership in
every closure lets us choose strictly increasing indices and points approaching the given
point. Hence A is compact.

For any fixed j, repeated use of (3.1) shows that each point of Ap, lies within ZiZj 27
of a point of A; the same chaining argument starting from far later sets shows that every
point of A lies within that distance of Ap,. Consequently

d(An, A) < Y2t —o.
i)
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The original Cauchy sequence has the same limit. Thus K(W) is complete and totally
bounded, hence compact. [

Theorem — T-1.5.10 — Weak tangents do not raise Assouad dimension [F]

If E is a windowed weak tangent of F, then

dimAE < dimA F. (3.3)

Proof

If F is a singleton, every nonempty window intersection is a singleton. Its Hausdorff limit
is also a singleton, so both Assouad dimensions are zero. Assume now that |F| > 0 and let
s > dimp F. Since the similarity ratios tend to infinity, discard finitely many indices so that
every transformed diameter exceeds 2 diam(W). A similarity preserves ratios of distances,
so one constant C then satisfies

N.(TxF N B(x,R)) < C(R/r)’ (3.4)

for every k, every x € T F, and all admissible scales; scales exceeding the transformed
diameter are absorbed into C.

If E is a singleton, its Assouad dimension is zero and there is nothing more to prove.
Otherwise fix y € E and 0 < r < R < diam E. Choose k so large that

dy(E,TiFNW) <r/8.

There is x € TpF N W with |x — y| < r/8. Cover Ti.F N B(x, 2R) by r/8-balls with centres
a; in that piece. For every p € E N B(y, R), Hausdorff approximation gives z € T,F N W
with [p — z| < r/8. Then |z — x| < R+ r/4 < 2R, so z lies in one of the covering balls and
|p — a;| < r/4. Retain precisely those indices whose r/4-ball meets E N B(y, R), and choose
a new centre ¢; in that intersection. The triangle inequality gives |p — ¢| < r/2 whenever
|p — a;] < r/4. Thus the resulting r-balls are centred in the target local piece, as required by
D-1.2.02. Since 2R < 2 diam(W) is below the transformed diameter, (3.4) applies and gives

N,(E 1 B(y, R)) < Ny 5(TiF 1 B(x, 2R)) < C16°(R/r)'.

The constant is independent of y,r, R. Let s decrease to dimp F. [J

Theorem — T-1.5.11 — Interior weak tangents dominate lower dimension [F]

If E is a windowed weak tangent of F, then

dim; F < dimy; E. (3.5)

Proof

If dimy F = 0, the conclusion follows from the nonnegativity of Hausdorff dimension.
Assume dimp, F > 0. Choose z € ENW* and Ry > 0 so small that
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B(z, 4Ry) C W". (3.6)

Let 0 < s <t < dimy, F. For all large k, choose z; € T, F N W with |z — z| < R,. Then
B(zk, 2Ry) C W, and the lower estimate with exponent t and its constant are preserved by
T.

Apply L-1.5.02 to T.F at the root ball B(z, Ry). We obtain a probability 4 carried by

Ti.Fn B(Zk, RO) CThyFnwW

and a constant C, independent of k, such that

u(B(y,r)) < C(r/Ry)* (0 < r < Ry). (3.7)

By L-1.3.02, pass to a weakly convergent subsequence . — p on W. To check its
carrier explicitly, put n; = dy(TF N W, E) — 0. For every ¢ > 0, the continuous function
f:(w) = min{1, dist(w, E)/¢} satisfies

Jﬁdu = li]?qjﬂduk < li]?nr]k/g =0.

It equals one when dist(w, E) > ¢. Taking ¢ = 1/j, j > 1, shows that y(W \ E) = 0.
For an open ball, the Portmanteau inequality and (3.7) give

H(B(y.7)) < lim inf py(B(y. 1)) < C(r/Ro)".

The same estimate for closed balls follows by decreasing slightly larger open radii. The
mass-distribution principle yields dimy E > s. Let s increase to dimy, F. The use of (3.6) is
exactly where the interior-window hypothesis is needed. [J

I.5.4 Realization and strict star dimension

Theorem — T-1.5.12 — Tangent realization at Assouad dimension [F]

Let dimp F = s. There is a strict microset E C W, obtained by homotheties with ratios
tending to infinity, such that

Z5(E) > 0, dimyg E = dimp E = s. (4.1)

Proof

Assume first that s > 0. Let Q(m) be the half-open dyadic cubes of side 27"; these form a
genuine partition, and closures are taken only when a compact geometric cube is needed.
By the dyadic characterization in L-1.5.01, for every k there are integers my < ng and
Ok € Q(my) such that

My (Qps F) > 20nmdG=1/0) -y oy —s oo, (4.2)
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Indeed, otherwise an exponent below s would have a uniform dyadic upper bound.
Choose one point of F from every occupied level-n; subcube of O, and give these points
equal mass. The resulting probability py. satisfies

(Q") = My, (Qrs F) ™! (4.3)

for each occupied level-n;. subcube Q" C Q.

We need a finite-depth regularity claim. If 0 < ¢ < s and £ is a positive integer, then for
some sufficiently large k there is a dyadic cube Q = Q(¢,t) C O, of level L > my. + ¢, with
positive mass, such that

p(Q") (IQ’I)t

<
Q) 19

for every dyadic Q” C Q whose level lies between L and L + €. Here |Q| denotes side
length.

Suppose the claim failed for fixed t, £. Take k large enough that nj. —my > 2¢. Among
the level-my, + ¢ descendants of Oy, choose one, call it Q°, with

(4.4)

p(Q) > 274, (4.5)

Failure of (4.4) gives a strict descendant Q' at most ¢ levels below Q° for which the
reverse strict inequality holds. Continue choosing bad descendants, and let Q7 be the last
chosen cube whose level does not exceed ny; the next bad descendant crosses level n.
Successive level jumps are at most £, so its level lq satisfies

n — €< lq < ng. (4.6)

Multiplying the bad ratios and using (4.5) gives

p(Q) > 2~ (mmmitp=td=1) (4.7)

Choose t < t" <'s. For large k, (4.2) implies

My (s F) > 2(mmt”

The cube Q7 contains at most gdell level-ny cubes by (4.6), so (4.3) gives

pp(Q) < 24tp~(mmmit” (4.8)

Equations (4.7)—(4.8) contradict ny — my — co. The claim is proved.

Choose positive t, < s with t; — s, and apply the claim. The admissible outer-scale
cutoff in D-1.5.01 makes the levels my bounded below; since L > my + £, the selected levels
tend to infinity. Let T; be the homothety carrying the closure of Q(¢, 1) onto the fixed
interior dyadic cube

J=[1/4,1/2] c w".

Since the level L tends to infinity, the ratios of T; tend to infinity. By L-1.5.09, pass to a
subsequence such that
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T(F)NW — E (4.9)

in dy. Normalize 1y on Q(¢, %) and push it forward by Ty; call the resulting probability
. It is carried by Ty(F) N J. Pass again to a subsequence so that v, converges weakly to a
probability v, using L-1.3.02. The continuous-distance argument in T-1.5.11 shows that v is
carried by E; since every v, is carried by the fixed closed cube J, the same argument gives
full mass to J. Thus v is carried by EN J, so EN W* is nonempty and (4.9) makes E a strict
microset.

Fix a sufficiently small radius r and choose n > 2 with

27l cp <o,

A ball of radius r meets at most C; level-n dyadic cubes. The map T, sends a level-L
cube onto the level-2 cube J; hence, for fixed n and all £ > n — 2, the relevant inverse dyadic
cubes have level L + n — 2, between L and L + £. Equation (4.4) therefore gives

v(B(y,r)) < Cgalia™h, (4.10)

Use a slightly larger open ball and the Portmanteau inequality, then let £ — co. Since
fp — s, (4.10) yields

v(B(y,r)) < Cjr’. (4.11)

The mass-distribution principle gives #Z*(E) > 0 and dimyg E > s. T-1.5.10 gives
dimy E < dimp F = s, while T-1.5.03 gives dimy E < dimp E. All three dimensions
are therefore equal to s.

If s = 0, choose x € F, a point z € W*°, and homotheties

Ti(y) =k(y —x) +z.

Every Ti.F N W contains z; L-1.5.09 gives a Hausdorff-convergent subsequence with
nonempty limit E meeting the interior. Theorem L1.5.10 gives dimy E = 0, and % °(E) > 0
because E is nonempty. This completes all cases. []

Corollary — C-1.5.13 — Star dimension equals Assouad dimension [F]

For every nonempty compact F C W,

dim, F = dim, F, (4.12)

and a strict microset attains the supremum.

Proof

Every strict microset is a windowed weak tangent by D-1.5.07, so T-1.5.10 and T-1.5.03 give

dimg E < dimp E < dimy F
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for every strict microset E. Hence dim, F < dimp F. The strict microset constructed
in T-1.5.12 has Hausdorff dimension exactly dimp F, proving the reverse inequality and
attainment. [

I.5.5 The quarantined gallery theorem

Guided result — G-1.5.14 — Furstenberg gallery characterization [G]

For every nonempty compact F C W, the family Gy from D-1.5.08 is a gallery. More
generally, let G € K(W) be a gallery. Then there exists A € G such that

dimyg A = A(9). (5.1)
Furthermore,
sup dimy X = sup dimpy X = A(¥9), (5.2)
Xeg Xeg

and both suprema are attained. If Gg is the Furstenberg microset gallery of a nonempty
compact F C W, then

dimp F = sup dimg X = A(%p). (5.3)
XE?F
References. See Furstenberg’s original gallery theorem [Fur08, Definitions 5.1-5.2,
Proposition 5.2, and Theorem 5.1, pp. 419-421] and Fraser’s modern formulation
[Fra20, Theorem 2.3.1, pp. 16—17].

Guided architecture and exact omitted block

Put

ap = sup Qn(X). (5.4)
Xeyg

If a level-m dyadic cube meets X € G, magnify the compact closure of that piece to W.
The result is a Furstenberg miniset of X, hence belongs to G. Counting its level-n cubes
shows, with at most a fixed boundary factor C,, that

Imin < Cama. (5.5)

For completeness, put b, = log,(Cya,) for n > 1 and by = 0. Then (5.5) gives by, <
by + b,. For fixed k > 1, writen = gk +r, 0 < r < k. Iteration gives b, < gby + b,
so limsup,, b,/n < by /k. Taking the infimum over k, and using b,/n > infy by /k, proves
existence of the limit. Since log, C;/n tends to zero, the limsup in D-1.5.08 is this exponential
growth rate of a,,.

The same magnification argument applied to a fixed X € G and a level-m cube Q, with
m 2> 0, gives
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Mm+n(Q; X)< Caay. (5.6)

By L-1.5.01 and the definition of the limsup, for every ¢ > 0 the right side is at most
C,2MAG)+9) Hence

dimy X <A(%) (X €9 (5.7)

The finitely many possible negative parent levels in L-1.5.01 cause no problem: diam X <
Jd bounds them below, and for positive fine levels their descendants are bounded by the
global count a,. At nonpositive fine levels there are only boundedly many descendants.
These give the same exponent with an enlarged constant. Singletons satisfy (5.7) directly.

The measure-selection input uses the source’s endpoint convention, which we specify
before stating it. Forn > 1 and 0 < j < 2", let

277G+ 1)2™), 0<j<2"—1,

=
=271, j=2"—1.

Let 9, be the partition of W into products of d such intervals, and let P,(x) be its unique
cell containing x. Write

0,(X)=#Pe P : PnX = ok

Each source cell is a union of at most 2% nonempty intersections of global half-open grid
cells with W; each global cell meeting W belongs to exactly one source cell. Consequently

0n(X) < 0u(X) < 290,(X) (X cW).

The two gallery suprema therefore have the same logarithmic growth exponent. In
particular, Furstenberg’s A with base p = 2 is exactly the value in D-1.5.08, although the
finite partitions are not identical.

The omitted measure-selection block is the following existence assertion.

FURO08 gallery-measure selection block. For every gallery G, there are A € G and a
Borel probability p carried by A such that, for p-almost every x,

log, u(P(x))
o

n—oo

- A(%). (5.8)

The exact source is Furstenberg, Theorem 5.1 on printed p. 421, together with the
cell-mass limit definition on printed p. 411, using p = 2. The source proves the assertion
via Theorem 4.2 and Proposition 5.2. Its technical selection argument is not reproduced
here.

Orientation, not a proof of the selection block. Giving equal mass to the occupied
cells at one fine scale captures their counting exponent. Furstenberg averages successive
magnifications of these measures and selects a limiting law that retains this information at
arbitrarily fine scales. The difficult step is the selection leading to the almost-sure limit
(5.8); that entire step is the explicitly imported assertion above.
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We prove every deduction surrounding that block. If A(G) = 0, (5.7) and nonnegativity
give dimy A = dimpy A = 0 for any A € G, proving (5.1)—(5.2) and attainment directly.
Suppose henceforth that A(G) > 0. Fix 0 < ¢ < A(G) and set

Ey ={x€ A : u(P,(x)) <27 for every n > N}. (5.9)

Equation (5.8) implies p(UnEpn) = 1, so some Ey has positive measure. Normalize the
restriction of y to this Ey. A ball of radius r, where 27" 1 <y <2 and n > N, meets at
most 47 cells of P,. Each cell meeting Ey has p-mass at most 279, by choosing a point of
that intersection in (5.9). The sets Ey are Borel, since each cell-mass function is constant
on a finite Borel partition. Therefore the normalized restriction v satisfies

d d
4 g 214
H(EN) H(EN)
Increase the constant to handle larger radii, using v(B) < 1. The mass-distribution
principle gives dimy A > g. Letting q increase to A(G) and combining with (5.7) yields

v(B(y,1)) < (5.10)

This proves (5.1), (5.2), and attainment once the selection block is granted.

For a compact F, Furstenberg’s Definitions 1.2-1.5 and the following remark state that
the family Gr is a gallery. This is the separate externally cited gallery-closure assertion. Also
F € Gp. Every miniset used to approximate a member of G is contained in a homothetic
copy of F. For every s > dimpy F, the recentering argument in T-1.5.04 gives all these
minisets the same exponent-s upper constant. Extend their estimates to larger outer radii
by covering the whole miniset when the radius exceeds its diameter; if the inner radius also
exceeds its diameter, one ball suffices. The resulting constant is still uniform. The covering
argument in T-1.5.10 now passes the estimate to their Hausdorff limit: that argument uses
only a uniform upper estimate and Hausdorff convergence, not diverging magnification
ratios or an interior hit. Thus it applies to these broader microsets without changing the
strict tangent definition. Consequently

dimp F < sup dimp X < dimp F. (5.11)
Xe¥r

Applying (5.2) to Gg proves (5.3).

The source for the gallery assertion is Furstenberg, “Ergodic fractal measures and
dimension conservation,” Definitions 1.2-1.5 and the following remark on printed p. 407.
The omitted block and its conclusion are Theorem 4.2 on printed p. 418, Proposition 5.2 on
printed p. 420, and Theorem 5.1 on printed p. 421. Fraser, Assouad Dimension and Fractal
Geometry, Theorem 2.3.1 on printed p. 17 gives the exact dyadic-notation concordance.
Equations (4.1)—(4.12) were established independently and do not consume this G node.

I.5.6 Intuition and strategy

The following discussion explains the geometric ideas behind the proofs.
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I.5.6.1 Global averages versus the worst local scene

Box dimension asks how many small balls cover the whole set. Assouad dimension allows
an adversary to choose both the location and the pair of scales. It therefore records the
thickest local scene that appears anywhere and at any magnification. Lower dimension
reverses the covering inequality and records the thinnest scene.

The two extreme dimensions respond differently to set inclusion. Adding points can
only make the thickest scene at least as complicated, so Assouad dimension is monotone.
Adding one isolated point can create a permanently thin scene, so lower dimension is
not monotone. Modified lower dimension restores monotonicity by allowing the thin
exceptional part to be discarded through passage to a subset.

1.5.6.2 Why lower homogeneity produces a Frostman measure

A lower covering estimate says that every ball has many well-separated descendants at a
sufficiently smaller scale. Choosing a large fixed scale ratio turns those descendants into a
tree with a uniform branching number. Putting equal conditional mass on the branches
makes the mass of a level-n cylinder decay faster than the sth power of its diameter.
Euclidean packing controls how many same-level cylinders a ball can meet.

This gives a Frostman measure without importing 1.3’s Frostman existence theorem. It
is the mechanism behind both

for compact sets and the lower-dimension inequality for interior weak tangents.

I.5.6.3 The spectrum records which scale gaps are responsible

The Assouad dimension permits every pair r < R. The spectrum forces
r=R?.

Small 8 produces a large logarithmic gap, while 6 close to one forces nearby logarithmic
scales. Iterating the prescribed relation connects one local estimate to a global box estimate.
Only O(loglog(1/r)) stages are needed, so fixed losses per stage disappear after division
by —logr.

The two-parameter comparison theorem inserts an intermediate scale. For upper esti-
mates one multiplies two covers. For lower estimates one selects a ball which realizes a
small lower covering number at the first stage, then uses an Assouad upper estimate to
cover each intermediate piece. The coefficients in T-1.5.07 are exactly the proportions of
the total logarithmic scale gap occupied by those two stages.

I.5.6.4 Tangents turn worst finite scales into limiting sets

If a compact set has large Assouad dimension, there are dyadic cubes with unusually many
occupied descendants. A direct rescaling of those cubes need not have a useful limiting
measure: mass might concentrate at a few intermediate levels. The finite-depth selection



108 CHAPTER 5. ASSOUAD DIMENSIONS, TANGENTS, AND MICROSETS

claim in T-1.5.12 finds a subcube on which no such concentration occurs for a growing
number of levels.

After rescaling that subcube into a fixed interior window, compactness gives a Hausdorff
limit and weak compactness gives a limiting probability. The finite-depth mass bounds
become a genuine Frostman estimate in the limit. This is why one realizes not merely
a tangent of large box dimension but a tangent with positive Hausdorff measure in the
critical dimension.

I.5.6.5 Why the interior-window condition matters

Window intersection is not innocent for lower bounds. A rescaled set may touch the
observation cube only at one boundary point even when the original set is an interval.
Such a boundary remnant has dimension zero and cannot represent the original set’s
thinnest genuine magnification.

Requiring the tangent to meet the interior provides a fixed smaller ball which remains
inside the window. The lower-homogeneity tree can then be built in that ball without
being cut off by the observation boundary.

I.5.6.6 'Two microset conventions must remain separate

The series’ strict microsets are exact intersections

(A F + 1) N [0,1]¢

with A tending to infinity. Furstenberg’s miniset convention allows an arbitrary com-
pact subset of a magnified copy. The latter is designed to form a closed hereditary gallery
and is broader.

The strict star-dimension identity is proved before the gallery theorem: the tangent-
realization construction supplies a strict microset of full Assouad dimension, and the weak-
tangent upper bound supplies the reverse inequality. The gallery theorem is therefore
valuable extra structure, not a hidden premise.

I.5.6.7 The role of the cited gallery theorem

For a gallery, the worst dyadic occupancy exponent is attained by an actual member whose
Hausdorff dimension equals that exponent. This is substantially stronger than compactness
alone; Hausdorff dimension is not continuous under Hausdorff convergence. Furstenberg’s
theorem supplies the ergodic selection mechanism needed to prevent dimension from
disappearing in the limit.

Because that mechanism is not reproduced here, G-1.5.14 has a guided architecture with
an exact cited selection input, not a full internal proof. Nothing after it in the chapter uses
it, and the F export remains logically closed.

1.5.7 Exercises

Every exercise uses only D/R-1.1-1.5 and A-RA. G-1.5.14 is not a permitted premise.
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1.5.7.1 Exercise 1 — Intervals and cubes

Compute the Assouad dimension, lower dimension, modified lower dimension, both box
dimensions, and both spectra of [0, 1]4.

I.5.7.2 Exercise 2 — Ahlfors-regular sets
Let p be a probability carried by compact F C RY. Assume that for some a > 0, ry > 0, and
0<c<C<oo,
cr® < u(B(x,r)) < Cr¢ (xeF,0<r<rn).

This says that y is a-Ahlfors regular on F; a compact set carrying such a measure is
called a-Ahlfors regular.

Prove that

dim;, F = dimy F = dimp F = dimgF = dimgF = dimp F = «,

and that both spectra are constantly equal to a.

1.5.7.3 Exercise 3 — Finite sets and their strict microsets

Let F contain exactly m > 1 points. Prove that every dimension defined in L5 is zero and
that every strict microset has at most m points. Deduce directly, without C-1.5.13, that
dim, F = 0.

1.5.7.4 Exercise 4 — An isolated point destroys lower dimension

Let

F=1o0,1]u{2}
Compute dimy, F, dimyy, F, and dimp F. Identify precisely which dimension fails mono-
tonicity when [0, 1] is enlarged to F.
1.5.7.5 Exercise 5 — Bi-Lipschitz invariance of the spectra

Let F C R be nonempty and compact, and let T : F — R satisfy K|x — y| < |T(x) —
T(y)| < K|x—y|forall x, y € F, where K > 1. Prove, using the recentering and inner-radius
comparisons in L-1.5.01, that for every 0 < 6 < 1,

dimi T(F) = dim4 F,  dim! T(F) = dim{ F.

I.5.7.6 Exercise 6 — Products of regular sets

Suppose compact E and F carry Ahlfors-regular probabilities of dimensions & and . Using
the max metric and the product probability, prove that E x F is (o + f)-Ahlfors regular.
Identify all dimensions and spectra of the product.
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1.5.7.7 Exercise 7 — The polynomial sequence has an interval microset

For p > 0, let F,, be as in P-1.5.05. Prove that

En = (NPFy)no0,1] — [0,1]
in the Hausdorff metric. Thus [0, 1] is a strict microset of F}, and the star-dimension
conclusion can be seen explicitly in this example.
1.5.7.8 Exercise 8 — A basic Hausdorff limit

Set

A, =2 0<j<2" C[o,1].
Compute an upper bound for di(A,, [0, 1]) and prove convergence. Explain why this
example does not by itself imply continuity of Hausdorff dimension.
1.5.7.9 Exercise 9 — Why boundary-only tangents are excluded
Let F = [0, 1] and T.(x) = kx + 1. Prove

T.(F)nJo,1] = {1}

Show that if the interior condition were removed from D-1.5.06, the conclusion of T-1.5.11
would fail.

1.5.7.10 Exercise 10 — Fixed points of the spectrum inequalities

Assume the Assouad spectrum of F is constantly «. Substitute this function into both sides
of the Assouad inequalities in T-1.5.07 and verify them algebraically. Do the same when
both the lower and Assouad spectra are constantly a.

I.5.7.11 Exercise 11 — Strict and Furstenberg minisets differ
Let F = [0, 1] and let C be the middle-third Cantor set. Prove that C is a Furstenberg miniset
of F, but is not a strict miniset of F.

1.5.7.12 Exercise 12 — Strict microsets are weak tangents

Starting only from D-1.5.06-D-1.5.07, prove that every strict microset is a windowed weak
tangent obtained by homotheties. Then use T-1.5.10 to reprove the upper bound dim, F <
dimp F without using any gallery result.
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Density, Porosity, Rectifiability, and
Visibility

Dimension alone does not say whether a set resembles a smooth surface or contains holes
at many scales. Densities, porosity, and approximate tangent planes address these different
geometric questions. We separate the normalization of Hausdorff measure from dimension,
distinguish rectifiable from purely unrectifiable sets, and introduce visibility. Several deeper
endpoints are explicitly cited rather than proved; their hypotheses and the limits of their
use are part of the statements.

The definitions below fix this chapter’s conventions. Geometric intuition and proof
strategy are discussed separately after the main development; exercises and their solutions
provide a second route through the material.

Definitions and notation

Throughout, d > 1, Euclidean balls are closed, and & d denotes Lebesgue measure on R,
In the rectifiability block, m is an integer with 1 <m < d.

Definition — 1.6.01: Euclidean Hausdorff normalization and densities

Let

oy = L™(B(0,1)).

The Euclidean-normalized m-dimensional Hausdorff measure is

m_wm m
"= A",

where Z™ is the diameter-normalized measure from D-1.1.09-D-1.1.10. The new letter
is used only when integer-dimensional density constants matter.
For a locally finite Borel measure p on RY, define

B
, ©"™(u, x) = lim sup M

p(B(x, 1))
Wpyr™ rl0 W™

O (i, x) = liminf
rl0

111



112 CHAPTER 1.6. DENSITY, POROSITY, RECTIFIABILITY, AND VISIBILITY

If the two values agree, their common value is ©™(y, x). For a Z™-measurable set E,
write

OM(E,x) =™ H™| E, x)

and analogously for the upper density and density. For a set whose restriction is
not locally finite, these notations mean the displayed liminf and limsup of Z™(E N
B(x,7))/(w,r™) directly, with values in [0, +oo]; local finiteness is not an implicit
hypothesis on the set. The finite-measure hypotheses in the characterization theorems
will be stated separately.

For later comparisons in this chapter, we also fix the term Ahlfors regularity. Let E
be a nonempty compact metric set and let v be a Borel probability with supp(v) = E.
For s > 0, v is s-Ahlfors regular on E if there are 0 < a < b < o0 and ry > 0 such that

ar’ < v(B(x,r)) < br' (x€E, 0<r<r).

The set E is s-Ahlfors regular if it supports such a probability. This convention is
repeated in D-1.8.06 when the property is used for self-similar measures; no result
from that later chapter is needed here.

Definition — 1.6.02: Set porosity

For E C RY, x € E, and r > 0, the point-scale porosity is

; d
por(E, x,7) = sup {a 50 there is y € R* such that }

B(y,ar) Cc B(x,r) \ E
The supremum of the empty set is zero. The lower porosity at x is
por(E, x) = liml (i)nf por(E, x,r).
r
For 0 < a < 1/2 and ry > 0, E is uniformly («, ry)-porous if

por(E,x,r) >a (x€E, 0<r<r).

It is uniformly porous if such «,r, exist. The adjective “uniformly” is never sup-
pressed in this chapter.

Definition — 1.6.03: Mean porosity of sets

Let0 < a <1/2and 0 <5 < 1. A set E C R is mean (o, )-porous if for every x € E,

lim inf%# {0<n<N : por(E,x,27") > a} > n.

N—ooo
The dyadic radii are part of the definition. Removing or adding finitely many scales
does not change the condition.
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Definition — 1.6.04: Porosity and mean porosity of measures

Let p be a Borel probability on RY x e supp(u), r > 0, and 0 < ¢ < 1. Define

thereis y € R? with B(y,ar) C B(x,r),
H(B(y, ar)) < ep(B(x,r))

The supremum of the empty admissible set is zero. A radius-zero closed ball means
the singleton consisting of its centre. Such an admissible ball is an ¢-hole of relative
radius a.

For0<a<1/2,0<n<1,and 0 < ¢< 1, yis mean (@, 1, ¢)-porous if for y-almost
every X,

por(y, x,r,€) = sup {a elo,1] :

liminf%#{o <n<N :por(p,x,27" ) > al >n.

N—>oo

It is mean (@, )-porous if it is mean (@, 15, €)-porous for every 0 < ¢ < 1. The phrase
weakly mean porous is used only with displayed parameters (a, 1, €).

Definition — 1.6.05: Dyadic hole depth and dyadic mean porosity

The levels n,j are nonnegative integers, and the depths k,¢ are positive integers
throughout this definition and the dyadic results below.

Let D, be the half-open dyadic cubes from D-1.5.08, and let Q,(x) be the unique cube
in D,, containing x. If p(Q,(x)) > 0, set

por, (i, x,n,€) = mink > 1 : there is R € Dy, R C Qp(x), }

H(R) < e(Qn(x))

with minimum +o0 if no such R exists. Partition atoms of zero mass are discarded; for
p-almost every x, every Q,(x) has positive mass.

Fort>1,0<n<1,and 0 < ¢ < 1, pt is dyadic mean (¢, 1, ¢)-porous if for y-almost
every x,

lim inf%#{o <j <N : pory(p, x,jt,e) <t} >n.

N—oo

It is dyadic mean (¢, )-porous if this holds for every 0 < ¢ < 1. Sampling at block
beginnings j¢ is frozen here so the entropy proof has no overlapping-block ambiguity.

Definition — 1.6.06: Rectifiable and purely unrectifiable sets and measures

Aset EC R%is countably m-rectifiable if there are Lipschitz maps f; : R" — R?
such that

xm (E NG f,-(]Rm)> = 0.
j=1
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It is purely m-unrectifiable if

FH™ENF) =0

for every countably m-rectifiable set F.
A finite Borel measure y on R? is m-rectifiable if some countable union of Lipschitz
images f;j(R™) carries p. It is purely m-unrectifiable if

p(f(R™)) =0

for every Lipschitz f : R™ — R?. Absolute continuity with respect to ™ is not part
of the measure definition.

Definition — 1.6.07: Grassmannians, cones, and approximate tangent planes

The Grassmannian G(d, m) is the set of all m-dimensional linear subspaces of RY. For
xeR, Ve G(d, m), and s > 0, define

X(x,V,s)={y e R? : dist(y, x + V) < s|ly — x|}.

Let E be #Z™-measurable and x € E. A plane V € G(d, m) is an approximate tangent
m-plane to E at x if

©"™(E, x) > 0

and for every s > 0,

hlrg r 7™ ((EnB(x,r) \ X(x,V,s)) = 0.

Definition — 1.6.08: Directional visible and bi-visible parts

Let K c R? and e € S% L. Put

]R+e= {te . tZ O}.

The visible part of K in direction e is
Vis,(K)={z€ K : (z+ R e)nK = {z}}.

The bi-visible part is

Vis2(K)={z€ K : (z+Re)nK = {z}}.

The orthogonal projection onto the hyperplane e* is

P.(z)=z—(z-e)e.
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Definition — 1.6.09: Visibility from a point and radial projection

Let K c R? anda € RY \ K. For z € K,

[a,z] ={(1 —t)a+tz : 0 <t < 1}

The visible part of K from a is

Visy,(K)={z €K : [a,z] n K = {z}}.
The radial projection from a is

z—a
|z —al’

my s RIN{a} — $T1, m(2) =

Throughout, d > 1, Euclidean balls are closed, and F4is Lebesgue measure on R,

I.6.1 Density normalization

Let 1 < m < d be an integer and put

oy = L™(B(0,1)). (1.1)
Recall that #™ from 1.1 is diameter normalized. Define

Om gpm (1.2)

m _
H = om

For a locally finite Borel measure y on R?, define

(1.3)

B(x,r B(x,r
O (u, x) = lim infM, O™ (u, x) = lim sup M
rl0 O™ rl0 W™

When these agree, their common value is ©™(y, x). If E is Z™-measurable, the notation
O™ (E, x), ®™(E, x), and ©™(E, x) refers to the restriction #™ | E. When this restriction
is not locally finite, use the same quotients directly, with extended nonnegative values, as

specified in D-1.6.01.

Lemma — 1.1 (L-1.6.01: normalization and density concordance) [F]

The measures in (1.2) have the same null sets and infinite sets, and their restrictions
differ by the positive scalar w,,/2™. Consequently every comparison of dimg E with
the integer m is unchanged. Moreover,

H™(E N B(x,r)) _ H™(E N B(x,r))

Opyt™ (2rym (1.4)
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Proof

Equation (1.2) is multiplication by the positive finite constant w,,/2™. It therefore preserves
zero sets, infinite values, and measure restrictions up to that scalar. Multiplication by a
positive finite constant preserves the alternatives Z™(E) = 0 and Z™(E) = +co. The
comparison theorem from I.1 therefore gives the same conclusions dimy E < m or dimy E >
m from either normalization. Finally,

(0p/2™F™(E N B(x,1)) _ F™(E N B(x,r))

O™ 2mym

5

which is (1.4). J

I.6.2 Porosity of sets and measures

For E C ]Rd, x € E, and r > 0, define

por(E, x,r) = sup{a > 0 : some B(y,ar) C B(x,r) \ E}. (2.1)

The supremum of the empty set is zero, and
por(E, x) = liml(i)nfpor(E, x,r). (2.2)
r
For 0 < @ <1/2 and ry > 0, E is uniformly (a, ry)-porous if

por(E,x,r) >a (x€E, 0<r<r). (2.3)

It is mean (a, n)-porous, where 0 < n < 1, if for every x € E,

lg\r]n inf%#{o <n<N :por(E,x,27") >a}l >n. (2.4)

Let p be a Borel probability, x € supp(p), r > 0, and 0 < ¢ < 1. Its epsilon-porosity is

B(y,ar) C B(x,r) for some v, }
or(u, x,r,e) =supija € (0,1 : = — 2.5
portuvr) = spa < 011+ LG 22)
The measure is mean (a, 1, £)-porous if, for p-almost every x,
lil\rjn inf%#{o <n<N :por(p,x,27"¢) > a} >n. (2.6)

It is mean (a, n)-porous if (2.6) holds for every 0 < ¢ < 1.

Lemma — 2.1 (L-1.6.02: elementary porosity calculus) [F]

Letx € Eandr > 0.
(1) 0<por(E x,r)<1/2.
(2) IfEC Fandx € E, then

por(F, x,r) < por(E, x,r). (2.7)
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(3) IfT(z) = AOz +t is a similarity of ratio A > 0, then
por(T(E), T(x), Ar) = por(E, x,r). (2.8)

(4) A uniformly porous set has empty interior. If E is uniformly («, ry)-porous, then
cl(E) is uniformly («/4,ry/2)-porous.

Proof

Nonnegativity follows from the definition. Suppose

B(y,ar) € B(x,r) \ E.

Since x € E, the point x is not in B(y, ar), and hence |x — y| > ar. Containment of the
two balls gives

lx —y|+ar<r.

Thus 2ar < r. Taking the supremum gives por(E, x,r) < 1/2.

If E C F, then every ball contained in B(x,r) \ F is contained in B(x,r) \ E; this proves
(2.7). A similarity maps closed balls to closed balls, multiplies every radius by A, and maps
set complements bijectively. The admissible relative radii on the two sides of (2.8) are
therefore identical.

If E contained an open ball, one could choose x € E and a sufficiently small r for which
B(x,r) C E. This is incompatible with a positive-radius hole in that ball, so a uniformly
porous set has empty interior.

Now take x € cl(E) and 0 < r < ry/2. Choose x” € E with |x — x’| < r/4. Since porosity
is a supremum, (2.3) at x” and radius r/2 supplies some b > 3a/4 and a hole

B(y,br/2) c B(x’,r/2) \ E. (2.9)

The smaller closed ball B(y, ar/4) is disjoint from cl(E): otherwise an approximating
sequence from E would eventually enter the interior of the larger ball in (2.9), since
ar/4 < br/2. Also

B(y,ar/4) c B(x’,r/2) C B(x,3r/4) C B(x,r).

This gives the asserted («/4,7y/2) porosity. [

Theorem — 2.2 (T-1.6.03: mean porosity forces nullity or singularity) [F]

LetO0<a<1/2and0<np< 1.
(1) Every Lebesgue-measurable mean («, n)-porous set E C RY satisfies Z4(E) = 0.

(2) Every mean (a,n)-porous Borel probability ; on R? is singular with respect to
4
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Proof

Suppose first that & 4(E) > 0. By the Lebesgue density theorem, there is x € E such that

LB\

li y

0. 2.10
rio wgr (210)

Condition (2.4) supplies infinitely many n for which the supremum in (2.1) is at least
a. At every such scale there is an admissible hole of relative radius greater than /2, and
hence a concentric hole of relative radius exactly «/2. Therefore

P4UB(x,27") \ E)
wdz—nd

> (a/2)% (2.11)

along infinitely many scales. This contradicts (2.10), proving the first claim.
For the measure claim, write the Lebesgue decomposition

p=fL%+ . (2.12)

Assume that the absolutely continuous part is nonzero. Since {0 < f < +oo} is the union
of the sets

A=tz k< F <R,
some Ay has positive Lebesgue measure. Choose x € Ay, satistying all of the following:

+ x is a Lebesgue density point of Ag;
« the differentiation limit

. H(B(x,1))
lim —————= = 2.13
Ci—— f() (2.13)

holds; and
« (2.6) holds at x for
(a/2)"

= —. 2.14
£ k2 (2.14)

The first two conditions fail only on a Lebesgue-null subset of Aj. The third fails on
a p-null set, hence on a Lebesgue-null subset of Ay because f > 1/k there. Such an x
therefore exists.

For all sufficiently small r, (2.13) and f(x) < k give

u(B(x,r)) < Zka)drd, (2.15)

while density of A at x gives
PAUBe, )\ Ap) < %wd(a/Z)drd. (2.16)
Let B(y, (a/2)r) C B(x,r). By (2.16),

FIUB(y. (/21 0 A) = J0u(a/2.



Chapter L6 119

Using f > 1/k on Ag and (2.15),

HBQ, (@/2) (/KN wala/2)r?/2) _ (a/2)!
p(B(x,r)) 2keogrd 4k?
If por(y, x,7, &) > a, the definition of the supremum would supply an g)-hole of relative

radius greater than «/2; its concentric radius-(a/2)r subball would contradict (2.17). No
attainment of the supremum is being assumed. Hence

> &. (2.17)

por(p, x,r, &) <

at every sufficiently small scale, contradicting (2.6) and n > 0. Therefore the absolutely
continuous part in (2.12) is zero. J

I.6.3 A self-contained dyadic entropy mechanism

All levels and depths in this section are integers: n,j > 0 and k, £ > 1. All logarithms are
natural unless a base is displayed.

Let D, be the half-open dyadic cubes of side 27" and Q,(x) the unique member containing
x. For p(Q,(x)) > 0, define

R c Q,(x) for some R € D, 4,
H(R) < ep(Qn(x))

The minimum is +co when the set is empty. For £ > 1, p is dyadic mean (£, 7, €)-porous
if, for p-almost every x,

por, (i, x,n, &) = min {k >1: (3.1)

lg\r]n inf%#{o <j <N : pory(p, x,jt,e) <t} >n. (3.2)

It is dyadic mean (¢, 7)-porous if (3.2) holds for every 0 < ¢ < 1.
If Q € D, and p(Q) > 0, let

u(R)
H > = - 1 > =
(1, Q) REE@M prlog pr PR {0)

RcQ

(3.3)

where 0log 0 = 0. On a zero-mass parent we set Hy(y1, Q) = 0. This convention makes
the functions of x below defined everywhere; zero-mass dyadic atoms form a countable
union of p-measure zero.

Proof-internal Claim 3.1 (finite-alphabet information moments)

For every integer M > 2, there is Cy; < oo such that every probability vector (py, ..., par)
satisfies

Y pilog(1/p)” < Car. (3.4)
i:p>0
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Proof

The function t(log(1/t))?, extended by zero at t = 0, is continuous on [0, 1] and therefore
has a finite maximum C. The left side of (3.4) is at most MC. [J

Proof-internal Claim 3.2 (bounded-variance martingale-difference law)

A filtration on a probability space (Q, %, i) is an increasing sequence (%;);>( of sub-
sigma-algebras of #. A sequence (Xj)>¢ is a martingale-difference sequence relative
to this filtration if each X is real-valued, 9:]-+1-measurable, integrable, and

JAdep =0 forevery A€ 7, (3.5)

Here E(Y) = [ Y dy denotes expectation and P(A) = u(A) probability; (3.5) is the precise
zero-mean condition used in the proof. Suppose also that

E(X?)<C (j>0). (3.6)
Then
1 N-1
— X; — 0 almost surely. (3.7)
N
j=0
Proof

Put Sy = Zj]\i_ol Xj. Martingale differences are orthogonal in L% ifi < j, then X; is Fi-
measurable. Approximate X; in L? by Fj-measurable simple functions. Equation (3.5) makes
the integral of each such simple function times X; equal to zero, and Cauchy-Schwarz
passes to the L? limit. Hence E(X;X;) = 0, and therefore

N-1
E(S§) = Y, E(X?) <CN. (3.8)
j=0

We record the needed maximal inequality. Let
r=min{l <k < N : |S] > A},
with 7 = +oo if the set is empty. For k < j, the function 1,15 is #;-measurable. The
same simple-function approximation and (3.5) give
E(1g—gy5X;) = 0.

Define the everywhere finite random variable

N
Y = Z l{r:k}sk-
k=1

It equals S; on {r < N} and is zero elsewhere. Summing first over k < j < N and then
over 1 < k < N yields
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E[Y(Sy - Y)] = o.
Therefore, by Cauchy-Schwarz,
E(Y?) = E(YSy)
< ]E(YZ)I/ZE(SJZV)I/Z.
IfE(Y?) > 0, division by its square root gives E(Y%) < E(S%); if it is zero, that inequality

is immediate. Since Y2 > A2 1<np in either case,

A21P<m S >A)<1Es2 < CN. 3.9
1Ska£§\]|k|_ <E(Sy) < (3.9)

Set N = 29 and A = ¢29. The right side of the probability bound in (3.9) is Ce72279,
which is summable in q. By Borel-Cantelli, the displayed maximum is eventually smaller
than £29 almost surely. Apply this for the countable sequence ¢ = 1/m, m > 1, and intersect
the resulting full-measure sets. Then

279 max [S | — 0 almost surely.

1<k<24
If 297! < N < 29, then
S
|—N| <2277 max |5
N 1<k<29

This proves (3.7). O

Lemma — 3.3 (L-1.6.04: fixed-block dyadic information law) [F]

Let p be a Borel probability and ¢ > 1. Then for p-almost every x,

N-1
lim %(— log u(QueG) — Y. Hil Qﬂ<x>>) =0, (3.10)

Proof

For p-almost every x, every dyadic atom containing x has positive mass. On this full-
measure set define the information increment

H(Q(j+1)e(x))
H(Qje(x))

On the null union of zero-mass atoms, set I; = 0. Let G; be the sigma-algebra generated
by Dj,. The distribution of the next block inside a positive-mass parent Q € Dj, is the
probability vector in (3.3). Consequently

Ii(x) = —log (3.11)

@ JQ Lidp=H(p,Q)  (Q € Djp, p(Q) > 0). (3.12)
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Put

Xj = I; — Hy(p, Qj{’(x))-

Then (X;) is a martingale-difference sequence. Claim 3.1, with M = 29 bounds the
conditional second moment of I; uniformly. Also 0 < Hy < log M, so the second moments
of X; are uniformly bounded. Claim 3.2 yields

N-1

! X; — 0 for p-almost every x. (3.13)
=0

N J
The information increments telescope:

N-1
H(Qo(x))
(x) = log Lo200X0) .
2, 100 =g 5 o) 19

Since 0 < p(Qy(x)) < 11is independent of N, equations (3.13)—(3.14) give (3.10). [J

Proof-internal Claim 3.4 (entropy with one light atom)

Let M > 2,0 <¢e<1/M, and let (py, ..., ppr) be a probability vector with p; < ¢ for some i.
Then

- % pjlog pj < h(e) + (1 — &) log(M — 1), (3.15)
j=1
where
h(t) = —tlogt — (1 —t)log(1 —t).
Proof

Fix p; = t. Concavity of entropy, or Jensen’s inequality for —ulogu, shows that the
remaining entropy is largest when the other M-1 coordinates all equal (1 —)/(M — 1).
Hence the entropy is at most

h(t) + (1 —t)log(M — 1). (3.16)

The derivative of the right side is

lo -t
M —1)
which is nonnegative on (0, 1/M]. Continuity at zero extends monotonicity to [0, 1/M].
Since t < & < 1/M, (3.16) is at most its value at ¢, proving (3.15). O

Theorem — 3.5 (T-1.6.05: dyadic mean-porosity deficit) [F]

Suppose p is dyadic mean (£, )-porous. Set
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M =24, (3.17)
Then

n
tlog2

dimpy < d + log(1-M1)<d- LYY (3.18)
tlog 2

Proof

Choose a sequence ¢, | 0 with 0 < &, < 1/M. Intersect the full-measure sets on which (3.2)
holds for every ¢; and on which Lemma 3.3 holds. Fix x in this intersection.
For a fixed g, call j good when

por, (1, x, jt, eq) <t

At a good block there is a dyadic descendant of depth at most ¢ whose relative mass is
at most ¢;. Any level-€ descendant inside that cube also has relative mass at most ¢;. Claim
3.4 therefore gives

Hy(p, Qje(x)) < Hy == h(gg) + (1 — &) log(M — 1). (3.19)

At every other block, entropy is at most log M. Since the lower density of good blocks
is at least n and Hy < log M, it follows that

N-1
. 1
1111\1]1 sup N Z Hy(p, Qje(x)) < nHy + (1 —n) log M. (3.20)
—00 j=0

Combining (3.10) and (3.20),

. —log u(Qne(x)) _ nHy+ (1 —n)logM
lim sup < '
N—oo Ntlog?2 tlog 2

The cube Qn;(x) is contained in B(x, Vd2~NY). Thus

(3.21)

(B, Nd 27NY) > p(Qne(x)).

Because the logarithmic denominator is negative and log(+v'd2™N*) = —Ntlog 2 + 0,(1),
geometric sampling of local dimension from L-1.4.01 gives

— log u(Qne())

d,(x) <li 3.22
u) < 1[r\]nj(1>10p Ntlog2 (3.22)
Let g — oo in (3.21), and use (3.22). Since
H, — log(M — 1),
we obtain
_ loglM —1)+ (1 —n)logM
4,00 < TOEM VXA =DIogM _ 110 ety aa)
tlog 2 tlog2
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This holds at p-almost every x. The packing local-to-global dictionary T-1.4.07 proves
the first inequality in (3.18). The second follows from log(1 —u) < —ufor 0 <u < 1. O

Corollary — 3.6 (C-1.6.06: support-to-measure porosity) [F]

Let p be a Borel probability.

(1) If supp(p) is mean (@, n)-porous as a set, then y is mean (a, )-porous.

(2) Suppose that for every j > 0 and every positive-mass Q € Dj,, some dyadic
descendant of Q at depth at most ¢ is disjoint from supp(). Then

1
tlog2

dimpp < d + log(1—2"%) < d. (3.24)

Proof

A ball disjoint from supp(u) has y-mass zero. Hence every set hole in the support is an
epsilon-hole for every 0 < ¢ < 1, with the same center and relative radius. This proves the
first assertion.

Under the dyadic hypothesis, every sampled positive-mass block has a zero-mass de-
scendant at depth at most ¢. Thus y is dyadic mean (¢, 1, ¢)-porous for every 0 < ¢ < 1.
Apply Theorem 3.5 with 5 = 1 to obtain (3.24). [J

Guided result — 3.7 (G-1.6.07: sharp Euclidean mean-porosity deficit) [G]

[G | currency: Published | omitted: randomized Euclidean-to-dyadic conver-
sion and variable-depth porous-tree variational estimate | source: SHM12-
WMP, Theorem 1.1 and Sections 4-5]

Let 0 < @ < 1/2and 0 < 5 < 1. If s is a mean (a, n)-porous Borel probability on R?,
then

2

= 3.25
5log 2 244d4/2 £

dimpy < d — cgna, ¢d
References. The exact statement, definitions, and omitted proof are in Shmerkin
[Shm12, Theorem 1.1 and Sections 4-5, pp. 2-3 and 7-18]. A complementary proof
map appears in Shmerkin [Shm11, Theorem 8 and Sections 4.2.1-4.2.3, pp. 12-16].
The source writes its measure porosity using an infimum over hole centres. Every
admissible hole in D-1.6.04 makes that infimum at most the same ¢. Thus our porosity
is at most the source porosity, and our mean-porosity hypothesis implies the source
hypothesis with unchanged «,n. No attainment of the source infimum is needed.
The source’s packing dimension is the essential supremum of upper local dimensions
(Section 2.3, p. 8), which equals our full-mass upper packing dimension by T-1.4.07.

Guided proof architecture

Choose
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1= o 21
4Vd

A Euclidean a-hole at scale 27" contains a dyadic cube of relative side 2% whenever
the ambient dyadic cube places the base point a fixed distance from its boundary. The
randomized-grid lemma in SHM12-WMP, Section 4, chooses a translated dyadic filtration
and retains a fixed dimension-dependent proportion of the porous scales. The simultaneous
almost-every-point and every-¢ quantifiers are part of this omitted lemma; they may not
be replaced by a grid chosen separately for each point.

For comparison, our fixed-block theorem gives a deficit —nlog(1 — 2-db) /(tlog 2) when
the block frequency is 1. Apart from this frequency, its scale as « tends to zero is

log, (3.26)

g—dt @

¢ |loga|
This is a comparison with the model proved here, not an assertion that the source’s
frequency over all levels equals the frequency along the fixed subsequence jt. The source
controls the contribution of all dyadic levels to its variable-depth subdivision as part of the
omitted argument.
The removal of ¢~ uses a nonuniform tree. When a porous parent Q has a light
descendant R at depth ¢, write

(3.27)

Q=020 2-2%=R
for the ancestor chain. Partition Q into R and, for each 0 < j < ¢, the 2¢ — 1 siblings of

Qj+1 inside Q;. For the conditional masses py = p(A)/u(Q) of these variable-size children,
for p(Q) > 0, define

HQ) =Y palogpa  AQ =Y palog 2. (3.28)
A A [(A)

Here £(A) is the side length of the cube A. The quantity A(Q) is the expected logarithmic
contraction at this subdivision; this is the meaning of Lyapunov increment in this
paragraph.

At a nonporous parent, use the ordinary first-level dyadic partition. The source’s
variable-depth information law, Theorem 3.1 and Corollary 3.2 on pp. 9-10, pairs infor-
mation increments with these log-scale increments. It bounds upper local dimension by
the limsup of accumulated entropy divided by accumulated logarithmic contraction. This
version of the information law belongs to the externally cited variable-depth block; Lemma
3.3 alone proves only the fixed-depth version.

The omitted variable-depth variational estimate proves, uniformly over the location of R
and over every sufficiently light mass pg, that the porous partition has an entropy/Lyapunov
deficit of size comparable to 27, rather than 27%¢/¢. Averaging this deficit over the retained
proportion of porous scales, using (3.26), and carrying through the explicit geometric
constants gives

T 2 d
d —dimpy > ——————na",
i 510g224ddd/2’7
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which is (3.25). The randomized conversion and the variable-depth argument (its
information law, variational estimate, and frequency bookkeeping) are the blocks not
proved here. No later F result uses Theorem 3.7.
I.6.4 Rectifiable and purely unrectifiable objects
Let1 <m < d. AsetEcC R is countably m-rectifiable if there are Lipschitz maps

fi: R™ — RY such that

xm (E NG, fj(]Rm)) = 0. (4.1)
j=1
It is purely m-unrectifiable if

FH™(ENF)=0 (4.2)

for every countably m-rectifiable F.
A finite Borel measure y is m-rectifiable if a countable union of Lipschitz images of R™
carries it. It is purely m-unrectifiable if

p(f(R™) =0 (4.3)

for every Lipschitz f : R™ — R%. This definition does not include y < Z™.

Lemma — 4.1 (L-1.6.08: elementary rectifiability calculus) [F]

(1) A countably m-rectifiable set has Hausdorff dimension at most m.

(2) A set that is both countably m-rectifiable and purely m-unrectifiable has #™
measure zero.

(3) A finite measure that is both m-rectifiable and purely m-unrectifiable is zero.
(4) Let® : RY > Ribea bi-Lipschitz embedding. Then y is m-rectifiable, respectively
purely m-unrectifiable, if and only if &4y has the corresponding property.

Proof

Each Lipschitz image f;(R™) has Hausdorff dimension at most m by T-1.1.08. The exceptional
set in (4.1) has zero #™ measure and therefore Hausdorff dimension at most m. Countable
stability of Hausdorff dimension proves the first assertion.

If E has both set properties, use F = E in (4.2) to obtain #™(E) = 0. If y has both measure
properties, choose Lipschitz images (f;(R™)) whose union carries y. Pure unrectifiability
gives zero mass to every image, hence to their countable union. Thus y = 0.

For the embedding assertion, bi-Lipschitz invariance of Hausdorff dimension gives
d = dimy ®(RY) < q; hence m < g, as required for the target rectifiability convention.
Suppose first that p is carried by U; fj(R™). Then ®,pu is carried by the images of the
Lipschitz maps @ o f;, so it is rectifiable. Conversely, suppose @, is carried by U;g;(R™).
Put
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Aj = g ' (@R).

The image O(R?) is closed: a convergent sequence of image points has a Cauchy
sequence of preimages by the inverse Lipschitz bound, and its limit maps to the given
image limit. Each Lipschitz image of R™ is a countable union of compact images of closed
balls and hence is Borel. Thus all measure evaluations and inverse images below are
defined.

The map &1 o g A~ R? is Lipschitz. Each coordinate has a Lipschitz extension
from A; to R™: if u : A; — Ris L-Lipschitz and A; is nonempty, then

i(x) = aiélf{((u(a) + Llx —al)

is finite, L-Lipschitz, and equals u on Aj; for an empty domain use the zero extension.
To check finiteness, fix q) € A;. For every a € Aj,

u(ay) — Llx — ap| < u(a) + L|x — 4|, i(x) <u(ag) + Lix — ay).

The triangle inequality also gives #(x) < @(x”) + L|x — x’| and the reverse inequality,
while for x € Aj, the choice a = x gives #(x) < u(x) and the Lipschitz inequality for u gives
the reverse bound. Taking all coordinate extensions gives a Lipschitz h; : R™ — R?. Since

&1 (g/(R™) N @(RN) © Ai(R™),
the union of the images of the h; carries y. Hence p is rectifiable.
Now suppose y is purely unrectifiable and let g : R™ — R? be Lipschitz. Put
A= g (@RY).
Themap ® log: A— RY is Lipschitz. Extend its coordinate functions to a Lipschitz
map h : R™ — RY. Then

(@) (g(R™)) = p(@~(g(R™) N B(RY)))
— j(@ g)(A)) < p(A(R™) = 0.

Thus @y is purely unrectifiable. Conversely, if ®,u is purely unrectifiable and & :
R™ — R? is Lipschitz, then @ o h is Lipschitz and

p(h(R™)) = (D4)(( » )(R™)) = 0.
Therefore y is purely unrectifiable. [J

Theorem — 4.2 (T-1.6.09: canonical decomposition) [F]

Every finite Borel measure y on RY has a unique decomposition

B= gt s (4.4)

where 1" is m-rectifiable and ) is purely m-unrectifiable. There is a Borel countable
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union R of Lipschitz images such that

pr=pl R =pl RI\R). (4.5)

Proof

Let G, be the family of all countable unions of sets of the form f(R™) with f : R™ — R%
Lipschitz. Every such image is sigma-compact:

f@®™ = B0, k),
k=1

and each term is compact. Hence every member of C,, is Borel. The family C,, is closed
under countable unions.
Put

s = sup{u(S) : S € G} (4.6)

Choose S; € G, with u(S;) > s — 27/ and set
R=|Js;
j=1
Then R € Cp,, p(R) > s, and the definition of s gives u(R) = s. Define the two restrictions
in (4.5). The first is m-rectifiable.

If f : R™ - R? is Lipschitz, then RU f(R™) belongs to C,,, so

HRU f(R™)) <5 = p(R).
It follows that

' (fF(R™) = p(f(R®)\ R) = 0.

Thus g} is purely unrectifiable, establishing existence.
For uniqueness, suppose

L=V +Vy
is another such decomposition. Choose S € C,, carrying v,. Pure unrectifiability gives
v,(S) =0, so
v=pulS. (4.7)

Since 1}'(S) = 0, (4.7) implies v, < p*. Conversely, v,(R) = 0 and R carries 1", so

B =pl R< v

Therefore v, = 1", and subtraction from p gives v, = . [
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The Grassmannian G(d, m) is the set of all m-dimensional linear subspaces of RY. For
Vei(d,m),xe R?, and s > 0, define the cone

X(x,V,s)={y : dist(y,x + V) < s|ly — x|} (4.8)

For a measurable E and x € E, an approximate tangent m-plane to E at x is a plane
V € G(d, m) such that ®*™(E, x) > 0 and, for every s > 0,

hﬁ)l rMm#Z™(E N B(x,r) \ X(x,V,s)) =0. (4.9)

Cited result — 4.3 (B-1.6.10: tangent and density characterizations) [B]

[B | currency: Classical | source: MAT22-RECT, Definition 5.4 and Theorems
5.5, 5.10-5.11; PRE87 for the measure-density theorem]

Let E C R? be #™-measurable with Z™(E) < +co.

(1) Eis countably m-rectifiable if and only if it has an approximate tangent m-plane
at #™-almost every x € E.

(2) The following are equivalent:

(a) E is countably m-rectifiable,
(b) O™(E,x) = 1for #Z™-almost every x € E, (4.10)
(c) O™(E,x) exists for #™-almost every x € E.

(3) Ifvis afinite Radon measure and

0< liir(r)l r™(B(x,r)) < 400 (4.11)
r

for v-almost every x, then v is m-rectifiable.

References. The frozen modern statements are Mattila [Mat22, Definition 5.4 and
Theorems 5.5 and 5.10-5.11, pp. 16 and 18]. Part 3 is Preiss’s density theorem [Pre87];
the density-one set implication has original provenance in Mattila [Mat75]. The
converse rectifiability machinery is wholly external here. This theorem is not used by
an F proof.

For 6 € [0,7), let Py denote orthogonal projection onto the line spanned by
(cos 6, sin 0).

Cited result — 4.4 (B-1.6.11: planar Besicovitch-Federer theorem) [B]

[B | currency: Classical | source: MAT22-RECT, Theorem 4.13]
Let E C R? be % !-measurable and #!(E) < +co. Then E is purely 1-unrectifiable if
and only if

1 (Py(E)) =0 for Lebesgue-almost every 6 € [0, ). (4.12)

References. See Mattila [Mat22, Theorem 4.13, p. 11]; the original provenance
is Besicovitch [Bes39]. The Besicovitch projection proof is not reproduced here.
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Theorem 4.4 is a terminal bridge to Volume III and is not used by an F proof.

I.6.5 Visible parts

Let K c R? and e € S971. Put

Define
Vis(K) ={z€ K : (z+ R e) N K = {z}}, (5.1)
and
Vis?(K) ={z€ K : (z+Re)nK = {z}}. (5.2)
The orthogonal projection onto e is
P.(z)=z—(z-e)e.
Ifa ¢ K, put

zZ—a

Vis,(K) ={z €K : [a,z] n K = {z}}, m(z) = .
|z —al

(5.3)

Lemma — 5.1 (L-1.6.12: visible-part projection identities) [F]

If K c R is nonempty and compact, then

P, (Vis,(K)) = P,.(K) (5.4)

for every e € sd-1, Consequently

dimyg; P+ (K) < dimyg Vis,(K) < dimy K. (5.5)
Ifa ¢ K, then
1,(Visg(K)) = m,(K) (5.6)
and
dimgg 7,(K) < dimyg Vis,(K) < dimyg K. (5.7)
Proof

The inclusion from left to right in (5.4) is immediate. Fix u € P,.(K). The fiber

K,=Kn(u+Re)
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is nonempty and compact. The continuous function z — z-e attains its maximum on K;;
call the maximizing point z,,. It is unique within the fiber at that coordinate, and no point of
K lies on z, + (0, +o)e. Hence z, € Vis,(K) and P,.(z,) = u. This proves (5.4). Orthogonal
projection is 1-Lipschitz, while Vis,(K) C K; Hausdorff-dimension monotonicity and
T-1.1.08 give (5.5).

For (5.6), fix v € m,(K). The set

T,={t>0:a+tveK}

is nonempty and compact in (0, +o0): compactness of K bounds it, and dist(a, K) > 0
bounds it away from zero. Let t, = minT,,. Then a + ¢, v is the first point of K on the ray,
so it lies in Vis,(K). This proves the nontrivial inclusion in (5.6).

Let § = dist(a, K) > 0. For y, z € K, the elementary normalization estimate follows by
writing 4 = y —a, v = z — a and using

u—v lu— [+ |[v] = [u] 2u—wv
o v| vl 1) | | 2=
lul vl |ul lul vl |ul 5
Therefore
y—a zZ—a 2
‘ - < Zly—1z (5.8)
ly—al |z—al|™ 6

Thus 7, is Lipschitz on K. Apply the same dimension argument as for (5.5) to obtain
(5.7). O

Proposition — 5.2 (P-1.6.13: model visible parts) [F]

Lete € 5971,
(1) If A C et is nonempty and compact and

K=A+][0,1]e,

then
Vis,(K) = A +e, Vis?(K) = @. (5.9)

(2) If A Cetiscompact, f : A— Ris a function, and

K={u+ f(we : ue A} (5.10)

is compact, then
Vis,(K) = Vis?(K) = K. (5.11)

Proof

Every line u + Re with u € A meets the cylinder in exactly the segment u + [0, 1]e. Its
endpoint u + e is the only point whose positive e-ray does not return to the segment. No
point is the unique intersection with the full line. This proves (5.9).
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For the graph in (5.10), every line parallel to e meets K in at most one point, because
orthogonal projection of u + f(w)e is u. Hence every point of K is bi-visible and therefore
visible, proving (5.11). J

Cited result — 5.3 (B-1.6.14: current visibility bounds) [B]

[B | currency: Published/Preprint | source: ORP23-VIS, Theorem 1.2; OR26-VIS,
Theorem A and Remark 5.7]
(1) Letd > 2andlet K c R? be compact. Then

1
di Vis (K) <d — — 5.12
1My lse( ) = 50d ( )
for 7% -almost every e € sd-1,
(2) InR? foro € [-1,1] put
1! . . . .
e, = (1,0) -, Vise(K) = Vis,, (K), Vis2(K) = Vis? (K).
1+o

For every compact K € R and 0 < f < 1,

p

dimy Vis2(K) < dimy Vis,(K) < 2 — 7 (5.13)

for #P-almost every o € [~1,1]. Here #7 is the diameter-normalized Hausdorff
measure defined in L.1; the assertion means that the exceptional slopes have # p
measure zero. This notation covers noninteger f# and § = 0, unlike the integer-only
normalization ™ in D-1.6.01. At = 0 the upper bound is simply the ambient bound
2 for every slope.

(3) There is a compact K C R? satisfying

dimyg Vis2(K) > % (5.14)

for every o € [—1,1]. A finite union of rotated and translated copies gives the
corresponding assertion for every direction in S.

References. Part 1 is Orponen [Orp23, Theorem 1.2, p. 2]. Parts 2-3 are Orponen and
Rutar [OR26, Theorem A, p. 2, and Remark 5.7, p. 36]. The cited version 2 supersedes
the former general planar visibility conjecture: the sharp almost-every-direction upper
exponent for arbitrary compact planar sets is 3/2, and a compact example attains it in
every direction. The point-ray incidence proof and the lower construction are external
here and are assigned to III.11.

[.6.6 Intuition and strategy

The following discussion explains the geometric ideas behind the proofs.
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1.6.6.1 Why a second Hausdorff-measure symbol appears

1.1 chose the clean metric normalization in which a cover contributes (diam U)™. Geometric
measure theory usually multiplies this measure by «,,/2™. That scalar does nothing to
null sets or dimensions, but it does make an m-plane have density one. Density theorems
are sensitive to that constant, so 1.6 changes the symbol rather than silently changing the
meaning of Z™.

The density quotient asks whether the mass in a small ambient ball behaves like the
volume of an m-dimensional ball:

p(B(x,r))
O™
For rectifiable sets this quotient settles to one at almost every point. Preiss’s theorem
says that, conversely, a positive finite integer-dimensional density is powerful enough to
force rectifiable structure. That converse is deep because a limiting scalar has to determine
a geometric tangent object.

1.6.6.2 Three strengths of porosity

A set hole is literally empty. A measure hole is allowed to carry a small fraction ¢ of the
mass. This difference matters: a measure can have full topological support and still have
very uneven mass with large epsilon-holes.

Uniform porosity requires a hole at every sufficiently small scale and every point. Mean
porosity allows bad scales, but demands a positive lower density of good scales. The latter
is adapted to dynamical constructions: a typical orbit may return to a hole-producing
configuration often without doing so at every time.

The singularity proof is local. At a Lebesgue density point of a set, no ball occupying
a fixed proportion of the ambient ball can be missing infinitely often. At a point where
a measure has positive Lebesgue density, every fixed relative subball contains a definite
fraction of the mass. Requiring epsilon-holes for every 0 < ¢ < 1 contradicts this.

1.6.6.3 A hole is an entropy deficit
Fix a dyadic block of depth ¢. It has

M =24

descendants. The largest possible conditional entropy is log M, attained by equal mass
on all descendants. If one descendant has mass tending to zero, the largest possible entropy
tends to log(M — 1). Thus a hole removes an information branch.

The information observed along a typical nested sequence of cubes fluctuates around
its conditional entropy. The martingale-difference law in the formal notes proves that the
accumulated fluctuation is sublinear. Therefore a positive density of blocks with a missing
branch forces an upper local- dimension deficit, and 1.4 turns that pointwise estimate into
an upper packing dimension estimate.

The fixed-depth argument loses a factor 1/€. Since a Euclidean a-hole is detected
at a dyadic depth comparable to |log ], this gives only an a?/|log a| scale. Shmerkin’s
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sharp argument partitions a porous cube nonuniformly: it isolates the hole and keeps the
siblings encountered along the route to it. Entropy is then divided by the actual logarithmic
contraction of each branch, removing the extra |loga|. G-1.6.07 cites the randomized
conversion to dyadic cubes and the variable-depth argument, including its information
law, optimization, and frequency bookkeeping. The fixed-block calculation alone does not
supply those steps.

1.6.6.4 Rectifiable measures use a broad convention

A rectifiable set is covered, apart from m-dimensional Hausdorff null mass, by countably
many Lipschitz images of R™. A rectifiable measure in this chapter merely has to be carried
by such images. It need not be absolutely continuous with respect to #™; in particular, an
atomic measure is m-rectifiable for every integer 1 < m < d in this chapter’s range.

This broad convention makes the decomposition theorem purely measure theoretic.
Maximize the mass carried by countably many Lipschitz images. A countable maximizing
union carries the rectifiable part, and maximality forces the complement to give zero mass
to every new Lipschitz image. The deeper density theorems add geometry: under positive
finite density, the broad rectifiable carrier comes with the expected m-dimensional behavior.

Pure unrectifiability is not the negation of rectifiability point by point. It is a quantified
orthogonality condition: every rectifiable competitor meets the set or measure in zero
m-mass. The Besicovitch-Federer theorem turns this condition into almost-everywhere
collapse of planar projections.

1.6.6.5 Visibility is a section problem, not just a projection problem

On every line parallel to a viewing direction, compactness selects a last point. This
immediately gives

Pei(ViSe K) = PeLK.

The visible part is therefore a section of the fibers of an orthogonal projection. But
a section can be a very rough graph, so its dimension need not equal the dimension of
its projection. Cylinders give smooth-looking top faces; arbitrary compact graphs can be
entirely bi-visible.

The same first-hit principle works from a point: on each radial direction, choose the
nearest point of the compact set. Radial projection is Lipschitz away from the viewpoint,
yielding the elementary dimension lower bound for the visible part.

The research picture changed in 2026. The former expectation that arbitrary planar com-
pact sets should have almost-everywhere one-dimensional visible parts is false. Orponen-
Rutar prove the sharp general upper bound 3/2 for almost every direction and construct a
compact set with bi-visible parts of dimension at least 3/2 in every direction. The connected
and Ahlfors- regular subclasses remain distinct problems and are not collapsed into the
general statement.

1.6.6.6 Dependency map

The elementary route has four steps:
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+ Lebesgue differentiation yields porosity singularity;

« finite entropy and martingale differences yield the dyadic dimension deficit;
« Lipschitz images and a maximal carrier yield the rectifiable decomposition;
« compact fibers yield the visible-part projection identities.

Four further results are stated with sources but without full proofs here:

« Shmerkin’s variable-depth porosity theorem supplies G-1.6.07;

« Mattila-Preiss tangent-density theory supplies B-1.6.10;

« Besicovitch projection theory supplies B-1.6.11;

+ Orponen and Orponen—-Rutar visibility theory supplies B-1.6.14.

None is used to prove an F-labelled result in this chapter.

1.6.7 Exercises

These exercises use the real-analysis prerequisites and the material already proved through
this chapter. None requires a proof of a cited G or B result.

1.6.7.1 Exercise 1 — Normalization conversion

Let E C R? be #™-measurable. Prove directly that

H™(E N B(x,r))
(2rym ’

and give the analogous formula for the upper density.

OT(E,x) = liminf
rlo

1.6.7.2 Exercise 2 — Strictness hidden in a porosity supremum

Assume por(E, x,r) > a > 0. Prove that for every 0 < f§ < « there is a closed ball of radius
Br contained in B(x,r) \ E. Explain why the same assertion with § = a need not follow
from the definition of a supremum.

1.6.7.3 Exercise 3 — Closure of a uniformly porous set

Supply all details in the proof that if E is uniformly (&, ry)-porous, then cl(E) is uniformly
(a/4,ry/2)-porous. Your proof must explicitly create positive distance between the smaller
hole and E.

1.6.7.4 Exercise 4 — Mean porosity and density points
Let E C R? be measurable. Suppose there is a set F C E of positive Lebesgue measure such
that every x € F has infinitely many scales r,, | 0 with

por(E, x,r,) > a.

Prove that this is impossible.



136 CHAPTER 1.6. DENSITY, POROSITY, RECTIFIABILITY, AND VISIBILITY

1.6.7.5 Exercise 5 — Why “for every epsilon” matters

Let A be normalized Lebesgue measure on [0, 1]%. Show that for every sufficiently small r,
every ball

B(y,ar) € B(x,r) c (0,1)¢

satisfies

A(B(y, ar)) —
A(B(x,1)) '

Deduce that weak mean («, 1, €)-porosity has no singularity content when ¢ > a?.

1.6.7.6 Exercise 6 — Entropy with a light coordinate

Let M > 2 and 0 < ¢ < 1/M. Maximize Shannon entropy over all probability vectors
(p1, - pm) satisfying p; < e. Identify all maximizers and recover (3.15).

I.6.7.7 Exercise 7 — The dyadic missing-branch model

Fix an integer £ > 1, put b = 2t and set M = b2, Starting from [0, 1)d, at each block of
¢ dyadic levels assign zero mass to the upper-corner descendant, whose digit vector is
(b—-1,..,b—1), and mass 1/(M — 1) to every other descendant. Repeat this rule inside
every positive-mass descendant. Construct the resulting Borel probability p, including a
justification that boundary points do not invalidate the half-open cube masses. Prove that
it is dyadic mean (¢, 1)-porous and that

log(M — 1)

for p-almost .
tlog2 or p-almost every x

E#(x) <

1.6.7.8 Exercise 8 — A maximal carrier

Let C,;, be the family used in Theorem 4.2. Prove that every member of C,,, is Borel and that
C,, is closed under countable unions. Then prove that the supremum in (4.6) is attained by
a member of C,,.

1.6.7.9 Exercise 9 — Atomic measures and the convention for rectifiability

Let

[o¢]

U= Z aj5xj, aj >0, Zaj < o0,
J=1 J

Prove that p is m-rectifiable for every integer 1 < m < d. Determine its canonical
decomposition from Theorem 4.2 for every such m.
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1.6.7.10 Exercise 10 — Mutual exclusivity of the two measure parts
Suppose v is m-rectifiable, 7 is purely m-unrectifiable, and v < 7. Prove that v = 0. Use this
to give a second uniqueness proof for the decomposition (4.4).

I.6.7.11 Exercise 11 — Directional visibility of a hypograph boundary

Let A € R*! be compact and let f : A — [0, 1] have compact graph. Set

K={ut):ue A 0<t< f(u}
For e = (0, ..., 0, 1), determine Vis,(K) and Vis2(K).

1.6.7.12 Exercise 12 — Radial first hits

Let K C R be nonempty and compact and a & K. For v € m,(K), prove that

t(v) =min{t >0 : a+tv € K}

is well defined and that a + t(v)v € Vis,(K). Give an example showing that the first-hit

map v - a+t(v)v need not be continuous, even though the projection identity (5.6) always
holds.
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Chapter 1.7

Coding Maps and Separation
Conditions

Iterating finitely many contractions turns words into points of a geometric set. We construct
this coding and the associated invariant measures before comparing separation conditions.
The conditions describe different ways in which symbolic pieces can meet: disjointness,
separation inside an open set, exact coincidence, and quantitative near coincidence must
not be confused. Stopping words allow pieces of unequal symbolic length to be compared
at a common geometric scale.

The definitions below fix this chapter’s conventions. Geometric intuition and proof
strategy are discussed separately after the main development; exercises and their solutions
provide a second route through the material.

Definitions and notation

Throughout, d > 1 is an integer and A = {1, ..., N}, with integer N > 1, is a nonempty
finite alphabet. An alphabet is a set of symbols; a word of length n is an ordered sequence
of n symbols. Examples may relabel the alphabet, without identifying distinct labels.
Composition order is fixed by the displayed formula below, rather than by an informal
verbal convention.

Definition — 1.7.01: Words, prefixes, and compositions

For n > 1, let A" be the words of length n, let

A" = DA”, > = AN,
n=0

and let the empty word @ be the unique word of length zero. If u = u;..u,, write
lul = n,

U =u Uy (n>1), wln = w; -+ wy,.

Concatenation is denoted uv. For maps (S;)(ep), put

139
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Su =Sy o oS,

Thus Sg,) = Sy © Sy- A finite word u is a prefix of a finite or infinite word v if v = uw
for some word w. Two finite words are incomparable if neither is a prefix of the
other. The longest common prefix length of w, 7 € ¥ is |w A 7|, with value +co when
® = 7. A set of finite words is an antichain, or prefix-free set, if its distinct members

are incomparable.

Definition — 1.7.02: Contractive IFS, compact hyperspace, and attractor

A finite contractive iterated function system, abbreviated IFS, on RY is a labelled
family

@ = (S)iens 1Si(x) = Si(»)| < ¢ilx — yl, 0<¢g<L

Labels are retained even when two maps coincide. Put ¢ = max; ¢, When a word-
length estimate contains c°, this zeroth power is defined to be 1, including when ¢ = 0.
Let K(R?) be the set of nonempty compact subsets of R%, equipped with the HausdorfF
metric dyg from D-1.5.05. The Hutchinson operator is

Fo(A) =S4, Aex®).
iEA

An attractor of @ is a set K € K(RY) satisfying

9¢(K) =K.

The definition does not assert existence or uniqueness; those are T-1.7.02.

Definition — 1.7.03: Symbolic metric, coding, and cylinders

The symbolic space X carries the metric

0, w=T,
—lewn
2 lo T|’

ds(w,7) =
For u € A*, the symbolic cylinder is

[u] =lweX:wlu=u,  [0] =2
For a base point x; € R?, the coding candidate is

ngp(w) = nlglgo Sa)|n(x0),

provided the limit exists. T-1.7.03 proves uniform existence, independence of xy,
continuity, and surjectivity onto the attractor. An address of x € K is a sequence
w € 3 with 7p(w) = x. Once K is known, the geometric cylinder associated to u is
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K, = S,(K).

If u is nonempty, the sequence u™ = uuu... is periodic, and 7(u®) is its periodic
point.

Definition — 1.7.04: Bernoulli law and invariant measure

A strict probability vector is p = (p;)ep) With

pi >0, =1
iEA
For u = uy...u,, put p, = H?k:l) P(u) and py = 1. The Bernoulli law f, on X is the
product probability determined by

,Bp([u]) = Pu-

For a Borel probability v on RY, define the measure Hutchinson operator

Mo p(v) =Y, pi(S)sv.
IEA

A Borel probability y is (P, p)-invariant if

ﬂd),p(/l) = L

Definition — 1.7.05: Similarity IFS and similarity dimension

A similarity IFS on R? is an IFS whose maps have the form

Sl'(.X') = rl-O,-x ar a;, 0< r < 1, Oi E O(d), a; E ]Rd
Here
od)={0eR™ : 00 = I}

is the orthogonal group. For a linear map A : R? - R, its Euclidean operator norm
is

IAlop = sup [Ax].
|x|=1
For u = u;...u,, put
n
Ty = T O, = Oul "’Oun’
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For the empty word put ry; = 1 and Oy = I;. Thus the linear part of S, is r,0,. The
attractor is the self-similar set of the labelled system, and the invariant measure
from T-1.7.04 is the self-similar measure with weights p.

The similarity dimension s(®) is the unique s > 0 satisfying

erzl.

iEA
When N = 1, this means s(®) = 0. Repeated labels are counted separately, so similarity
dimension is a property of the labelled IFS, not only of its attractor.

Definition — 1.7.06: Strong and open set conditions

Let K be the attractor of a similarity IFS.
- @ satisfies the strong separation condition (SSC) if

- @ satisfies the open set condition (OSC) if there is a nonempty open set O C R4
such that
s co.  s©0)ns©0)=0 =)
iEA
Such an O is a feasible open set.
No boundedness or intersection condition ONK # @ is inserted into the OSC definition.

Definition — 1.7.07: Exact overlaps and weak separation

An exact overlap is a pair of distinct words u,v € A* with

Sy =S,
Let Sim(R?) be the group of similarities T(x) = rOx + a, where r > 0, O € O(d), and
a € R%. Fix the metric
dsim(rOx + a,qPx + b) = |logr —logq| + [|O — P|op + min{1, |a — bf}.
This metric induces coefficient convergence, equivalently pointwise convergence of
similarities. Define
Ep=1{S;1eS, : u,ve A, u*vh

The IFS satisfies the weak separation condition (WSC) if

Id & &p \ {Id} in (Sim(R?), ds;p,).

Thus exact overlaps are permitted: the identity may occur in Eg, but it must be isolated
from its nonidentity elements.
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Definition — 1.7.08: Stopping antichains and the finite-type convention

For 0 <t < 1, define the stopping antichain

N={ve A" \{o}:nr <t<n-}

A control ball is a closed Euclidean ball B with K C int(B). For a nonempty word ,
its control-ball neighbor maps are

Np(w) = {S;1 =S, : veE A, , S,(B)NS,(B) = @}

The TFS is of finite type, in this book’s control-ball finite-neighbor convention, if
some control ball B satisfies

# U Np(u) < oo,

ueA*\{o}

This convention is frozen for the series. Other finite-type and generalized finite-type
definitions in the literature are not silently identified with it.

Definition — 1.7.09: Cylinder-map distance and exponential separation

Write a similarity as T(x) = Arx + ar, with A = rpOr. Define

ar —ay7|, At = Ay,
S(T.U) = lar —ayl, Ar= Ay
+00, AT ;ﬁAU.

For n > 1, the level-n cylinder separation is

A, (@) = min{d(S,,S,) : u,v e A", u = v},
with the minimum of the empty set equal to +oco. The IFS has exponential separation
if there are ¢ € (0, 1) and infinitely many n such that
A (D) > cp.

It has uniform exponential separation if the same bound holds for every n > 1. It
has super-exponential concentration of cylinders if

il _log An(cb) - too

n—oo n

>

where —log 0 = +o0 and — log(+0c0) = —oco. Exponential separation is proved in L-1.7.11
to be exactly the failure of super-exponential concentration.

Throughout, A = {1, ..., N} is a nonempty finite alphabet and d > 1.
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I.7.1 Words, compact sets, and the Hutchinson operator

For n > 1, let A" be the words of length n, let

A= ]JA", z=4AN, (1.1)
n=0
and denote the empty word by @. If u = uy...u,, put

Su=Sy oS,  Sp=Id. (1.2)

Thus S,y = Sy © Sy For a nonempty word, u™ is the word obtained by deleting its last
letter. The prefix of w € T of length n is w|n.
A contractive IFS is a labelled family @ = (S)ep) satisfying

1Si(x) — SV < cilx =y, 0<¢g<1l (13)
Put ¢ = max; ¢;.. On the nonempty compact subsets of RY, define
Fa(A) = | s(A). (14)
ieA

In expressions indexed by word length, the zeroth power ¥ is 1, also when ¢ = 0.

Lemma — 1.1 (L-1.7.01: compact-hyperspace and Hutchinson contractions) [F]

The Hausdorff metric makes K (]Rd) complete. Moreover,

dy1(Fa(A), Fol(B)) < cdyy(A, B) (15)
for all A, B € K(R?).

Proof

We first prove completeness. Let (A,) be Hausdorff Cauchy and define

fn(x) = dist(x, Ay).
For all x € ]Rd,

|fn(x) - fm(x)| < dH(An’ Am)- (1-6)

Indeed, if a € A, choose b € A, arbitrarily close to the distance from a to A,,; then

dist(x, Ap,) < |x — a| + dy(Ap, Ap),

and take the infimum over g; interchange n, m for the reverse bound. Thus ( f,,) converges
uniformly on R to a nonnegative 1-Lipschitz function f.

The sets A, are uniformly bounded. To see this, fix ny so that di(Ap, A,)) < 1 for
n > ny; the finitely many earlier sets and the closed unit neighborhood of A, ) lie in one
bounded ball.
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If every A, lies in B(0, R), then f,(x) > dist(x, B(0, R)); passage to the limit shows that
the zero set below also lies in this ball. Put

A={xeR?: f(x)=0} (1.7)

This set is closed and bounded. It is nonempty: choose a subsequence n; such that

dH(Ank,A )< Z_k.

Mey1

Starting from x; € A, ), choose x41 € Ay, | with

X1 — x| < 27k 4 o2k

Then (x;) is Cauchy, say x — x, and

FG) < e = 2l + 1 (0 = S (o)l —> 0.

Hence x € A. Since A is closed and bounded in ]Rd, it is compact.
We claim that

f(x) = dist(x, A). (1.8)

If a € A, then f,(x) < |x — a| + f,(a); passing to the limit and then taking the infimum
gives f(x) < dist(x, A). Conversely, choose y, € A, with

|x - yn' < fn(x) + 1/”’

The sequence (y,) is bounded, so some subsequence converges to y. On that subse-
quence,

f(Y) < |y - yn| + |f(yn) - fn()’n)l — 0.

Thus y € A and dist(x, A) < |x — y| < f(x). This proves (1.8). Uniform convergence of
fn to dist(-, A), together with the identity

dy(C,D) = sup |dist(x, C) — dist(x, D)|
xER4
for nonempty compact C, D, now gives dy(A,, A) — 0. For completeness, the upper
bound in this identity is (1.6). Evaluating the supremum at points of C and of D gives both
directed Hausdorff distances, so gives the reverse bound as well.
For (1.5), let p = dy(A, B). If x = Sj(a) with a € A, choose b € Bwith l[a—b| < p +e.
Then

dist(x, Fp(B)) < ISi(a) — Si(b)| < c(p + ©).

Take the supremum over x, let ¢ | 0, and repeat with A, B interchanged. This proves
(1.5). 0
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Theorem — 1.2 (T-1.7.02: attractor existence, uniqueness, and convergence) [F]

There is a unique K € K(R?) satisfying
K = Fo(K) = |_J S(K). (1.9)
ieA
For every A € K (]Rd),
dy(Fg(A),K) < 'dy(A, K). (1.10)

Proof

Lemma 1.1 makes Fg a contraction of the complete metric space K (RY), with contraction
constant at most ¢ < 1. The contraction mapping principle gives a unique fixed point K.
Iterating (1.5) and using F3(K) = K gives (1.10).

The compact set K in Theorem 1.2 is the attractor of .

I.7.2 Symbolic coding and geometric cylinders

For w,7 € 3, let |w A 7] be their longest common prefix length and put

0, w=T,

ds(w,1) = (2.1)

2_|‘”AT|, WFET.

Common prefixes satisfy
|l A 7] > minflw A L] 1S ATl

s0 dx(w,7) < max(ds(w, ), ds(,7)). Together with symmetry and separation of distinct
words, this proves the metric axioms. Requiring a finite prefix to be fixed describes its basic
open neighborhoods, so this metric gives the product topology.

For u € A*, set

[u] ={w e : o|lul =u}, K, = S,(K). (2.2)

Theorem — 2.1 (T-1.7.03: coding theorem and cylinder identities) [F]

For every x; € ]Rd, the limit

73(@) = lim (%) (23)
n—>oo
exists uniformly in o and is independent of xy. It defines a continuous surjection

np ¢ 2 — K satistying

mp(iw) = S(mp(w)),  mo([u]) = K. (2.4)

Furthermore, if o # 7,
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g () — 19(7)| < diam(K)cln7, (2.5)
If ¢ > 0, 7y is Holder with exponent
logc
=—=>0;
Y= Tog(1/2)

if ¢ = 0, it is locally constant. Finally, the fixed points of the maps S, u # @, are dense
in K.

(2.6)

Proof

Fix x and put

M = max |S;(xy) — xpl-
iEA
For x,(w) = S(o|n)(X0), equation (1.2) gives

%241(@) — x5 (w)| = |Sw|n(5wn+1(x0)) - Sa)|n(x0)|

2.7
<M. @7

The geometric series proves uniform convergence. If y, is another base point, then

1Seln(x0) = Swin(0)l < lxg — yol — 0, (2.8)

so the limit is independent of the base point.

The metric space ¥ is compact. Indeed, from any sequence of infinite words, successively
choose subsequences on which the first, second, and later coordinates are constant; the
diagonal subsequence converges in dy. If two words share their first n > 1 letters, their
approximating sequences agree at time n, and (2.7) gives the explicit tail estimate

2Mc"

7 (w) — mg(7)| < T (2.9)

Thus g is uniformly continuous. Therefore L = 74(3) is compact.
Passing to the limit in

Si(w|n)(x0) = Si(5w|n(x0))
gives the first identity in (2.4). Consequently
L=|_Js().
iEA
Uniqueness in Theorem 1.2 gives L = K, proving surjectivity. Repeating the first identity
in (2.4) gives

7p(uw) = Sy(mp(w)).

As o ranges over %, this proves the cylinder identity in (2.4).
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If @ # 7 and their common prefix u has length n, their images lie in S,(K). Thus

|79 (w) — 7p(7)] < diam(S,(K)) < ¢ diam(K),

which is (2.5). For ¢ > 0, ¢" = (27")¥; this is the Holder estimate. If ¢ = 0, every §; is
constant, so 7p(w) depends only on «w; and is locally constant.

Periodic sequences are dense in X: if u = w|n, then u™ shares the first n symbols with w.
The point 7¢(u™) satisfies

Su(mgp(u™)) = (™).

It is the unique fixed point of the contraction S,. Continuity and surjectivity of zg now
show that these fixed points are dense in K. [

1.7.3 Invariant Bernoulli measures

Let p = (pi)gen) satisfy p; > 0and ), p; = 1. Put

lul

pu=1ru  Bplud = pu (3.1)
k=1
where f3, is the Bernoulli product probability on 3. For a Borel probability v on R?, put
Mo p(v) = pi(S)sv. (3.2)
ieA

Theorem — 3.1 (T-1.7.04: invariant Bernoulli measures) [F]

There is a unique invariant Borel probability, and it is

Ha,p = (710)4Bp- (3.3)

For every initial Borel probability v,

M p(V) = pia,p, (3.4)

where the arrow means convergence of integrals against every bounded continuous
real-valued function on R?, and supp(f(a,p)) = K.

Proof

Letiota; : ¥ — X prepend the symbol i. The Bernoulli law obeys

Bp = Z pi(1)4 By (3.5)
iIEA
It suffices to verify (3.5) on symbolic cylinders. Its value on the empty cylinder is
Y. pi = 1. If u = jv is nonempty, then
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2 P@aBp((uD) = pifp(IvD) = pu = Bp(luD. (3.50)
i
The cylinders form a pi-system generating the Borel sigma-algebra. By (2.4),

T ol = S ° M.

Push (3.5) forward by g to obtain

Ho,p = Z Pi(Ssba,ps (3.6)
i
so (3.3) is invariant.
Iteration of (3.2) gives
ﬂ%,p(v) = Z Pu(Su)sv- (3.7)
ueA”"

Fix x, € R? and let

On = Z Puésu(xo) (3.8)
ueA”

If g is bounded and continuous, then

[ gden= | stsntanasy — | sra@)isyo) (39)

by Theorem 2.1 and bounded convergence. Hence 6, = ¢, p)-
For a bounded Lipschitz g, with Lipschitz constant L, (3.7)-(3.8) give

[ gy, 00~ [ gdoi] < [ mintzlgln 21z - e (.10)
The integrand tends pointwise to zero and is bounded by 2|/g|, so dominated conver-
gence makes (3.10) tend to zero without a moment assumption on v.
We verify the same conclusion for every bounded continuous g, which proves weak
convergence directly. The set

C=1{S,(xp) : ue A*}

is compact: (2.7) places every point in one fixed bounded ball, and the closure is closed.
For fixed x,

sup |Su(x) - Su(x0)| < Cn|x - xOl — 0.
NS

Uniform continuity of g on the closed unit neighborhood of C therefore shows that

hp(x) = sup |g(S,(x)) — g(S,(xp))| — 0.

ucA"

Since 0 < h,, < 2| g]lc0, dominated convergence gives
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U gd/%g’p(v) - J gdoy| < Jhn dv — 0. (3.11)

Together with (3.9), this proves (3.4).

For later uniqueness checks, bounded Lipschitz functions determine Borel probabilities
on RY. If two probabilities have equal integrals against all such functions and F is closed,
then

gm(x) = max{0, 1 — mdist(x, F)}

is bounded Lipschitz and decreases pointwise to 1p when F is nonempty; the empty
set needs no test function. Dominated convergence shows that the probabilities agree on
every closed set, hence on every Borel set by the uniqueness theorem for finite measures
on a generating intersection-stable class. This also gives uniqueness of the weak limit in
(3.4).

If v is invariant, then /g, p(v) = v for all n; (3.4) forces v = g p), proving uniqueness.

Finally, strict positivity of all p; gives supp(f,) = %, because every nonempty symbolic
open set contains a positive-mass cylinder. The measure in (3.3) is carried by K. Conversely,
if y = 7p(») € K and U is an open neighborhood of y, then 75! (U) is an open neighborhood

of w, so it contains a positive-mass cylinder. Hence yg, )(U) > 0, and y lies in the support.
O

I.7.4 Similarities and the universal upper bound

Assume now that every map is a similarity

Sl'(X) =r0x + a;, 0<r<1, 0O e O(d) (41)
Here O(d) = {0 € R¥? : 07O = I;}. The operator norm used below is |A ;) =

sup(|x‘:1) |AX|
For u = uy...u,, put

n
fy = Hruk. (4.2)
k=1

The attractor and invariant measures are respectively called self-similar sets and self-
similar measures.

Lemma — 4.1 (L-1.7.05: similarity dimension and cylinder weights) [F]

There is a unique s > 0 such that

Yr=1 (4.3)

For everyn > 1,

Y =1 (4.4)
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The vector p; =1} is a strict probability vector and p, = r;).

Proof

If N = 1, equation (4.3) has the unique nonnegative solution s = 0. If N > 2, the function

g =y
ieA
is continuous and strictly decreasing on [0, +o0), with g(0) = N > 1 and g(t) — 0. The
intermediate value theorem gives a unique positive solution.
Using (4.2) and distributing the finite product,

> ri= (%) =1

ueA”" iEA
The statements about p follow from the same identity.
The number in (4.3) is the similarity dimension s(®). Labels are counted even when
their maps coincide.

Theorem — 4.2 (T-1.7.06: universal similarity-dimension upper bound) [F]

For every similarity IFS with attractor K,

dimy K < min{d, s(®)},  Z*P(K) < +oo. (4.5)

Proof

Write s = s(®), D = diam(K), and ryy,,, = max;r;. Iterating (1.9),

K=|JK, (4.6)

S

Since similarities scale diameters exactly,

diam(K,,) = r,D < rpaxD. (4.7)

Suppose first that s > 0. The covers (4.6) have mesh tending to zero, and Lemma 4.1
gives

Z (diam K,)* = D* Z r, = D’ (4.8)
ueA”" ueA”"

Thus Z°(K) < D° < oo, and the Hausdorff-dimension comparison from L1 gives
dimy K <'s. If s = 0, then N = 1; the attractor of the single contraction is its unique fixed
point, so #°(K) = 1 and dimy; K = 0. Finally, every subset of R? has Hausdorff dimension
at most d. This proves (4.5). U
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I.7.5 Strong, open, weak, and finite separation
The strong separation condition is

The open set condition means that some nonempty open O C R? satisfies
s co,  s0)ns0)=0 =) (5.2)
i

The open set O is called feasible.

Lemma — 5.1 (L-1.7.07: SSC and injective coding) [F]

The coding map of a similarity IFS is injective if and only if the SSC holds.

Proof
Assume SSC and suppose 7g(w) = 7g(7). If the words differ, let g be their maximal common
prefix and write

w = qie’, T = gjr’, i#].

By (2.4),

mo(@) = ;0. mal() = S,(7)

for some x € 5(K) and y € S;(K). The similarity S, is injective, so equality would give
x =y, contradicting (5.1). Thus the coding is injective.

Conversely, if SSC fails, choose

z € §(K) N 5;(K), i #j.

There are x, y € K with z = §j(x) = Sj(y). By surjectivity of the coding, choose w,7 € X

with 7g(w) = x and ng(r) = y. Then
z = mp(iw) = me(jr),

and the two symbolic sequences are distinct. Hence the coding is not injective. [

Lemma — 5.2 (L-1.7.08: strong separation implies the OSC) [F]

Every SSC similarity IFS satisfies the OSC.

Proof

If N = 1, any sufficiently large open ball centered at the fixed point and mapped into itself
is feasible. Assume N > 2. The first-level pieces are finitely many disjoint compact sets, so
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8 = min dist(5;(K), S;(K)) > 0. (5.3)
i#j

Put 1. = max; r; and choose € > 0 with

2rmaxé < 0. (54)
Let

O = {x : dist(x,K) < ¢&}. (5.5)
If x € O, choose y € K with |x — y| < . Then

dist(Si(x), K) < [S;(x) = S(¥)| < re < ¢,

s0 5;(0) C O. Moreover, S;(O) lies in the open r;e-neighborhood of S;(K). Equation (5.4)
makes these neighborhoods pairwise disjoint. Hence O is feasible. [J
Write a similarity as T(x) = rpOrx + ar and equip the similarity group with

dsim(T,U) = [log rr — log ry| + |Or — Oyllop + min{1, lar — ayl}. (5.6)
This metric gives coeflicient convergence. It is also exactly the topology of pointwise
convergence within the similarity group. Indeed, coefficient convergence gives uniform
convergence on every bounded set. Conversely, if T,,(x) = r,,0,x + a, converges pointwise
to T(x) = rOx + a, then evaluation at 0, ey, ..., e gives
a, — a, mO,ej — 1rOe; (1 <j<d).
Thus r,, = |r,,0, ¢;| = r, and then O, — O in operator norm.
Define
Ep =118, : u,veE A*, u=vh (5.7)
An exact overlap is an equality S, = S, for distinct words. The weak separation
condition is
Id ¢ &p \ {Id}. (5.8)

The closure is in (5.6). In particular, an isolated identity produced by an exact overlap is
allowed.

Lemma — 5.3 (L-1.7.09: OSC excludes exact overlaps and implies WSC) [F]

Every OSC similarity IFS has no exact overlaps and satisfies (5.8).
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Proof

Let O be feasible. If u, v are incomparable, then

5,(0) N S,(0) = @. (5.9)

Indeed, cancel their common prefix. The remaining words begin with distinct letters,
and repeated use of S5;(O) C O places their open images inside two disjoint first-level images;
applying the cancelled prefix preserves disjointness.

Suppose S, = S, with u # v. Neither word can be a strict prefix of the other: if v = uw
with w nonempty, then equality of contraction ratios would give r, = r,r,,, impossible
since 0 < r,, < 1. Thus u, v are incomparable. But equality of maps makes S,(0) = S,(0),
contradicting (5.9). Hence there is no exact overlap.

Suppose next that WSC fails. There are words uy. # v such that

g =S,"°S, #ld, g —1Id (5.10)

in (5.6). In particular r,,) /7,y — 1. For all large k, neither word is a strict prefix of the
other. Indeed, if v = uw with w nonempty, this ratio is at most r,,,x < 1; in the reverse
prefix case it is at least rqhx > 1.
Cancel the maximal common prefix and call the remaining incomparable words ay, by.
Then
8k =S5 ° Sy, (5.11)

Choose a closed ball C = B(x, p) C O with p > 0. Coefficient convergence of similarities
is uniform convergence on C, so (5.10) gives

gx)ecC
for all large k. Thus C N gi(C) is nonempty. Applying S, and using (5.11),

5O N5 (O) =,

contrary to (5.9). Therefore WSC holds. [
For 0 < t < 1, define the stopping antichain

A =fve AN \{®}:r,<t<r -} (5.12)
If B is a closed ball with K C int(B), put

M) ={S;' =S, : ve A, S,(B)NS,(B) = 2}. (5.13)

The IFS is finite type in the control-ball convention if, for some such B,

# | M) < oo, (5.14)

u+Q
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Lemma — 5.4 (L-1.7.10: finite type implies WSC) [F]

Condition (5.14) implies (5.8).

Proof

Assume (5.14) and suppose WSC fails. Choose nonidentity relative maps converging to the
identity as in (5.10). After passing to large k and, when necessary, replacing a relative map
by its inverse, write

h = Sy o S, — 1d, Ty < Ty (5.15)

Both words are nonempty for large k, because a nonempty-word similarity or its inverse
has contraction ratio outside a fixed neighborhood of 1 when paired with the empty word.
Let rypin = min; r; and 1y, = max; r;. From (5.15),

Ty

— —> 1.
T
For large k this ratio exceeds 5. If the last letter of v is j, then

< P _

Ty, STy, < r— = FVI:.
J
Hence v, € Aruk.

Convergence in (5.15) is uniform on the control ball B, so
BN h(B) = @
for all large k. Applying S, ), we obtain

5, (B)N S, (B) # 0.

Thus h € Ag(uy). The union in (5.14) is finite, so its nonidentity elements have positive
distance from the identity. This contradicts by — Id. [

I.7.6 Exact overlap and exponential separation
If T(x) = Arx + ar, define

lay —ayl, Ar = Ay,

S(T,U) = (6.1)

+o00, AT * AUa

and

An(q)) = u%lelﬁﬂ 5(5149 Sv) (6.2)

u+v
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The empty minimum is +co. Exponential separation means that A, > cj for some

¢y € (0,1) along infinitely many levels; uniform exponential separation requires the
inequality at every level.

Lemma — 6.1 (L-1.7.11: WSC and exponential separation) [F]

Exponential separation holds if and only if super-exponential concentration of cylin-
ders fails. If ® satisfies WSC and has no exact overlaps, then there is ¢, € (0, 1) such
that

A(@)>¢cy (n>1). (6.3)

Consequently OSC implies uniform exponential separation. If an exact overlap occurs,
then A, = 0 for all sufficiently large n, so super-exponential concentration holds and
exponential separation fails.

Proof

Put

_ log An(q))

n
n

with the conventions in D-1.7.09. If exponential separation holds with constant ¢,, then
gn < —log ¢y along infinitely many levels, so g, does not tend to +oc0. Conversely, if g,, does
not tend to +oo, there is a finite M > 0 and an unbounded set of levels on which g, < M.
On those levels,

A (@) > e Mn > o~ (M+Dn, (6.3a)

Thus exponential separation holds with ¢y = e~ (M+1)_ This proves the first assertion.
By WSC there is € (0, 1] such that every nonidentity member g of Eg, satisfies

dsim(g,1d) > 7. (6.4)

Let u # v have length n and suppose S, S, have the same linear part A. Write

Su(x) = Ax + a, Sy(x) = Ax + a,,

Absence of exact overlaps gives a, # a,, and

S718,(x) = x + A (a, — ay). (6.5)

This is a nonidentity translation. Equations (5.6) and (6.4) imply

|A_1(av - au)| 2 1.

Since A is a similarity of ratio r,,,

la, —a,| > nr, > Ur;in' (6.6)
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Take ¢y = nrin When n < 1, and ¢y = 1y, whenn = 1. Becausen > 5 for 0 <n < 1,
(6.6) implies (6.3); pairs with different linear parts contribute +co and cause no problem.
The OSC consequence follows from Lemma 5.3.

It remains to treat exact overlaps. Suppose S, = S, for distinct finite words. Neither
word is a strict prefix of the other, by the contraction-ratio argument in Lemma 5.3. The
words uv and vu are distinct: if, say, |u| < |v| and uv = vu, comparison of the first |u| letters
would make u a prefix of v. Yet

Suy =5,°8,=S5,°S, =5, (6.7)

Thus an exact overlap occurs at the common level |u| + |[v|. Appending the same
arbitrary word to both sides produces an exact overlap at every later level. Hence A, = 0
and g, = 400 eventually. This gives super-exponential concentration and is incompatible
with exponential separation. [

Proposition — 6.2 (P-1.7.12: model separation systems) [F]

The following labelled systems on R distinguish the separation conditions.
(1) The middle-third Cantor system

Co(x) = x/3, Cy(x)=x/3+2/3

satisfies SSC, OSC, finite type, WSC, and uniform exponential separation.
(2) The dyadic interval system

Dy(x) = x/2, Di(x)=x/2+1/2

has attractor [0, 1] and satisfies OSC but not SSC.
(3) The three-label system

So(x) = x/3, S1(x) =x/3, So(x)=x/3+2/3

is finite type and WSC but has an exact overlap and fails both OSC and exponential
separation. Its similarity dimension is 1, whereas its attractor is the middle-third
Cantor set, of dimension log 2/ log 3.

Consequently SSC is strictly stronger than OSC, OSC is strictly stronger than WSC,
and WSC permits exact overlaps. Here finite type always has the control-ball meaning
in D-1.7.08.

Proof
For the middle-third system

Co(x) = x/3, Co(x)=x/3+2/3, (6.8)

the interval [0, 1] is mapped into the disjoint intervals [0, 1/3] and [2/3, 1]. The attractor
C is contained in their union, and its two first-level pieces are disjoint. Thus SSC holds,
and Lemmas 5.2, 5.3, and 6.1 give OSC, WSC, and uniform exponential separation.



158 CHAPTER 1.7. CODING MAPS AND SEPARATION CONDITIONS

This system is also finite type. Use the control ball B = [—1, 2]. At a fixed level n, every
cylinder map has the form

C,(x)=3"x+1, 3", € 27. (6.9)

All contraction ratios are 37", so comparable stopping words have the same length. A
relative map is translation by

m = 3", —t,) € 2Z.

If C,(B) meets C,(B), then B meets B + m, so |m| < 3. Hence the only possible neighbor
maps are translations by —2, 0, 2, a finite family.
For the dyadic interval system

Dy(x) = x/2, Di(x)=x/2+1/2, (6.10)

the attractor is [0, 1], since this interval is invariant and the attractor is unique. The
open set (0, 1) is feasible, because its images are (0,1/2) and (1/2, 1). Thus OSC holds. SSC
fails because

Do([0,1]) n Dy ([0, 1]) = {1/2}. (6.11)
Finally consider the labelled three-map system

So(x) = x/3, Si(x) = x/3, So(x) =x/3+2/3. (6.12)

Deleting the repeated label leaves (6.8), so uniqueness of the attractor shows that the
attractor is again C. The same calculation (6.9), now with duplicate symbolic descriptions
of some geometric maps, shows finite type. Lemma 5.4 gives WSC. Since Sy = S, there is
an exact overlap; Lemma 5.3 rules out OSC and Lemma 6.1 rules out exponential separation.

The labelled similarity dimension solves 3(1/3)° = 1, hence equals 1. The accepted
middle-third Cantor calculation from 1.1 gives

. log 2
dimyC=——<1. (6.13)
log 3

The dyadic system proves that SSC is strictly stronger than OSC, while the duplicate
Cantor system proves that OSC is strictly stronger than WSC and that WSC permits exact
overlaps. [J

I.7.7 The terminal open-set theorem

Guided result — 7.1 (G-1.7.13: Moran—Hutchinson theorem under the OSC) [G]

[G | currency: Classical/Published | omitted: the bounded-overlap input (7.52)
for comparable OSC cylinders | source: HUT81-IFS, Sections 5.1-5.3, especially
Theorem 5.3(1)]

Let @ satisfy the OSC and let s = s(®). Then
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dimy K =5, 0< Z5(K) < +oo. (7.1)
For p; =17,
K
SRS v 7.2

There are 0 < a < b < 0o and ry > 0 such that

ar® < ll(p’p(E(x, r)<br (x€K,0<r<n). (7.3)

Reference. See Hutchinson [Hut81, Sections 5.2-5.3, Theorem 5.3(1), pp. 18—-20 of
the author’s retypeset copy].

Guided proof architecture

If N = 1,thens = 0, K = {x,} consists of the fixed point of the sole similarity, and (7.1)—(7.3)
follow directly with g ;) = §(x,) and a = b = 1. Assume henceforth that N > 2; then
s> 0.

The upper half of (7.1) is already internal: Theorem 4.2 gives

5 (K) < +oo, dimg K <. (7.4)

Use the canonical weights p; = ;. For a scale 0 < r < 1, the stopping antichain A,
satisfies

Fmin? <hy <r (e A,), Z ry =1 (7.5)
UueA,

Here are the details behind the stopping operation. Choose an integer m with rji,, <r.
Every infinite word has a first prefix whose ratio is at most r, and that prefix has length at
most m. Two such prefixes cannot be comparable, because ratios strictly decrease upon
appending a letter. Thus A, is finite and its symbolic cylinders partition ¥. Taking their
Bernoulli probabilities proves the sum in (7.5). The ratio bounds follow from r, = r(,~yr;
and r,~) > r, where j is the last letter of u.

We state the one external input precisely. For the fixed OSC system there is a finite
constant Mg such that

#7(x,r) < Mg, F,n=fueh, : K,nBx,r) =}, xeR¢ 0<r<1. (7.5a)

This is the bounded-overlap input from HUT81, Theorem 5.3(1), proof parts (a)-(b),
together with Section 5.2(3). Its packing argument is not reproduced here. It does not
assert disjointness of the compact sets K,,. For the source application, the feasible open set
may be taken bounded: choose R so large that

max; |g;
R mElal oA BO.R) % 0.

1_rmax
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Then S;(B(0,R)) € B(0,R), so O’ = O n B(0, R) remains feasible. For z € O’, every
S(wln)(2) lies in O’; the coding theorem gives K C cl(O"). Hence K, C cl(5,(0")). The
source packing bound for closures of these disjoint stopping open sets therefore gives
exactly (7.5a), with the source’s ambient dimension equal to d and its minimum ratio equal
to rpin- Open-ball bounds also give closed-ball bounds by a fixed radius enlargement,
changing only the constant.

All further deductions can now be made explicitly. If 7g(w) € B(x,r), its stopping prefix
belongs to #(x,r). Thus

HopBoer) < Y, By(lul)
ue 7 (x,r)
= Z rs < Mgr® (xeR% 0<r<).
ue 7 (x,r)

In particular, no equality g ,)(K,) = r; has been assumed. The mass-distribution
principle yields #Z°(K) > 0 and dimy K > s. Together with (7.4), this proves (7.1). Since
s > 0, a singleton has zero #° measure, so we now know D = diam(K) > 0.

For 0 < p < D, take t = p/D and let u € A; be the stopping prefix of an address of
x € K. Both x € K,, and diam(K,,) < p hold, so K,, C B(x, p). Consequently

(7.6)

pop (B ) 2 i () 2 Fylul) = 1 > (P22 )

Equations (7.6)—(7.7) prove (7.3) on 0 < p < ry with ry = min(1, D)/2. Enlarging the
upper constant if necessary ensures a < b.

For the measure identity, put A = #° [ K. Similarity scaling from I.1 and the canonical
weights give

D&K)= Y A (K) = H(K).

Since K = U;K; and all these measures are finite, the nonnegative function };; 1(x) — 1x
has integral zero with respect to #. It follows that #Z°(K; N K;) = 0 for i # j. For every
Borel set E,

ME) =) #5(EnK)

1

= D RHSTE)NK) = Y R (S)AE).

Normalize by the positive finite number #°(K) and apply the invariant probability
uniqueness in Theorem 3.1 to obtain (7.2). Only the input (7.5a) remains unproved here;
its consequences above are proved relative to that input. The result remains G, and no F
result uses it.

I.7.8 Intuition and strategy

The following discussion explains the geometric ideas behind the proofs.



Chapter L7 161

I.7.8.1 One contraction principle, three incarnations

An ordinary contraction repeatedly pulls points toward one fixed point. An IFS applies
several contractions at once. On compact sets this becomes the Hutchinson operator

A s,

and its fixed point is the attractor. On probability measures the analogous operator
averages the pushed-forward measures,

Vi ) i)

The compact-set construction records where the geometry lives; the measure construc-
tion records how often the symbolic process visits each part. Both are controlled by the
same exponential contraction of finite compositions.

1.7.8.2 Symbolic space is a universal address book

An infinite word tells the system which map to apply at every stage. Two words with a
long common prefix have passed through the same long chain of copies, so their images
are close. This is the geometric meaning of the symbolic metric and the Holder estimate
for the coding map.

The coding map is always onto, but it need not be one-to-one. Nonuniqueness of
addresses has several strengths. Two first-level pieces may merely touch, as in the dyadic
interval. More complicated cylinders may overlap without being identical. At the strongest
algebraic extreme, two distinct words may define exactly the same map.

Periodic words correspond to fixed points of finite compositions. Their density is the
symbolic analogue of approximating an infinite instruction list by a repeating finite block.

1.7.8.3 Labels and geometry must not be conflated

The IFS is a labelled family. If two labels carry the same map, the attractor does not notice
the duplicate, but the symbolic space and similarity equation do. Thus

Zrl-szl
i

can predict a dimension larger than the actual Hausdorff dimension. The universal
upper bound remains correct because it counts every labelled cylinder in a cover; overlaps
only make that cover redundant.

This distinction is the elementary prototype of dimension drop. Later volumes ask when
redundancy is forced by exact algebraic coincidences and when it can arise from subtler
concentration of distinct cylinders.

1.7.8.4 The separation ladder measures different phenomena

The strong separation condition says the compact first-level pieces are disjoint. It is a
statement about the attractor itself. The open set condition asks instead for disjoint images
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of an auxiliary open set. Pieces of the attractor may then meet on their boundaries.

Weak separation is formulated in the space of similarity maps. It forbids distinct relative
cylinder maps from accumulating at the identity, but it allows the identity itself to occur
as an isolated exact overlap. This is why weak separation is not simply a diluted form of
disjointness.

Finite type makes the comparable-scale overlap patterns genuinely finite. The control
ball is a bookkeeping device: normalize a cylinder back to unit scale and list the neighboring
cylinders it can see. A finite list cannot contain nonidentity maps converging to the identity,
which explains the route

finite type — weak separation.

The chapter’s definition is deliberately pinned to one control-ball convention. Other
definitions called “finite type” in the literature may require additional hypotheses before
they become equivalent.

1.7.8.5 Exponential separation prevents near coincidences

At a fixed level, two cylinder maps can be compared by translation only when their
linear parts agree. This is the comparison relevant to Hochman’s separation scale. Weak
separation says that, after normalizing by one cylinder, a nonzero translation cannot be
arbitrarily small. Scaling back to level n loses at most the smallest contraction ratio to the
power n, so a uniform exponential lower bound follows when exact overlaps are absent.

An exact overlap at unequal levels is not harmless. Composing the equal maps in
opposite orders creates an equal-map pair at one common level, and then common suffixes
propagate the coincidence to every later level. This is why exact overlap and exponential
separation are incompatible.

Super-exponential concentration is a limiting-rate condition, whereas exponential sepa-
ration asks for a lower bound on infinitely many levels. Negating convergence of —log A, /n
to infinity produces precisely such an infinite subsequence. The formal notes record this
quantifier equivalence explicitly.

1.7.8.6 'What the open set theorem adds

The easy half of the Moran-Hutchinson theorem is a cylinder cover: at level n, the sum
of the s-powers of all cylinder diameters is constant. The difficult half prevents too many
comparable cylinders from crowding one ball. A fixed ball inside a bounded feasible open
set supplies a smaller ball inside every image of that open set. These are auxiliary open
pieces, not balls inside the fractal K,,. Their disjointness and Euclidean packing control
local multiplicity of the geometric cylinders.

That bounded-overlap mechanism gives both positive Hausdorff measure and an upper
r® mass bound. The opposite mass bound comes from following one address down to
scale r. Together they make the canonical self-similar measure Ahlfors regular. The exact
bounded-overlap block is cited to Hutchinson as (7.5a); the mass estimates and measure
identity are then deduced explicitly. Positivity of the attractor diameter is established
before dividing by it.
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1.7.8.7 Dependency map
The fully proved route is

Hausdorff hyperspace completeness
— attractor fixed point

— symbolic coding and cylinders
— invariant Bernoulli measure

similarity weights — universal dimension upper bound

SSC — OSC — WSC
finite type — WSC
WSC + no exact overlap — uniform exponential separation

The one cited classical input is
OSC bounded overlap and lower measure estimate — G-1.7.13.

No F-labelled result depends on that bridge or on material from L.8.

1.7.9 Exercises

These exercises use the permitted real-analysis and dynamical-systems prerequisites and
the results already proved through this chapter. None requires the cited bounded-overlap
lemma in the final open-set theorem.

1.7.9.1 Exercise 1 — Word and cylinder calculus

Let u,v € A*. Prove

Ky = Su(K,) C K,

and, for a similarity IFS,

diam(K,,,) = r,r, diam(K).

Show also that if neither word is a prefix of the other and the OSC holds, then S,(0) N
S,(0) = @ for every feasible open set O.

1.7.9.2 Exercise 2 — An a posteriori attractor estimate

Let ® be a contractive IFS with maximal contraction constant c. Prove that every nonempty
compact A satisfies

(a1 < SHATHD)

Deduce

Cn

dp(F5(A),K) <

o du (A Fo(A).
—C
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1.7.9.3 Exercise 3 — The exact middle-third coding formula
Use the alphabet {0, 2} and maps

x+j

Ci(x) = 3 G €{0,2}).
Prove that
N %k
me(w) = Z 3_k
k=1
Derive the Holder estimate directly from the series, and explain why the image is exactly
the set of numbers in [0, 1] admitting a ternary expansion using only the digits 0 and 2.
1.7.9.4 Exercise 4 — Periodic points of affine cylinders

Let u be a nonempty finite word. Suppose the similarity composition S, has affine form

Su(x) = Ayx + ay.

Prove that I; — A, is invertible and that the point coded by u® is
() = (Ig = Ay ay.

I.7.9.5 Exercise 5 — Quantitative convergence for measures with a first
moment

Fix x; € RY, put

M = max |Si(x0) - xOL
1

and suppose [ |x — x|dv(x) < oo. If g is bounded and Lipschitz with Lipschitz constant
L, prove

n M
U gdﬂg,p(v) - j gd,u(p)p‘ <Lc (J’ |x — x| dv(x) + :)

I.7.9.6 Exercise 6 — What changes when some weights vanish

Let p; > 0, ),; p; = 1, and put

Let K, be the attractor of the sub-IFS (S;)(iep, ). Prove that the measure operator still
has a unique invariant probability and that its support is exactly K. Give an example in
which K is a proper subset of the attractor K of the full labelled IFS.
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1.7.9.7 Exercise 7 — Arbitrarily large labelled dimension drop

Fix 0 < r < 1 and let all N > 2 labelled maps on R equal S;(x) = rx. Determine the attractor,
its Hausdorff dimension, and the labelled similarity dimension. Show that the difference
between the last two quantities can be made arbitrarily large by increasing N.

1.7.9.8 Exercise 8 — All addresses in the dyadic interval

For
Dy(x) = x/2, Di(x)=x/2+1/2,
prove
mp(w) = PR
—1 2
k=1

Here a dyadic point means a number k/2™, with k an integer and m a nonnegative
integer. An address of x is a word w € 3 with np(w) = x. Show that every non-dyadic
point of (0, 1) has one address, every dyadic point of (0, 1) has exactly two addresses, and
each endpoint has one address.

1.7.9.9 Exercise 9 — Quantitative feasible neighborhoods under SSC
Assume N > 2 and SSC. Let

§ = min dist(5(K), Sj(K))> F'max = Maxr;.
i#j i
Prove that for every

0<e< 0 ,
2rIIlaX

the open e-neighborhood of K is feasible for the OSC.

1.7.9.10 Exercise 10 — Similarity conjugacy invariance

Let Q(x) = gRx + b be an invertible similarity and define

Si=Q05°07".
Prove that the conjugated IFS has attractor Q(K) and coding map Q ° zg. Prove that SSC,

OSC, exact overlap, WSC, exponential separation, and uniform exponential separation are
each invariant under this conjugacy. Show more precisely that

An(a) = qAy(D).
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1.7.9.11 Exercise 11 — Finite type for the dyadic interval
For the dyadic IFS in Exercise 8, use the control ball B = [—1, 2] and prove directly that

| @)

u+Q

consists of translations by integers in a subset of {—3,-2,—1,0, 1, 2,3}. Deduce finite
type and WSC.
1.7.9.12 Exercise 12 — Propagation of an arbitrary exact overlap

Suppose S, = S, for distinct finite words, which may have different lengths. Prove that
neither word is a prefix of the other. Prove that uv and vu are distinct words of the same
length but define the same map. Finally, show that for every n > |u| + |v| there are distinct
words a,, b, € A" with S(a,) = S(b,)-

1.7.9.13 Exercise 13 — The separation-rate quantifiers

Let (8,) take values in [0, +co] and use the logarithmic conventions of D-1.7.09. Prove
directly that the following are equivalent:

1. there is ¢ € (0, 1) such that &, > ¢" for infinitely many n;
2. (—logd,)/n does not tend to +oco.

Construct a sequence satisfying these conditions but for which no exponential lower
bound holds at every level.
1.7.9.14 Exercise 14 — Stopping antichains and canonical weights

Let s = s(®) and p; = ri. Prove that /; is a finite prefix-free set and that every w € X has
exactly one prefix in A;. Deduce, without using G-1.7.13, that

Zr,izl.

uEN,
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Self-Similar Sets and Measures

For self-similar constructions, the contraction ratios predict a dimension, and the probabili-
ties predict the dimension of a measure. Separation determines when these predictions
are valid. This chapter combines coding, typical word frequencies, and covering estimates
to prove dimension formulas in the stated regimes. It also explains why the geometry of
coding fibers and the distinction between a set and a measure become important when
overlaps are present.

The definitions below fix this chapter’s conventions. Geometric intuition and proof
strategy are discussed separately after the main development; exercises and their solutions
provide a second route through the material.

Definitions and notation

Throughout, ® = (5)(iep) is a labelled similarity IFS on R%, p=( Pi)(ien) 1s a strict proba-
bility vector, K is the attractor, and p = fig, p) is the self-similar measure from T-1.7.04. All
logarithms are natural.

Definition — 1.8.01: Entropy, Lyapunov exponent, and natural dimension

The symbol information and contraction information are

L,(i) = —log p;, Le(i) = —logr;.
The Shannon entropy of p and the Lyapunov exponent of (®, p) are

h(p)==-Y plogp.  x(@p)=-) plogn.
iEA iEA

Since every 0 < r; < 1, one has y(®, p) > 0. The similarity dimension of the
self-similar measure is

h(p)

di ="
s 1m(,u<p,p) 2@, 0)

and its natural dimension is

167
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h(p) }
X(@.p))

These are labelled-system quantities. Neither definition asserts equality with a geo-
metric dimension of .

dimnat(ﬂ(b,p) = min {d

Definition — 1.8.02: Frequencies, information sums, and typical sequences

For w € 3,i € A, and n > 1, define the empirical frequency
foi(w) = l#{1 <k<n:a=i
n

The length-n information sum and contraction sum are

n
L(w) = —log pujn = Z Ip(wk),
k=1

n
Ly(w) = =logr, = Y. Lo(ay).
k=1
The Bernoulli typical set is

Qp={weZ: fii(w) - pforeveryie AL

Definition — 1.8.03: Contraction-weighted prefix distance

An ultrametric is a metric p satisfying the strong triangle inequality

p(x,z) < max{p(x, y), p(y, 2)}.
Put ry = 1. The contraction-weighted prefix distance on X is
0, w=T,
po(w,T) =

Toprs W F T,

where w A 7 is their longest common prefix. L-1.8.04 proves that this is an ultrametric,
that coding is Lipschitz from this metric, and that it is bi-Lipschitz under SSC.

Definition — 1.8.04: Coding fibers and zero-dimensional fibers

For x € K, the coding fiber of x is

Fibg(x) = 75 1¢x}) c =
The IFS has the zero-dimensional-fiber property if
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dim® Fibs(x) =0  (x € K),

where the superscript records that Hausdorff dimension is computed in the symbolic
metric ds, of D-1.7.03.

Definition — 1.8.05: Dimension drop and full-dimensional measures

In this chapter, unadorned Hausdorff and packing dimensions of a probability mean
their upper, full-mass versions from D-1.4.03:

dimgy p : = dimgp, dimp p := dimpp.

For an exact-dimensional measure all four measure dimensions agree, by Chapter L.4.
The convention above also makes statements meaningful before exact dimensionality
has been established.

The self-similar measure has dimension drop from its natural dimension if

dimy Ho,p < dimnat(,u(b,p)-

It is full-dimensional in its attractor if

dll’l’lH ﬂq),p = dll’l’lH K.

These properties are distinct. In an overlapping labelled system a measure may be
full-dimensional in K while still having dimension drop from the labelled natural
dimension.

Definition — 1.8.06: Ahlfors-regular measures and sets

Let E be a nonempty compact metric set and let v be a Borel probability with supp(v) =
E. For s > 0, the measure v is s-Ahlfors regular on E if there are constants 0 < a <
b < c0 and ry > 0 such that

ar® <v(B(x,r)) <br' (x€E, 0<r<n).

The set E is s-Ahlfors regular if it supports an s-Ahlfors-regular Borel probability.
This is the probability-normalized convention used in the chapter.

Throughout, ® = (5;)(iep) is a labelled similarity IFS on R?, p is a strict probability
vector, and

H=Hop= (”d))#ﬁp- (0.1)

All logarithms are natural. Put

Frin = ml_ln T Tmax = mlax r;. (0.2)
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I.8.1 Bernoulli information and contraction averages

Define
h=h(p) ==, plogp,  x=x(@p)==) plogr>0. (1.1)
i i
Forw € 2, let

L(w) = —log pujns Ly(@) = —log 1. (1.2)

Lemma — 1.1 (L-1.8.01: finite-alphabet Bernoulli strong law) [F]

One has ,(Q,) = 1. For f,-almost every o,

In(a)) N h, Ln(w) — 7, (1.3)
n n
and therefore
lo
Poln _, b (1.4)

log Toln X

Proof

We first prove the needed strong law. Let f : A — R be arbitrary, put

mp= Y pf@. X = fl@)-mp S, = /; X,. (15)

The variables X;. are independent and identically distributed (iid), centered, meaning
E(Xg) = 0, and bounded. On expanding the fourth power, independence and centering
make every term vanish unless its indices occur in one block of size four or two blocks of
size two. Hence

n
Eg, (1) = PEXH+6 > EB(XHEXD) < Cpn? (1.6)
k=1 1<j<k<n

for a finite constant C¢. Markov’s inequality gives, for every ¢ > 0,

S
ﬂp{|Sn| > €n} < y (1.7)

The right side is summable in n. Borel-Cantelli, first with ¢ = 1, then simultaneously
with e = 1/m, m > 1, yields

% Zn: flog) — Z pif@) for ﬂp-almost every . (1.8)
k=1 i

Apply (1.8) to the finitely many indicator functions f = 1g3. Their common probability-
one set is exactly Q,, so 8,(Q,,) = 1. Apply it also to
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f@) =—logp; and f(i) = —logr,.
These functions are bounded because the alphabet is finite and every p; and r; is positive.
Their sums are I, and L, and their expectations are h and y; this proves (1.3). Since y > 0,
division of the two limits gives (1.4). [

Lemma — 1.2 (L-1.8.02: entropy/Lyapunov comparison) [F]

If s = s(®), then

hes (1.9)

X
Equality holds if and only if p; = r for every i.

Proof

Put ¢ = r/. Lemma 4.1 of 1.7 gives ¢ > 0 and ) ,;¢q; = 1. For x > 0, the inequality
log x < x — 1 gives

Zpllog <Zp,(——1)=2qi—2pi=o. (1.10)
i i
Therefore
0<Zpllog— Zpllogpl sZp,logrl——h+s)( (1.11)

Division by y > 0 proves (1.9). Equahty in (1.10) requires ¢;/p; = 1 for every i, because
every p; > 0 and equality in log x < x — 1 occurs only at x = 1. This is exactly the asserted
equality case. [J

Theorem — 1.3 (T-1.8.03: universal natural-dimension upper bound) [F]

Without any separation condition,

dimy pp, p, < min {d, %} (1.12)

Proof

If diam(K) = 0, the measure is a point mass and the claim is immediate. Assume D =
diam(K) > 0. Fix 0 < ¢ < y. Form > 1, let

E,.={w : I(w) <nth+¢), Ly(w)>n(y—c¢)foreveryn>m}. (1.13)

Lemma 1.1 gives

() . oo



172 CHAPTER L.8. SELF-SIMILAR SETS AND MEASURES

Each E(p, . is an intersection of finite unions of symbolic cylinders, hence is closed in
the compact space X. Its coding image is therefore compact, and the union of these images
is a Borel carrier.

For fixed m and n > m, let W,, be the words u € A" for which [u] N E(,, ) is nonempty.
From the information inequality in (1.13),

Dy > e (h+e) (u e W,).

The level-n cylinders are disjoint in symbolic space and their Bernoulli masses sum to
one, so

#W, < o), (1.15)

The contraction inequality in (1.13) and exact similarity scaling give

diam(K,)) = Dr, < De X9 (y e W,). (1.16)
For every

h+e
x—¢
the cylinders (K, )uew,) cover ng(E(y, ) and satisfy

t>

Z (diam K,))! < D' exp{n(h + €) — nt(y — e)} — 0. (1.17)

uew,
Thus
h+e¢

dirrlH ”CD(Em s) < .
8 Y—¢

The union over m is a full py-measure carrier by (0.1) and (1.14), so the same bound holds
for dimyy p. Letting ¢ | 0 gives dimy p < h/y. The ambient bound dimy p < d follows
because p is carried by RY. This proves (1.12). [

I.8.2 Weighted symbolic geometry under strong separation

For distinct w, 7, put

po(@.7) = Tne pol@,0) =0, (2.1)
with ry = 1.

Lemma — 2.1 (L-1.8.04: weighted symbolic metric and SSC coding) [F]

The function pg is an ultrametric. For distinct w, 7,

|79 (w) — 716(7)| < Dpg(w, 7), D = diam(K). (2.2)
If N > 2 and SSC holds, then
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and
8pa(@,7) < (@) - 70(0)| < Dpol,7). (2.4)

Consequently g : (2, pp) = K is bi-Lipschitz, and

mp (K) =[ul,  p(K,) = py. (2.5)

For N =1, ¥ and K are singletons and (2.5) remains valid.

Proof

Positivity off the diagonal and symmetry of pg are immediate. The strong triangle inequality
is immediate if two of the three sequences coincide. Otherwise, the two words v A  and
n A t are both prefixes of 7, so one is a prefix of the other. Their shorter one is a prefix of
both w and 7. Since contraction products strictly decrease when a word is extended,

pal@, ) < max{pp(®,n), po(n, 7)}. (2.6)

Thus pg is an ultrametric. It gives the same Borel sets as the original symbolic metric:
for distinct sequences whose common prefix has length n,

rrrrllin < po(®@,7) < Mpays ds(w,7) =27". (2.6a)

These bounds show that convergence in either metric is equivalent to the common-
prefix length tending to infinity. The topologies therefore agree, so the Bernoulli law is a
Borel probability for the weighted metric as well.

Let u = w A 7. Both coded points lie in S,(K), whose diameter is r, D; this proves (2.2).
Under SSC, write

w = uiw’, T = ujr’, i #].
The two images lie respectively in S,(5;(K)) and S,(S;(K)). Similarity scaling and (2.3)
give
|7 (w) — mg(7)l > 1,6 = Spg(w, 7),

which proves (2.4).

The coding is onto by T-1.7.03 and injective by L-1.7.07, so (2.4) makes it a bi-Lipschitz
bijection. The cylinder identity gives np([u]) = K. If ngp(w) € Ky, choose 7 € [u] with the
same image; injectivity gives w = 7, so 5 (K,) = [u]. Now (0.1) yields

H(K,) = ﬁp([u]) = Pu-

The one-label case follows directly from the definitions. [J
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Theorem — 2.2 (T-1.8.05: exact dimensionality under SSC) [F]

If SSC holds, then for p-almost every x,

log pu(BG,T) _ h

li . 2.7
rlf(r)1 logr X @7)
In particular,
. . h
dimg p = dimp p = —. (2.8)
X

Proof

The case N = 1 is a point mass and both sides of (2.7) are zero. Assume N > 2. For every
w and n > 1, strict decrease of prefix ratios gives

By, (@, 7)) = [wln]. (2.9)

Indeed, a sequence in the cylinder has weighted distance at most r(,|,), while a sequence
outside it has common prefix of length less than n and hence strictly larger weighted
distance.

Given sufficiently small » > 0, there is a unique n with

Toln ST <Tyjn—1- (2.10)

Equations (2.9)—(2.10) show that the weighted closed ball has Bernoulli mass

ﬁp(qu)(ws r) = Puoln: (2.11)
Moreover,
0 < [log Yoln — 10grw|n—1| < max|logr|. (2.12)
1

For w in the probability-one set of Lemma 1.1, —log r(,|n) ny; hence (2.10)—(2.12) and
(1.4) give

log fp(By,(0.1) 1

i —. 2.13
rlirg logr X (2.13)

Put x = ngp(w). The bi-Lipschitz estimates (2.4) give
79 (Bpy(@.7/D)) C Blx,r) N K C 1g(Bp, (.7/6)). (2.14)

The coding is bijective, so applying (0.1) to (2.14) sandwiches the Euclidean ball mass
between the two symbolic ball masses. Multiplying the radius by a fixed positive constant
does not change the limit in (2.13), because log(cr)/logr — 1. This proves (2.7) at the
images of the full f,-measure set, hence at p-almost every point.

The exact-dimensional local-to-global result C-1.4.08 now gives (2.8). [
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1.8.3 The complete Moran package under SSC

Theorem — 3.1 (T-1.8.06: SSC Moran theorem and canonical regularity) [F]

Assume SSC, put s = s(®), and take the canonical weights p; = r;. There are 0 < a <

b < o0 and ry > 0 such that
ar® < u(B(x,r)) <br' (x €K, 0<r<r). (3.1)

Furthermore,
dimg K = dimp K = dimgK = dimgK = s, (3.2)
7| K
0 < Z°(K) < +oo, = : 3.3
(K) <o, = (53)
Proof

If N = 1, then s = 0, K = {x,} is a singleton, and all assertions follow with y = , . Assume
N >2,s50s> 0, D= diam(K) > 0, and the SSC gap § in (2.3) is positive.
For 0 < t < 1, every infinite word has a unique first prefix u satisfying

ry <t <ry. (3.4)

Such a prefix exists because r(,;) < rmax — 0. If iy < t, every first crossing occurs
by level m, so A; is finite. If one stopping word were a proper prefix of another, then the
parent of the longer word would have ratio at most ¢, contradicting (3.4). Thus the stopping
words are prefix-free, the stopping cylinders partition %, and

Tmint <7, <t, H(Ky) =1y (3.5)

Distinct words in A; are incomparable. Let g be their longest common prefix and let
their next letters be i # j. Since q is a prefix of each parent word in (3.4), r; > t. Therefore
dist(Ky, K,) = ry dist(S5(K), S;(K)) > dt. (3.6)

Fix 0 < r < 1 and use t = r. If a ball B(x,r) meets m stopping pieces, choose one point
from its intersection with each piece. By (3.6) these points are pairwise more than r apart.
The closed balls of radius 6r/2 about them have disjoint interiors and lie in B(x, (1 +8/2)r).
Comparison of Euclidean volumes gives

2 d
m<Mgs = (1 + S) . (3.7)

The stopping pieces cover K; hence (3.5) and (3.7) imply

u(B(x,r)) < Mg sr°. (3.8)
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For the lower estimate, choose 0 < r < D and an address w of x. Let u € A(,/p) be its
stopping prefix. Then

K, C B(x,r)
because x € K, and diam(K,,) = r,D < r. Equations (2.5) and (3.5) give

p@@J»Z@>(€?Yﬁ. (3.9)

Equations (3.8)—(3.9), with

1 .
ro = 3 min{1,D}, a= (rmin/D)’, b= Mgy,

prove (3.1).
The upper mass estimate and the mass-distribution principle give Z°(K) > 0; T-1.7.06
gives Z°(K) < oo and dimy K < s. Hence
dimyg K =s. (3.10)

For completeness, take a maximal r-separated subset {x1, ..., x,,} of K. The balls B(x;,/3)
are pairwise disjoint, and the lower bound in (3.1) gives

1> i H(B(x;j,r/3)) > ma(r/3)°. (3.11)
=1

Maximality makes the radius-r balls centered at the x; cover K, so N.(K) < a 13575,
Thus dimgK < s. The accepted inequalities

dimy K < dimp K < dimgK, dimy K < dimgK < dimpK
and (3.10) prove (3.2).
It remains to identify the measure. Define
x| K
V= .
Z4(K)
SSC makes the first-level pieces disjoint. Similarities scale #°° by r;’, so for every Borel
set A,

v(A) = ) rv(STH(A)). (3.12)

Thus v is invariant for the canonical weights. Uniqueness in T-1.7.04 gives v = p, proving
(3.3). O

Corollary — 3.2 (C-1.8.07: variational and unique full-dimensional weight) [F]

Under SSC,

dimy ig p < dimp K = s(P), (3.13)
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with equality if and only if p; = r’ for all i. Consequently

s(@) = max dimy g, (3.14)
>0, 2 pi=1 |

and the canonical vector is the unique maximizing strict Bernoulli weight.

Proof

Theorem 2.2 gives dimy y = h/y, Lemma 1.2 gives h/y < s with equality only at the
canonical vector, and Theorem 3.1 gives dimy K = s. Combining these statements proves
(3.13)—(3.14), including uniqueness. [J

1.8.4 Explicit entropy loss from duplicate labels

Proposition — 4.1 (P-1.8.08: separated and duplicate-label models) [F]

The following three systems distinguish geometric dimension from labelled informa-
tion.

(1) For Cy(x) = x/3 and Cy(x) = x/3 + 2/3 with weights (1,1 —t), where 0 <t < 1,
the self-similar measure satisfies

—tlogt — (1 —¢t)log(1—1t)
log 3 '

dimH H=

(2) For Sy =S; = Cy and S, = C, with strict weights (pg, p1, p2), put ¢ = py + p1-
Then

—qlogq — pylog py
log3
< —polog po — p1log p1 — pylog py
log3

dimy p =

= sdim(ug, p)-

This system has dimension drop from its natural dimension. If ¢ = p, = 1/2, it is
nevertheless full-dimensional in its Cantor attractor.

(3) Ifall N labelled maps on R? equal S(x) = rx, with 0 < r < 1, their self-similar
measure is & for every strict weight vector. With uniform weights,

log N
log(1/r)’

so the labelled similarity dimension is unbounded as N grows with r fixed.

dimg p =0, sdim(pgp, ) =

Proof

For the middle-third Cantor maps Cy(x) = x/3 and Cy(x) = x/3 + 2/3, SSC holds and both
contraction ratios equal 1/3. With weights (¢, 1 — t), Theorem 2.2 gives
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—tlogt — (1 —1t)log(1—1t)

di = 4.1
imyy o3 (4.1)
Now use the duplicate system
SO = Sl = C(), 52 = Cz, (42)
with strict weights (pg, p1, p2), and put g = py + p;. Its measure operator is
My p(v) = q(Colyv + pa(Co)yv. (4.3)

Thus uniqueness in T-1.7.04 identifies the measure with the separated two-map Cantor
measure of weights (g, p,). Applying (4.1) gives

—qlogq — pylog py

i = 4.4
dimgy p og3 (4.4)

The labelled entropy is larger. Indeed, with a = py/q € (0, 1),
h(po. p1. P2) = h(q. p2) + q[ — alogar = (1 — &) log(1 — )] (45)

> h(q, p)-

All three labelled ratios are 1/3. The finite Gibbs inequality with the uniform three-label
vector gives h(py, p1, p2) < log3. Thus the labelled similarity dimension is at most the
ambient dimension one; taking the ambient minimum does not alter it. Division of (4.5) by
log 3 therefore proves strict drop from the labelled natural dimension. If ¢ = p, = 1/2, then
(4.4) equals log 2/ log 3, the dimension of the Cantor attractor, while the strict inequality in
(4.5) remains. The measure is therefore full-dimensional in its attractor and simultaneously
has labelled natural-dimension drop.

Finally, suppose all N labelled maps equal S(x) = rx. Their measure operator is simply

-%(I),p (V) = S#Vs

whose unique invariant probability is the point mass &. Its Hausdorff dimension is zero.
For uniform weights the labelled measure similarity dimension is

log N
log(1/r)’

(4.6)

which tends to infinity with N. [J
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I.8.5 The terminal open-set extension

Guided result — 5.1 (G-1.8.09: entropy/Lyapunov exact dimensionality under

0SC) [G]

[G | currency: Published | omitted: projection-entropy calculus, conditional
Shannon-McMillan-Breiman theorem, and the Feng-Hu local-dimension
theorem | sources: FH-01, Theorem 2.8 and Corollary 4.16; HUT81-IFS, Section
5.3 comparable-cylinder lemmal

If @ satisfies the OSC, then for every strict p,

log g, p(B(x,1))  h(p)
1m =
rl0 logr x(@, p)

for g ,-almost every x, (5.1)

and

h(p)
x(@,p)’
References. The projection-entropy statement is Feng and Hu [FH09, Definition 2.1,
p- 5, Theorem 2.8, p. 7, and Corollary 4.16, p. 25]. The OSC fiber estimate uses

Hutchinson’s comparable-cylinder packing lemma [Hut81, Section 5.3, pp. 19-20],
already isolated in G-1.7.13.

dlmH luCD,P = dlmp /,lq)’p = (52)

Guided proof architecture

If N = 1, the measure is a point mass and h(p) = 0, so the conclusion follows directly.
Henceforth assume N > 2.

The external HUT81 bound (7.5a) in 1.7 gives a constant Mg such that, for every 0 <t < 1
andz € K,

#Hue A : z€ K,} < M. (5.3)

Every address in Fibg(z) has exactly one prefix in A;, so

Fibg(z) € | J [u]. (5.4)

UuEN;
zeK,

Ifue A, thenr, <tandr, > !

‘nin- Lherefore
logt
log "min ’

For every q > 0, (5.3)—(5.5) give

log 2
diamg [u] < 271 <12, a=—8% o (5.5)

|u] > = > 0.
log(l/rmin)

L (Fibg(2); d5) < Mgpt®d —> 0. (5.6)

Thus every coding fiber has symbolic Hausdorff dimension zero. The source uses
cylinder scales N™% rather than 27 at depth k. Replacing log 2 by log N in (5.5)—(5.6)



180 CHAPTER L.8. SELF-SIMILAR SETS AND MEASURES

proves the same zero-dimensional statement in that metric. Fibers outside K are empty
and require no additional cover.

For precision, let o(wy, w3, ...) = (wy, w3, ...) be the left shift, let m be a shift-invariant
Borel probability on %, let 2 = {[i] : i € A} be the first-coordinate partition, and let
y = B(R?), the Borel sigma-algebra. Here nply = {n3'(A) : A € y} is the pull-back
sigma-algebra. For a sub-sigma-algebra &/ of % (X), define the conditional information
and conditional entropy by

L(P | )x) == Y 1p()logEy(lp | ), Hy(P | o) = j 1(P | of)dm.

Pep
(5.7)
The Feng-Hu projection entropy appearing only in this G architecture is
ha(o,m) = H(2 | 07 np'y) = Hu(2 | mg'y). (58)

In (5.7), a term outside its partition element is defined to be zero. If gp = E,,(1p | ),
then m(P N {gp = 0}) = J{ =0} 9P dm = 0. Thus the logarithm on P is finite almost
everywhere; its value on the remaining null set can be chosen arbitrarily. Conditional
expectation and truncation give

H,(P| )= J Z —qp logqp dm, 0< H,(2|d)<logN, (5.8a)
Pep

where 0log 0 = 0. The upper bound follows from the finite Gibbs inequality against the
uniform vector (or its limit when some coordinates vanish). Consequently both terms in
(5.8) are well-defined finite numbers independent of the chosen versions. Formula (5.8) is
FH-01, Definition 2.1; its dynamical calculus remains part of the omitted 1.9 block.

The Bernoulli law is shift-invariant and ergodic by the allowed foundational dynamical-
systems results. Write h(o, m) for its measure-theoretic entropy. Independence gives
h(o, Bp) = h(p) for the Bernoulli shift. Feng-Hu Corollary 4.16, applied to the fiber
estimate above, now gives

ha(a, Bp) = h(a. Bp) = h(p). (5.9)

To check the differential hypothesis of Feng—Hu Theorem 2.8, note that similarities
extend to differentiable bijections of RY. They preserve a sufficiently large closed ball. For
every unit vector v,

IDSpyjn(YIV] = Tpjns —% logr,, — x(@,p) for B,-almost every w. (5.9a)

Here DS,(y) is the derivative at y; the equality holds at every y. Thus the smallest
and largest differential expansion factors have the same positive logarithmic contraction
limit, as required by that theorem. Its ergodic conclusion is the local-dimension formula
dy(x) = hy(0, Bp)/ x(®, p) almost everywhere. Substituting (5.9) yields (5.1). The accepted
exact-dimensional dictionary from 1.4 yields (5.2).
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These projection-entropy arguments are intentionally omitted here. Chapter 1.9 supplies
the full projection-entropy development, the conditional Shannon-McMillan-Breiman
theorem, and the proof of Feng-Hu Theorem 2.8. The HUTS81 proof of (5.3) is the terminal
geometric block isolated in G-1.7.13. No F result uses Theorem 5.1.

[.8.6 Intuition and strategy

The following discussion explains the geometric ideas behind the proofs.

1.8.6.1 Two clocks run along a random address

For a word w|n, its probability and geometric scale are

Pooln and Tooln-

Their negative logarithms are additive. The information clock accumulates — log p(,,);
the contraction clock accumulates —logr(,, ). Along a Bernoulli-typical address, the two
clocks advance at average speeds

h(p) and x(®, p).

Dividing the speeds predicts the amount of information carried per unit of geometric
magnification:

h(p)
x(@,p)
The fourth-moment proof in the proofs is intentionally elementary. It shows exactly

where the probability-one statement enters instead of hiding it behind a general ergodic
theorem.

1.8.6.2 Why the ratio is always an upper bound

A typical level has at most about exp(nh) relevant words, and each relevant cylinder has
diameter at most about exp(—ny). Covering the typical image by those cylinders gives the
dimension quotient i/ y. Overlaps can only make the geometric cover more redundant, so
they cannot invalidate the upper bound.

The ambient truncation by d is kept in the definition of natural dimension because a
labelled system can carry arbitrarily much symbolic entropy while living in R?. Under
genuine separation the quotient is already at most the set similarity dimension and hence
at most d.

1.8.6.3 The weighted symbolic metric uses the correct ruler

The fixed metric dy treats every symbolic generation as the same amount of magnification.
That is convenient for topology but ignores unequal contraction ratios. The weighted
distance
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PcI)(CO, T) = Tont

measures the actual geometric scale of the last common cylinder.

Under strong separation, the coding map neither collapses nor expands this ruler by
more than fixed constants. Symbolic cylinders become exact metric balls, their masses are
exactly p,, and the strong law transfers directly to Euclidean local dimension. This is the
cleanest setting in which the entropy/Lyapunov formula is a literal change of metric.

1.8.6.4 Canonical weights balance mass and diameter at every word

The similarity dimension s solves ) ;' = 1. Choosing
makes every cylinder satisfy

Under SSC, comparable cylinders are separated at a comparable Euclidean scale. A ball
can meet only boundedly many of them, giving the upper r* mass bound; following one
address gives the lower bound. Thus the canonical measure is Ahlfors regular, not merely
exact dimensional.

The Gibbs inequality says that no other Bernoulli vector has a larger entropy/Lyapunov
quotient. Under SSC the canonical vector is therefore the unique Bernoulli measure of full
attractor dimension.

1.8.6.5 Duplicate labels reveal where entropy disappears

Suppose two labels carry the same map. The symbolic process records which label was
chosen, but the geometric point records only their common image. If their weights are
Do» P1, geometry sees the merged weight

q=po+ pr1

The entropy chain rule becomes

h(po p1> p2) = h(g, p2) + qh(%, %) '

The conditional term is positive and is lost under coding. This gives a fully explicit
dimension drop: the measure can still fill the Cantor attractor dimension while falling
strictly below its labelled natural dimension.

1.8.6.6 OSC and the first appearance of projection entropy

OSC allows boundary identifications, so coding need not be globally injective. Nevertheless,
its bounded-overlap geometry makes each coding fiber symbolically zero-dimensional.
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Projection entropy measures the information that survives coding. In the Feng—Hu theorem,
the fiber bound forces it to equal classical Bernoulli entropy.

The resulting OSC formula is stated in 1.8 as a terminal sourced bridge. Its projection-
entropy and conditional Shannon-McMillan-Breiman proof is not compressed here: it is
the full-proof task of 1.9. This keeps the elementary SSC mechanism visible while marking
exactly what must change when addresses are no longer unique.

1.8.6.7 Dependency map
The full-proof route is

fourth-moment Bernoulli law

— information and contraction averages

— arbitrary-overlap natural-dimension upper bound
weighted symbolic ultrametric + SSC

— bi-Lipschitz coding

—> exact dimension h/ y

— canonical Ahlfors regularity

— unique full-dimensional Bernoulli weight
duplicate-label merging — explicit entropy loss

The cited OSC extension follows the route

OSC comparable-cylinder bound

— zero-dimensional coding fibers

— Feng-Hu projection entropy formula
— G-1.8.09.

No F-labelled result uses that bridge.

1.8.7 Exercises

These exercises use the preceding full proofs, earlier chapters, and the assumed real-analysis
and foundational dynamical-systems material. The Feng—Hu theorem and the omitted OSC
packing argument are not prerequisites.

1.8.7.1 Exercise 1 — The exact fourth-moment count
Let Xj, X5, ... be independent, identically distributed, centered random variables with

E(X?) = 62, E(X{) = my < +oo.
Prove that

n 4
E (Z Xk) = nmy + 3n(n — 1)ot.
k=1

Deduce the strong law for bounded iid variables using only Markov’s inequality and
Borel-Cantelli.
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1.8.7.2 Exercise 2 — Asymptotic equipartition on a finite alphabet

For e > 0, let
Ap(e) ={ue A" : e+ < p < enlhme)y
Prove that

> op—1

ucA,(e)

and that, for all sufficiently large n,

%en(h—g) < #An(g) < en(h-&—s)'

1.8.7.3 Exercise 3 — The equicontractive entropy maximum
Assume r; = r for all i and there are N labels. Prove
h log N
(p) _ log

x(@,p) = log(1/r)’
with equality if and only if p; = 1/N for every i.

1.8.7.4 Exercise 4 — Comparing the two symbolic metrics
Let
o 10g rinin _ 10g rnax
len log(l/z)’ Ymax Iog(l/Z)

Prove that ynin = Ymax > 0 and, for distinct o, 7,

dZ(w’ T)Ymin < pq)(w: T) < dZ((‘)’ T)Ymax.

Deduce that pg and dy, induce the same topology. Prove directly that
By (@,7}) = [wln].

1.8.7.5 Exercise 5 — A pointwise frequency formula under SSC

Assume SSC. Suppose w has limiting digit frequencies

fnil@) — g GEN),
where g = (g;) is a probability vector that may have zero entries. Prove that at x = 7g(w)
the local dimension of y(g p) exists and is
—2igilog p;
— X logr;
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1.8.7.6 Exercise 6 — Typical and atypical points in a Cantor measure

For the middle-third Cantor measure with weights (¢, 1 — t), let @ have limiting frequency
0 of the digit 0. Compute the local dimension at 7(w). Specialize your formula to a typical
point and to the periodic address (02).

1.8.7.7 Exercise 7 — Ambient truncation can be substantial
Let N labelled maps on R? all equal S(x) = rx. For uniform weights, compute sdim(y),
dim,,(p1), and dimgg p. Show that the first can be arbitrarily large, the second never exceeds
d, and the third remains zero.
1.8.7.8 Exercise 8 — Separation at a stopping scale
Assume N > 2 and SSC, let § be the first-level gap, and fix 0 < t < 1. Prove that distinct
u,v € A satisfy

dist(K,, K,,) > ot.

Deduce directly that a Euclidean ball of radius t meets at most
d
5)
1+2
(15
stopping pieces.

1.8.7.9 Exercise 9 — Ahlfors regularity and covering numbers
Let E be a nonempty compact metric set, let v be a Borel probability supported on E, and
suppose that s > 0,0 < a < b < o0, and ry > 0 satisfy

ar®* <v(B(x,r)) <br’ (x€E, 0<r<r).

Prove that there are 0 < ¢ < C < oo such that

P <N(E)y<cr

for every sufficiently small r.

1.8.7.10 Exercise 10 — Which separated Bernoulli measures are Ahlfors
regular?

Assume N > 2 and SSC. Suppose yg, ;) is t-Ahlfors regular on K for some t > 0. Prove that

p=rt  (GEN),

and hence ¢t = s(®) and p is canonical. Prove the converse from T-1.8.06.
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1.8.7.11 Exercise 11 — Merging arbitrary classes of duplicate labels
Partition A into classes C such that the maps are identical exactly within each class. Put
qc = Z bi-
ieC
Assume the reduced IFS containing one map from each class satisfies SSC. Prove that

the original self-similar measure equals the reduced self-similar measure with weights (g¢),
and derive

h(p) = h(g) + Y, ach((pi/qc)iec) -
C

Compute the actual dimension and the labelled entropy/Lyapunov upper bound.

1.8.7.12 Exercise 12 — Allowing zero weights under SSC

Let p; > 0, ,; p; = 1, and use the convention 0log 0 = 0. Assume the full IFS satisfies SSC
and put Ay = {i : p; > 0}. Prove that the invariant measure is carried by the sub-attractor
K, and is exact dimensional with

— Yien, Pilog pi
—Yien, pilogr’

dimyg p =

1.8.7.13 Exercise 13 — Similarity conjugacy and the dimension formula
Let Q be an invertible similarity and §; = Q » S; o O~1. Prove that the contraction ratios,
h(p), x(®, p), and the natural dimension are unchanged. Prove that

g, = Quka,p

and that exact dimensionality and its value are preserved.



Chapter 1.9

Conformal IFS and Projection
Entropy

Conformal systems retain infinitesimal similarity without requiring a fixed contraction
ratio at every point. Distortion estimates replace exact scaling, and pressure organizes
the accumulated contraction along words. Projection entropy measures the information
retained after symbolic points are mapped to the geometric attractor. We specify the
smoothness, invariance, and conditioning conventions before using them, so that the
transition from symbolic to geometric dimension has an explicit mathematical meaning.

The definitions below fix this chapter’s conventions. Geometric intuition and proof
strategy are discussed separately after the main development; exercises and their solutions
provide a second route through the material.

Definitions and notation

All logarithms are natural. The shift alphabet A is finite and nonempty, 3 = AN, and
P = ([i])¢en) is the first-coordinate partition. Terms imported from A-RA or A-DS are
nevertheless normalized here whenever their convention enters a displayed formula.
The coding map and attractor are those of L.7. For distinct sequences let k(w,7) be
the number of initial coordinates in which they agree and put ds(w,7) = 27%©7; put
ds(w,w) = 0. Holder continuity on 3. refers to this metric: there exist C < coand f > 0
such that |f(w) — f(7)| < Cds(w, )P for all sequences. A probability m on ¥ is invariant
when m(c~'E) = m(E) for every Borel E. Projection entropy below is defined for invariant

m. For a finite partition &, write H,,(¢) = — Z(Ceg) m(C) log m(C) with 0log 0 = 0.

Definition — 1.9.01: Smooth and conformal iterated systems

Let X be a nonempty compact subset of RY. A C!IFS on X is a finite tuple @ = (S;)iien)
for which some open neighborhood U of X has the following properties: every S;
extends to a C! diffeomorphism from U onto S;(U) c U, $;(X) c X, and the maps
have a common Lipschitz constant strictly below one on U (after shrinking to a fixed
neighborhood of X if necessary). It is C1% if the derivatives are uniformly a-Holder

187
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on a fixed neighborhood of X, where 0 < a < 1.

Explicitly, the Holder condition means that on some fixed neighborhood V of X with
closure contained in U, one constant H < oo satisfies |DS;(x) — DS;(y)| < H|x — y|*
foralliand x,y € V.

For an invertible linear map A : RY - RY, put

A = sup |Av], m(A) = inf |Av|.
lv]=1 [vl=1

The map A is conformal if |Av| = |A|v| for every v. The IFS is conformal if every
DS;(x) is conformal for x € U. For a word u and x € X, its derivative scale is

a,(x) = DS, (x|, Su = Sul e e Su,,-

Definition — 1.9.02: Bounded distortion and conformal cylinders

Let K be the attractor. The IFS has derivative bounded distortion if a constant
Cpq > 1 satisfies

il < M <Gq @eA", x,yeX).

bd = a,(»)

It has cylinder bounded distortion if, after enlarging G4 if necessary,

Cod @u(Dlx = Y1 < 15,(x) = S, (V)] < Coaau(D)Ix — y

for all words u, all x,y € K, and all z € X. A conformal cylinder is K, = S,,(K). Its
upper derivative scale is g, = sup(,¢ x) @ (x).

Definition — 1.9.03: Pressure and Gibbs states

For a continuous potential ¢ : ¥ — R, its Birkhoff sum and level-n partition sum are

n—1
W OEDW.CLONNFAOEEY exp( sup an)(w)).
j=0

ueA® w€[u]

When the limit exists, the pressure is

.1
P(p) = lim —log Z,(¢).
n—oon

An invariant probability m is an equilibrium state for ¢ if

h,,(c) + J odm = P(p).

It is a Gibbs measure for ¢ if some C; > 1 satisfies
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el
exp(Syp(w) — nP(p))

for every n, u € A", and w € [u].

For a conformal IFS, the geometric potential is

$(w) = log |DS,, (r(cw))| < 0.

The geometric pressure function is Pp(t) = P(t¢). Its zero, when it exists uniquely, is
the pressure dimension sg.

Definition — 1.9.04: Conditional information and entropy

Let (Q, F,m) be a probability space, ¢ a finite measurable partition, and A C F a
sub-sigma-algebra. For C € &, choose a version

pé =En(ic| o).
With 0log 0 = 0, define

€)== S iclogpds  HaElah)= [ ¢ | f)dm.
Cet

All identities are modulo m-null sets and hence do not depend on the chosen versions.
The notation £(x) means the unique cell containing x, 5 means the sigma-algebra
generated by the cells, and ¢ V 7 is the partition of nonempty cell intersections. A join
of sigma-algebras is the sigma-algebra generated by their union. For a measurable
map T, T~'¢ and T~ ! A consist of the corresponding inverse images (empty partition
cells are discarded). In a pull-back formula the partition and conditioning algebra on
the target of T are evaluated under the target law T, m.

The information function is evaluated on the cell containing the point. On each
cell C, the set where p’é = 0 is null, since its measure equals the integral of p‘é
over that set. Values on this exceptional set can be assigned arbitrarily. Moreover,
Hy(ElA) = Ycer) [ —pdlog pfdm < H,(&) < co. Thus the difference defining
projection entropy is integrable.

Definition — 1.9.05: Projection entropy and conformal Lyapunov exponent

Let A, = 7 1B(R?) and let

Ap =1n(2 | 0'_1'9{7[) — (P | o).

The projection entropy and local projection entropy are

b ) j Apdim) Hplo,mb )= (| FH)
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where I = {E : ¢~ 'E = Emod mj} is the invariant sigma-algebra.
For a conformal IFS put

tp(w) = —log DS, (x(cw)l,  Ap(m, w) = Ep(ty | I)(@).

If m is ergodic, its Lyapunov exponent is the constant yg(m) = [ tedm > 0.

Definition — 1.9.06: Fiber-prefix multiplicity

For z € K and n > 1, define

N,(z) =#{ue A" : z€ K}, M, = sup N,(2).
zeK

The coding has uniformly subexponential fiber-prefix multiplicity if
lim 1 log M,, = 0.
n—oo p

This is a quantitative property of prefixes, not merely the assertion that each fiber is
countable or has symbolic Hausdorff dimension zero.

All balls are closed Euclidean balls and all logarithms are natural. Let A = {1,..., N},
> = AN and let o be the left shift. The case N = 1 is retained. Write

n—1
P={li]:ieN, F'=\/oTP (1.9.1)
Jj=0

The entropy and invariant-sigma-algebra conventions are those of A-DS. Every fractal-
specific object used below is defined in the chapter.

We make the working conventions explicit. If w # 7 have exactly k common initial
coordinates, put ds(w, ) = 27%; put ds(w, w) = 0. A function f is Holder on this space if
|f(@)— f(7)| < Cds(w, )P for fixed C < coand § > 0. Its Birkhoff sum is S, f = 26;10) fool.
The Bowen bound for f means that the oscillation of S, f on every length-n cylinder has
one bound independent of n and the cylinder. This is the meaning used in Lemma 1.3.

For a finite partition &, &(x) is its cell containing x, f is the sigma-algebra gener-
ated by its cells, and ¢ V 7 is the partition into nonempty intersections. Joins of sigma-
algebras are generated by their union; pull-backs mean inverse images. We use H,,(¢) =
— 2 (cerym(C)logm(C) with 0log 0 = 0. Unless a general probability space is explicitly
specified, m is an invariant Borel probability on X, so m(¢™E) = m(E) for every Borel set
E.
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1.9.1 Smooth conformal systems

Definition — 1.1 (C! and conformal IFS)

Let X c R? be nonempty and compact. A finite C' IFS on X is a tuple ® = (Si)ien)
for which there are an open neighborhood U © X and C! diffeomorphisms

Si U — SI(U) cU (192)
such that 5;(X) C X and, after shrinking U to a fixed neighborhood of X,

sup DS <8, IS —SOI<Ix—yl (nyeUied)  (193)

xeU

forone 0 < 9 < 1. Itis C17* 0 < « < 1, if the derivatives have a common a-Holder
constant on a fixed open neighborhood of X whose closure is contained in U.
For an invertible linear map A, define

Al = sup |Av], m(A) = |ilnf |Av. (1.9.4)
v|=1

vl=1

The linear map is conformal if

|Av| = |Allv] (v € RY). (1.9.5)

The IFS is conformal if every DS;(x) is conformal on U. Thus m(DS;(x)) = |DS;(x)| > 0.
Let K be the attractor and 7 : ¥ — K the coding map. For a word u = u;...u,, put

Su= Sul oo Sun’ K, =Su(K), a,(x)=[DS,(0l, ¢q,= sug a,(x). (L9.6)
xXe

The set K, is the conformal cylinder indexed by u.

Definition — 1.2 (bounded distortion)

The system has derivative bounded distortion if some G4 > 1 satisfies

cl< @(x) <Ga @W@eEA", x,y€X). (1.9.7)

> 0, (y)
It has cylinder bounded distortion if, possibly after increasing G4,

Codau(@lx — y| < 18,(x) = S, (Y < Cpaay(2)lx — yl (1.9.8)

forue A", x,ye K,and z € X.
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Lemma — 1.3 (L-1.9.01: uniform conformal distortion) [F]

Every finite C1*® conformal IFS has derivative and cylinder bounded distortion. There
is C > 1 such that

C !¢, diam K < diam K,, < Cq, diam K, (L9.9)

and

C_chuqv < Quv < Guy- (1.9.10)

The geometric potential

$(w) = log|DS,, (m(cw))| (19.11)

is Holder. It also satisfies the Bowen bound

sup sup [S,P(w) — S,P(7)| < oo. (L9.12)

n>1 w'n:T|n

Proof

Set g;(x) = |DS;(x)|. Compactness, invertibility, and finiteness give

0 < a, := min g;(x) < max g(x) < 1. (L.9.13)
ixeX ixeX

After enlarging the Holder constant, there is H < oo such that

[logai(x) —loga(y)| < Hlx —y|* (€A x,y€X). (L.9.14)

Conformality makes norms multiplicative along the derivative chain. Hence, for u =
Ui...uy,

n
a,(x) = H auj(SujH“.unx). (1.9.15)
=1

Using (1.9.3) and (1.9.14),

n
|10g au(x) - log au(y)| <H Z; |Suj+1~~unx - Suj+1v-~uny|a
]:

n—1
< H(diam X)* Z gak (1.9.16)
k=0
H(diam X)*
S D =
1-39¢

Exponentiation proves (1.9.7) with Gygq = €P.

If K is a singleton, the two sides of (1.9.8)—(1.9.9) vanish and the cylinder assertions are
immediate. We prove them for non-singleton K. Uniform C'*% regularity and (1.9.13) give
6 > 0 and L < oo such that, whenever x,y € X and 0 < |[x — y| < 6,
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[Si(x) = SOl
a(y)lx -yl
Indeed, the numerator before division differs from |DS;(y)(x — y)| = a;(y)|x — y| by at
most a common constant times |x — y|'**. Choose k so large that

1] < Lix — yl°. (L9.17)

9 diamK <8, L% (diam K)* < % (1.9.18)

For each of the finitely many words w with |w| < ky, compactness and injectivity give
constants 0 < ¢y < Cy < oo for which

oy (Y)lx — y| < 1S, (x) = S, (¥)| < Coay(y)lx — | (19.19)

for x, y € K. For each of these finitely many diffeomorphisms S,,, uniform differentia-
bility near K and the positive minimum of its conorm give the analogue of (1.9.17) near the
diagonal. Take the minimum of the finitely many resulting thresholds and bounds. Away
from the diagonal, the quotient in (I.9.19) has a positive minimum on the compact set of
pairs a fixed positive distance from the diagonal.

Now let [u| > kq. Apply (1.9.17) successively to all outer letters after the last k, letters
have acted. At the step with a tail of length k, the relative error has absolute value at most

& = L9 (diam K)*, k > k. (1.9.20)
The series Z(kzko) & converges and every & < 1/2. Therefore

o<JJa-e<JJa+s)<JJO+ea) < (1.9.21)

k=k, k=ko
whenever || < . Combining (1.9.19)-(1.9.21) with the chain identity (1.9.15) yields

c1a,(Mlx = yl < [S,(x) = S, ()| < Cra,(W)lx — yl, (L9.22)

uniformly in u, x, y. Equation (1.9.16) replaces y by any z € X, proving (1.9.8).
Taking the supremum over x,y € K in (1.9.8) proves (1.9.9). The chain rule gives
q(uwv) < Guqy- If x realizes q,, then (1.9.7) gives

auv(x) = au(svx)av(x) 2 Cb_dlqqu (1.9.23)
which proves (1.9.10).
If w and 7 agree through coordinate n > 1, then

|7(cw) — n(o7)| < (diam K)9™ 1. (1.9.24)
Equations (1.9.14) and (1.9.24) show that ¢ is Holder for the standard prefix metric. Finally,

if w|, = 7|, = u, then conformality gives
Spp(w) = loga,(n(c"w)), S,¢p(r) = loga,(n(c"7)). (1.9.25)

The bound (1.9.12) follows from (1.9.16). This completes the proof. [
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1.9.2 Pressure and geometric Gibbs states

Definition — 2.1 (partition sum, pressure, equilibrium, and Gibbs property)

For a continuous ¢ : X — R, define

n—1
Sup(@) = Y. p(clw),  Z(p)= ). exp( sup ano(w)). (1.9.26)
Jj=0

ueA" w€[u]

Its pressure is

P(p) = lim = log Z,(p), (1.9.27)
n—oo n

once existence is proved. An invariant probability m is an equilibrium state when

hpy(o) + I @ dm = P(p). (1.9.28)

It is a Gibbs measure when some C; > 1 gives

] )
G S @) - = 0 (£9.29)

foru e A" and w € [u].
For the geometric potential (1.9.11), set

Py (t) = P(t9). (L.9.30)

The unique zero of this function is denoted sg and called the pressure dimension.

Theorem — 2.2 (T-1.9.02: pressure and Gibbs package) [F]

Provenance: the allowed Dynamical Systems Foundations, reader edition FO1-F16,
Theorem F14.4 (printed pp. 388-392), supplies the equilibrium/Gibbs theorem. The
qualitative consequence of Theorem F14.7 (printed pp. 406—407) supplies mixing,
as explained below. The geometric statement and every dimensional deduction are
local. These locators refer to the 14 September 2026 reader edition of that companion
textbook.

The limit (1.9.27) exists for every continuous potential on the finite full shift. For
the geometric potential of Lemma 1.3, Py : R — R is finite, continuous, and strictly
decreasing, and has a unique zero sg > 0.

Let m; be the equilibrium/Gibbs state for t¢ furnished by the exact A-DS theorem just
cited. It is mixing and

Pa(®) = (@) = txam). xalm) = = [ gam >0 19:31)

while uniformly inu € A", x € X,
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my([u]) = e "Feq, (x)'. (1.9.32)

At the pressure zero,

hms®(0) = S<I>X<I>(msq,)' (1.9.33)

Proof
The Birkhoff decomposition gives

sup S, k@ < sup S, + sup Sg¢. (L9.34)
[uv] [u] [v]

Consequently a, = log Z,(¢) is subadditive. Put ay = 0. For fixed k > 1, writen = gk +r,
where 0 < r < k. Repeated subadditivity gives

a, +a
I LT (1.9.34a)
n gk +r

The finitely many possible a, are bounded, so lim sup, a,/n < a;/k. Take the infimum
over k; the reverse inequality infy. g /k < liminf, a,/n follows directly from the definition
of the infimum. Hence

P(¢) = inf L log Z,(0), (1.9.35)
n>ln

which proves existence and finiteness.
For finiteness, explicitly,

1
log N — |l < ;Iog Zy(¢) <log N + [¢] oo

For bounded potentials,

IP(p) = P < llp = Yo (1.9.36)

Indeed, the corresponding partition sums differ by factors between e "¢Vl and ¢"le—V1.
Hence Py is continuous. By (1.9.3) and compactness there are constants

—o0 < loga, < d(w) <logd < 0. (1.9.37)

Ift > s, then

Pp(t) < Pp(s) + (t —s)logd < Py(s), (1.9.38)
so the function is strictly decreasing. Moreover,

Pp(0) =logN,  Py(t) <logN +tlogd. (1.9.39)

For N > 2, continuity and (1.9.39) give exactly one positive zero. For N = 1, P5(0) = 0
and strict decrease gives the unique zero s = 0.
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Lemma 1.3 proves that t¢ is Holder. The A-DS theorem cited in the statement above
supplies the unique equilibrium state m; and (1.9.29). Its cylinder-sum pressure agrees
with (I.9.27): on every cylinder the difference between a representative Birkhoff sum and
its supremum is bounded independently of n, by Lemma 1.3, so the sums have the same
exponential rate.

For completeness, the passage from the allowed qualitative correlation limit to measure-
theoretic mixing is as follows. Theorem F14.7 in A-DS implies, for Holder f and bounded

measurable g,
| segeomam — ([ ram) (] gam).

No rate is needed here. For arbitrary Borel sets A, B C %, choose a finite union C of
cylinders with m;(AtriangleC) < e. Such approximations exist because the finite-cylinder
algebra generates B(Z). The indicator of C is locally constant and therefore Holder. Apply
the correlation limit with f = 1¢ and g = 1. Replacing C by A changes the intersection
measure and the product of measures by at most ¢ each, giving

lim sup |m;(A N o™ "B) — my(A)m;(B)| < 2e.

n—co

Letting ¢ decrease to zero proves mixing and hence ergodicity. Substitution of ¢ = t¢
into (1.9.28) gives (1.9.31). Equations (1.9.25), (1.9.29), and derivative bounded distortion
give (1.9.32), including negative . Finally set t = s in (1.9.31) to obtain (1.9.33). No other
thermodynamic theorem is used. [

1.9.3 Euclidean differentiation at moving centers

The proof of exact dimensionality needs differentiation for an arbitrary finite Borel measure,
not only for Lebesgue measure. We prove the exact form used later.

Lemma — 3.1 (Besicovitch selection in RY) [F]

There is an integer By < oo with the following property. Let E be a bounded subset
of R?, and let & be a family of nondegenerate closed balls with uniformly bounded
radii such that every x € E is the center of at least one ball in 98. There is a finite or
countable subfamily & which covers E and satisfies

> 15()<B; (yeR). (1.9.40)
Beg

One may take By = 154,

Proof

Choose one ball B(x, r(x)) from 9 for every x € E. It is enough to select from this assigned
family. We begin with the geometric estimate which controls interactions between different
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selection stages. Call a finite family (B(x;, rj))(A]/.Izl) a Besicovitch family if it has a common
point and no center belongs to any other ball. Thus distinct centers satisfy

I — x| >, I — x| > ;. (L.9.41)
Let y be a common point. If some x; = y, then (1.9.41) permits no other member, so

suppose that every a; = |x; — y| is positive and put v; = (x; — y)/a;. If, say, @; > a;, then
a; < r; and the cosine rule give

al <rf<|x— xj|2 =a’ + a]2 = 2a;a;v; - v}, (1.9.42)

and hence v;-v; < a;/(24;) < 1/2. Therefore |[v; —v;| > 1. The balls B(v;, 1/2) are pairwise
disjoint and their union is contained in B(0,3/2). Comparing Euclidean volumes proves

M|B(0,1/2)| < |B(0,3/2), M <34 (1.9.422)

We now construct the covering. Put Ey = E. If E(;_;) is nonempty, set

Ry = sup{r(x) : x € Ex_1}. (1.9.42Db)
Starting with W; = E(;_1), choose x; € W; with r(x;) > Ry/2, whenever such a point
exists, and set

Wip1 = Wi\ B(x;, r(x;)). (1.9.42¢)

This loop terminates after finitely many choices. Indeed, for i < j, x; & B[x;, (x;)], and
consequently

Ix; — x| > r(x) > Re/2. (L.9.42d)

An infinite Ry /2-separated subset of the bounded set E cannot exist: the balls B(x;, Ri./4)
would be disjoint, have the same positive volume, and lie in one bounded ball. Denote the
finite set chosen at stage k by S, and put

E = By \ ) B(x,r(x)). (1.9.42¢)
xESk
When the loop stops, every z € Ej satisfies r(z) < Ry/2. Thus, if E is nonempty,
R(k+1) < Ri/2. Moreover, for x € S and z € Ey, the construction and r(x) > Ry/2 > r(z)
give

|x — z| > r(x) = max{r(x), r(z)}. (1.9.420)

The selected balls cover E. Otherwise a fixed uncovered z € E would belong to every
Eg, whence 0 < r(z) < Ry/2 < Ry/2¥ for all k, a contradiction. The selected family
€ ={B(x,r(x)) : x € 5, k > 1} is finite or countable.

It remains to prove its multiplicity bound. Fix y € RY. At one stage k, the centers
of all selected balls containing y lie in B(y, R) and, by (1.9.42d), are mutually more than
Ry /2 apart. The balls of radius Ry /4 about those centers are disjoint and lie in B(y, 5Ry/4);
volume comparison therefore shows that at most 5 members from S contain y.
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Let I'(y) be the set of stages contributing at least one such member, and choose one
center xp € S for every k € I'(y). For two different stages, (1.9.42f), applied when the
earlier stage was completed, shows that neither selected center belongs to the other selected
ball. All these balls contain y, so (1.9.42a) gives [[(y)| < 3¢. Consequently

> 15(y) < 3959 = 154, (1.9.42g)
Beg

This is (1.9.40) with By = 15%. [

Lemma — 3.2 (centered differentiation for finite Borel measures) [F]

Let v be a finite Borel measure on R? and f € LY(v). Then

. 1 3
kﬁmfwﬂf dv =16 (19.43)

for v-almost every x. Ratios with zero denominator are set equal to zero; for v-almost
every x € spt(v), all displayed denominators are positive.

Proof
For g € L!(v) define

Mg(x) = lim sup lgldv. (1.9.44)

1
rlo v(B(x,1)) JB(x,r)

Choose a Borel representative of g; changing it on a v-null set does not change any of its
ball integrals. This function is Borel measurable. For fixed r > 0, both x — f( B(x,r))|gldv
and x — v(B(x,r)) are Borel by parameter integration of the Borel function 1(jx_y/<y).
Continuity from above as rational radii decrease to r shows that the limsup in (1.9.44)
may be computed using rational radii. Outside spt(v) the zero-denominator convention is

eventually constant.
Fix t > 0 and a compact subset F of {.#g > t}. At every point of F there are arbitrarily
small centered balls B with

tv(B) < JB |gldv. (1.9.45)

Apply Lemma 3.1 to such balls. Since the chosen family covers F and has multiplicity at
most By,

w(F) <t Z v(B) < Z JB lg|dv

Beg Beg
< Bylglpiy-

Regularity of v and exhaustion by compact subsets give

(1.9.46)

By
vidllyg >t} < TIIgIILl(V)- (1.9.47)
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Choose h € Cc(]Rd) with | f — hll; < & this density is ARA-KB1, Proposition 9.9(a).
Uniform continuity gives

1
lim ——— hdv=nh 1.9.48
710 v(B(x,r)) JB(x,r) v=hix) ( )

for x € spt(v). Therefore the limsup of the absolute difference in (1.9.43) is at most

Mo(f —h)(x) +[f(x) = h(x)l. (1.9.49)

Equations (1.9.47) and Chebyshev’s inequality show that the set where (1.9.49) exceeds
2t has measure at most

(Bg + 1)e

t
Let ¢ | 0 and then take rational ¢ > 0. This proves (1.9.43). [J

(1.9.50)

Lemma — 3.3 (conditional density and logarithmic envelope) [F]

Let (Q, F,m) be a probability space, let6 : Q — R? be measurable, and put

By(x,r) = 071 B(Ox, ). (1.9.51)
For every A€ F,

lim % — E, (14 | 67 B®R))(x) (1.9.52)

for m-almost every x.
Let £ be a finite partition. Define
m(£(x) N By(x, 1))

Grp(x) = —log Ogrlg B s (1.9.53)

Then G(g,g) > 0, it is measurable, and

J Gg’g dm < Hy(¢) + 1 + log By. (1.9.54)

In particular, when A = &(x), its negative logarithm in (1.9.52), restricted to 0 < r < 1,
is dominated by G g)(x) almost everywhere. For a fixed event A, use the partition
{A,Q \ A} and restrict this assertion to x € A. No such assertion is made on the
complement: the conditional probability of A can vanish there.

Proof

Letv = 0,m and v4 = 0,(14m). Since v4 < v, ARA-KB1, Theorem 9.16 gives f4 = dvs/dv.
For every Borel D C ]Rd,

J faeOdm= J fadv =v4(D) =m(An6O D). (1.9.55)
0D D
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Thus the defining property of conditional expectation gives

fae0=Epn(14] 07 BRY)) m-ae. (L9.56)

Lemma 3.2 applied to f4 € L'(v) proves (1.9.52).
Foracell C € &, let

. ve(B(z,1)
ge@ = il

Fix 0 <t < 1and R > 0, and put Eg = {z € spt(v) N B(0,R) : gc(z) < t}. For every
z € Eg, the definition of the infimum supplies a radius 0 < r, < 1 such that

Ve = 9*(lcm). (1.9.57)

ve(B(z, 1)) < tv(B(z,1,)). (19.57a)

Apply Lemma 3.1 to these witness balls. If &y, is the selected cover, its multiplicity is at
most By; hence

ve(ER) < Y. ve(B) <t Y v(B) < tByv(R?) =1tBy. (1.9.57b)
Be%y Begy

Letting R — oo and ignoring the v--null complement of spt(v) gives

velz + ge(z) <t} < Byt. (1.9.58)
Since (1.9.53) equals
- Z 10(x) log go(0x), (1.9.59)
Ceé

the layer-cake formula and (1.9.58) give

JGg,g dm = Jw Z m(Cn{gco0<e'}dt

0 cet

Cet (1.9.60)
_ B4
= Czefm(C) (1 + log m(C))

= H,(¢) + 1 + log By.

Terms with m(C) = 0 are zero. Dyadic outer approximations of moving balls show
measurability of the ratios and their infimum; equivalently, restrict the infimum to rational
radii using continuity from above. This proves every claim. [

Lemma — 3.4 (L-1.9.03: differentiation package) [F]

Lemmas 3.1-3.3 together prove L-1.9.03. U
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I1.9.4 Conditional information and projection entropy

Definition — 4.1 (conditional information)

The projection-entropy normalization below is FH-01, Definition 2.1.
For a finite measurable partition ¢ and sub-sigma-algebra &, put

e =E,(1c | o), (1.9.61)
and define

W€ == ¥ 1clog . Ha€ )= [ L&l adm (@962
Cet

Here 0log 0 = 0; on C, the event p‘é = 0 has measure zero by the defining integral
identity for conditional expectation.

These information functions are integrable. Indeed, conditional expectation and finite-
partition entropy give

H,(|d)= Z J—p&"[ log p& dm < — Z m(C)logm(C) = Hy,,(¢) < oo,
Cet cet

where the inequality is Jensen’s inequality for the concave function —tlogt on [0, 1].
In particular, the difference in (1.9.64) belongs to L!(m), so its conditional expectation

in (1.9.65) is well defined.
Let
Ay =7 'BRY, F={E:c'E=E (modm) (1.9.63)
Define
Ay =1,(P| o )~ L(P| ), (1.9.64)
h,(o,m) = J A, dm, hy(o,m,w) =E,(A; | I)w). (1.9.65)

These are the projection entropy and local projection entropy.

Lemma — 4.2 (finite conditional-information calculus) [F]

For finite partitions &, 7 on a probability space and a sub-sigma-algebra &, the chain
rule is

LVl o) =1, | )+ I, | E v o), (1.9.66)

For the next identity, let T : (Q, F) — (Y, G) be measurable, let m be a probability on Q,
and let ¢ and &/ be respectively a finite measurable partition and a sub-sigma-algebra
on Y. The pull-back rule is
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Lyg1(E | ) e T = L,(T7'E | T o). (1.9.67)

The corresponding entropy identities follow by integration. If the sub-sigma-algebras
o, increase and & is generated by their union, modulo completion under m, then

H,(& | o) — Hy(E | ). (1.9.68)

Proof
For C € £, define on C

b= E(ICled)/Pcd: P&Q{>0,

1.9.69
0, pd =o0. (1969)

Testing against sets of the form CnN A, A € o, shpws that the function obtained by
putting these ratios on all cells C is a version of E(1p|¢ v o). Thus, on C N D,

E(1cnp | &) = pZE(1p | € v ). (1.9.70)

Taking —log and summing over C, D proves (1.9.66). The defining integral identity after
a change of variables proves (1.9.67).

For (1.9.68), conditional expectations in L? are orthogonal projections. For p, =
E(1c|9f,) and j > n, the projection identity gives

19 = pal3 = Ipj13 — I pal3-

The squared norms increase and are bounded by |1¢[3, so (p,) is Cauchy. Its limit
belongs to the closure of the union of these spaces, and 1¢ — p, is orthogonal to every fixed
earlier space once n is large. Thus the limit is the orthogonal projection onto that closure.
Indicators from the algebra U, </, are dense in L2(</), so the latter projection is E(1¢|</).
With g(t) = —tlogt,

Hy( | )= ). Jg(péy”)dm- (1.9.71)

Cet

The function g is bounded and uniformly continuous on [0, 1]; L? convergence therefore
makes every integral in (I.9.71) converge. This proves (1.9.68). U

Lemma — 4.3 (coding sigma-algebra and block identity) [F]

One has

Pvold, =Pvd,. (1.9.72)

For every invariant probability m and every n > 1,

nhy(o,m) = Hy(PBM | 67"dly) — Hy(PP1 | ). (19.73)
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Proof

Every generator of the left side of (1.9.72) is assembled from sets

[(]ne 27D = [i{] n 27 1(S(D N K)), (1.9.74)

where D is Borel. Since S; : U — S;(U) is a diffeomorphism, S;(D N K) is Borel.
Conversely,

[1Nn77'D = [i]no 1z~ 1(571(D n S,(K))), (19.75)

with the inverse image restricted to S;(U). Equations (1.9.74)—(1.9.75) prove (1.9.72).
Put &; = o7/ dl; and

For 0 < j < n, the chain rule gives
L( B o) = Lo P | )+ 1(Q) | 67T P v o),
LA i) = Ly(o 7 P | dljiy) + 1n(Q; | TPV ).
Since
G_jﬁv eQ{j:U_jﬁV.Qij_i_l, (1976)
the two Q; terms are identical. Subtraction and the pull-back rule (1.9.67) therefore give

LA ) = L( R | Ajsr)

j ; 1.9.77
= Irrloo'_j(‘qj | ‘Q{ﬂ') oo’ — Imoo'—i(‘@ | 0._152{71') oo’ ( )

Integrate (1.9.77). Invariance makes its right side equal —h,(c,m). Summing over
j=0,..,n—1telescopes and gives

Hp (P o) — Hy(B Y | o7dly) = —nhy(o,m), (1.9.78)
which is (1.9.73). (I

Lemma — 4.4 (L-1.9.04: coding calculus) [F]

Lemmas 4.2—4.3 prove L-1.9.04. [J

Definition — 4.5 (fiber-prefix multiplicity)

For z € K, define

N,(z) =#{ue A" : z€ K}, M, = sup N,(2). (1.9.79)
zeK

The coding has uniformly subexponential fiber-prefix multiplicity when
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lim L 1og M, = 0. (1.9.80)

n—>oo n

Theorem — 4.6 (T-1.9.05: projection-entropy structure) [F]

Provenance: FH-01, Definition 2.1, Theorem 2.2(i),(iii), and Corollary 4.16. The formu-
lation and proof below are local.
For every invariant probability m,
0 < h,(o,m) < h,(0), (1.9.81)
and
lim 2H, (P | oty) = hyp(0) — hy(o, m). (1.9.82)
n—oo n
If (1.9.80) holds, then
h,(o,m) = hy,(0). (1.9.83)

Proof

Let 9. be the half-open dyadic cubes of side 27K in RY. Only finitely many meet K. For a
fixed n, invariance and the conditional entropy identity give

Hy(P | 07" D) — Hy(R ' | 771 )

(1.9.84)
= H(P Vo "1 1) — Hy( B v n7 1),
An atom in the first partition is of the form
[u] no™271Q = [u] N 771(5,(Q N K)). (1.9.85)

The set S,(Q N K) has diameter at most Jd27* because S, is a contraction. In each
coordinate its range has length at most this diameter, and hence meets at most [vd] + 2
half-open dyadic intervals of length 27, Thus it meets at most C; = ([Vd] + 2)? cubes in
. Each atom in the first partition of (1.9.84) meets at most C; atoms in the second.

If every atom of a partition & meets at most C; atoms of 3, the finite Shannon inequality
gives

Hy(aV p) — Hy(a) = Hy,(B | &) < logCy. (1.9.86)

Since H,,(f) < Hp(a Vv p), (1.9.84)—(1.9.86) imply that the left side of (1.9.84) is at least

—log Cy. Let k — oco. The dyadic sigma-algebras increase to B(R?), s0 (1.9.68) and (1.9.73)
yield

nh,(o,m) > —logC,. (1.9.87)

Since n is arbitrary, h,; > 0.
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Equation (1.9.73) and nonnegativity of conditional entropy give

nhy(o,m) < Hpy(P 1| o7 "d,) < Hy (P Y). (1.9.88)

Divide by n and use the finite-generator entropy formula from A-DS to obtain the upper
bound in (1.9.81).

We next determine the first term in (1.9.73). Because &/, C B(Z), conditioning mono-
tonicity gives

Hy (P | 07" dly) > Hy(F ! | o "B(E)). (1.9.89)

Applying the chain rule from the last coordinate backward gives

n—1
Hoy( B 6" B(E) = Y. Hulo 7P | o UTVB(3))
Jj=0
=nH, (P | 67 B()) = nh,,(c).

(1.9.90)

The opposite bound by H,,(P¥1), divided by n, has the same limit h,,(c). Hence

lim %Hm(%”’l | o~"et,) = hy (o). (1.9.91)

n—oo

Subtract (1.9.73) to obtain (1.9.82).
It remains to prove the multiplicity criterion. Put y = m,m and, for u € A",

_dv,
=

Then ), p, = 1 for p-almost every z, and p,(z) = 0 outside K,,. The conditional-
expectation identity (1.9.55) gives

vy = 7 (1 m), DPu (L.9.92)

Ho(F " | sty) = jK (— 3 pu(@)log pu(z>) du(z2). (19.93)

ueA”"

At a fixed z, at most N,(z) summands are nonzero. Gibbs’ finite inequality, proved in
L-1.8.02, therefore gives

=" pu(2)log p,(2) < log Ny(2) < log M,. (1.9.94)

Divide (1.9.93)—(1.9.94) by n, use (1.9.80), and compare with (1.9.82). This proves (1.9.83).
O
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1.9.5 Moving-scale ergodic averaging

Lemma — 5.1 (dominated moving-array theorem) [F]

Let T preserve a probability m. Suppose F, — F almost everywhere and
sup |F| € L'(m). (1.9.95)
k>1
Then
1n—l )
= ) F_j(T'x) — E,(F | J7)(x) (1.9.96)
n
j=0
for m-almost every x.
Proof
Let
Hy = sup |F, — F|. (L.9.97)
k>N

The functions Hy decrease to zero almost everywhere and are dominated by an L!
function. Hence |Hy|; — 0. Split the difference between the left side of (1.9.96) and the
ordinary Birkhoff average of F into indices n —j > N and n — j < N. The first part is at
most

n—1
1 Y Hy(TPx), (1.9.98)
(]

whose limsup is E(Hy|I1)(x) by Birkhoff.
If G € L'(m), then

[o¢]

> mi|G| > en} < J > YGsenpdm < @ (1.9.99)
n=1 n=1

Indeed, invariance makes the sum of the measures of the events {|G o T"| > &n} finite
by (1.9.99). For every M, the measure of their union over n > M is bounded by the
corresponding tail of that convergent series, which tends to zero. Hence G(T"x)/n — 0
almost everywhere. Thus the fewer than N exceptional terms n — j < N contribute zero in
the limit. As N — oo, order preservation of conditional expectation shows that E(Hy|I7)
decreases to a nonnegative limit Y. Moreover, JYdm = limpy f Hydm =0, s0Y = 0 almost

everywhere. The ordinary Birkhoff averages of F converge to E(F|I), proving (1.9.96). [J

Lemma — 5.2 (terminal-ball estimate) [F]

Let y = m,m, where m is invariant, and fix ry > 0. Then
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%10g 1(B(r(0"w), 7)) —> 0 (1.9.100)

for m-almost every w.

Proof
Cover K by L balls B(z;,ry/2). Put

A, ={w : W(B(rw,ry)) < e "} (1.9.101)

If A, N 77 B(z;,1y/2) is nonempty, choose w in this set. The triangle inequality gives

B(z;,1y/2) C B(rrw, rp), (1.9.102)
and hence p(B(z;,ry/2)) < e “". It follows that

m(A,) < Le™". (1.9.103)

Invariance gives the same bound for {w : ¢"omega € A,}. The sum of these bounds
is finite. As in the tail-union argument following (1.9.99), almost every w belongs to only
finitely many of these events. Therefore

lim inf L log p(B(n(c"w),ry)) > —€ (1.9.104)
n—oo n

almost everywhere. The logarithm is at most zero. Intersect over rational ¢ > 0 to prove
(1.9.100). O

Lemma — 5.3 (L-1.9.06: moving-scale package) [F]

Lemmas 5.1-5.2 prove L-1.9.06. [J

1.9.6 Exact dimensionality without separation

Definition — 6.1 (conformal Lyapunov observable)

Put

p(@) = | DS, (x(cw))], to(w) = —log p(w). (1.9.105)

There are constants

0<p <plw)<p*<1. (1.9.106)

For invariant m, define

Ao(m, ) = E,,(¢p | F)(w) > 0. (1.9.107)

If m is ergodic, this is the constant
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Xo(m) = J tp dm. (1.9.108)

Lemma — 6.2 (uniform one-step conformal balls) [F]

For every ¢ > 1 there is ry € (0, 1) such that, forie A, x € K,and 0 < r <r,

B(Six, ¢ Y DSi(x)|r) € Si(B(x,r)) € B(Six, c| DS;(x)]|r). (1.9.109)

Consequently, for every o € %,

B (w,c 1 p(w)r) N P(w) € 6 1B (0w, r) N P(w)

C B, (o, Cp(a))r) N P(w), (1.9.110)

where B, (w,7) = 7 B(rw,r).

Proof

Uniform differentiability on the compact set X gives, after using conformality,

1i(y) = i)l < /2 DSy — ] (L9.111)

for |x — y| below a uniform threshold. Apply the same estimate to S;! near S;(X). Since

ID(S; (S0l = IDS; (ol (1.9.112)

the inverse estimate shows that every point of B(S;x, ¢~ !|DS;(x)|r) has preimage in
B(x,r) after decreasing ry; the two factors c1/2 are absorbed by c. This proves (1.9.109).
On the cylinder [w; ],

n(r) =S, (n(o7)). (1.9.113)

Use injectivity in (1.9.109) to pull both inclusions back through (1.9.113). This gives
(1.9.110). O

Lemma — 6.3 (geometrically spaced radii detect full local dimensions) [F]

Suppose r,, | 0 and constants 0 < a < b < 1 satisfy

.
< <p, (1.9.114)
"

For every finite Borel measure v and x € spt(v),

.. Jdogv(B(x,r)) . . _logv(B(x,r,))
liminf ———— = liminf —————

1.9.115
rl0 logr n—o0 logr, ( )

and the analogous equality holds for lim sup.
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Proof

Multiplying v by a positive constant does not change either side of (1.9.115), because the
added constant in the numerator is divided by logr — —co. We may therefore assume
v(R?) < 1.

If 741y <r < 1y, monotonicity gives

V(B(x,741)) < v(B(x,r)) < v(B(x,1,)). (L.9.116)
Moreover, (1.9.114) implies

log "n+1
logr,

(1.9.117)

All mass logarithms are now nonpositive. With Q(r) = logv(B(x,r))/logr, the two
monotonicities in (1.9.116) give the exact squeeze

log v(B(x, 1)) <00 < log v(B(x, 1))
log 7y logr,
Each endpoint is the corresponding radius-sequence quotient multiplied by one of the
radius-log ratios in (1.9.117), which tend to one. Taking the two liminf and limsup squeezes
proves (1.9.115) and its lim sup counterpart. []

(1.9.117a)

Theorem — 6.4 (T-1.9.07: two conformal scale inequalities) [F]

Provenance: FH-01, Theorem 2.6 and Sections 3, 5, and 6. This conformal specialization
is proved locally.

Let @ be a finite C! conformal IFS, let m be invariant, and put y = m,m. For m-almost
every ,

- h,(o,m,w)
d < 1.9.118
) < 22 (19.118)
h,(oc,m,w)
d > B2 1.9.119
(o) 2 5 (19.119)
Proof
Fix ¢ > 1 so small that
cpt < 1. (1.9.120)

Let ry be supplied by Lemma 6.2 and, after decreasing it, assume r, < 1. Define

n—1

pu(@) = [ ] ple?w), (L9.121)
=0

and the two moving radii
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Ry (@) = rpc” pp(w), Ry (w) = roc™ pp(w), Ry =rp. (1.9.122)
For k > 1, set
o m(By(o, Ri(0) N P(w)
Af(w) = log B0 ) (1.9.123)
and
-1 +
C2(0) = log m(c™" By(ow, Ri_,(cw)) N P(w)) (L9.124)

m(c !B, (cw, R_(ow)))

All the moving radii are positive Borel functions. Their ball masses are measurable by
parameter integration of 1(|7(r) — 7(w)| < R,f m(w)), and likewise with o 0. Lemma 3.3
supplies a full-measure set on which both cell-specific envelopes are finite; every ratio
above is then positive. Intersect this set and the sets for the subsequent almost-everywhere
limits with all their inverse images under o/, j = 0. Invariance preserves full measure, and
every orbit point used in the recursions lies in the resulting set. Lemma 3.3, first with 0 = x
and then with 0 = 7 - o, gives

Af — —L(P | dy), CE— —1(P |07 ) (1.9.125)

almost everywhere. Moreover,

ICE — Af| < G oy + Gop e € L (m). (1.9.126)
Thus Lemma 5.1 applies to F,fm = C,fm - Ajk)m. Equations (1.9.64)—(1.9.65) yield
n—1

1 .
" ]:ZO Fy-j(0'w) — —hy(o,m, ). (1.9.127)

We first use the large radii R;. Substituting r = R&_l)(aw) in the right inclusion of
(I.9.110) gives

o !B, (0w, R,‘:_I(O'a))) N P(w) C By(w, R,‘:(w)) N P(w). (1.9.128)

After multiplying each whole-ball mass by its conditional cylinder fraction, (1.9.128)
becomes

log m(B”(er’ RI‘: (a))J)r) —log ni(B,r(aa), R]Jcr_l (ow))) (19.129)
> G (w) — Al (w) = Ff (w),

where invariance identifies the denominator in (1.9.124) with the second whole-ball
mass. Iterating (1.9.129) gives
n—1
log u(B(rw, R () > Y Fi .(c/w)
&/ " J;) " (1.9.130)

+ log ju(B(n(0" ), 1y)).
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Lemmas 5.2 and (1.9.127) imply

lim infl log u(B(rrw, R (©))) > —h, (o, m, ). (L.9.131)
n—oco n

Birkhoff applied to log p gives

lim X log R (0) = logc — Ap(m, w) < 0. (1.9.132)
n

n—oo

The consecutive radius ratio is
Ry1(w)
R ()
Write h = h;(0,m,w) and D, = Ap(m,w) —logc > 0. For every ¢ > 0, eventually

= cp(c"w) € [cp., cp™]. (1.9.133)

1 log u(B(rw, Ry)) > —h —e, 1 logRY > D, —e.
n n

Division by log R} < 0 therefore bounds the quotient above by (h +¢)/(D,. — ¢). Lemma
6.3 and ¢ | 0 give

h,(o,m, w)

dy(rw) < (1.9.134)

Ap(m,w) —logc’

In particular, since a local dimension ratio is nonnegative, (1.9.134) shows that the local
projection entropy is nonnegative on this full-measure set.
For the small radii, substitute r = R@_l)(aw) in the left inclusion of (1.9.110). Now

By (0, Ry (w)) N P(w) C o 1B, (ow, R, (ow)) N P(w). (1.9.135)

The same algebra reverses (1.9.129):

log m(B,(w, R (w))) — logm(B,(cw, Ri_,(cw)))

N (1.9.136)
After iteration,
lim sup = log u(B(, R; ())) < —hy(o,m, ), (1.9.137)
n—oo N
where Lemma 5.2 again removes the terminal ball. This time
lim 1 log R, (w) = —log ¢ — Ap(m, w), (1.9.138)
n—oop
and
R (@
%() =c1p(c"w) € [cp,, c1p*]. (1.9.139)
Ry (w)

Put D_ = Agp(m, w) + log c. From (1.9.137)—(1.9.138), eventually

1 log p(B(w, Ry)) < —h + ¢, 1 logR, < D_ +e.
n n
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If h > 0, take 0 < ¢ < h; division by log R, < 0 bounds the quotient below by
(h—¢€)/(D_+¢). If h = 0, the required lower bound is already true because local dimension
ratios for a probability are nonnegative. Lemma 6.3 and ¢ | 0 therefore yield

h,(o,m,w)

d,(rw) > (1.9.140)

Ap(m, ) +logc’

Choose a countable sequence ¢ | 1 satisfying (1.9.120) and intersect the corresponding
full-measure sets. Letting [ — oo in (1.9.134) and (1.9.140) proves (1.9.118)—(1.9.119). I

Theorem — 6.5 (T-1.9.08: Feng—-Hu conformal formula) [F]

Provenance: FH-01, Theorem 2.8. The theorem is not imported.
Under the hypotheses of Theorem 6.4,

h,(o,m, w)
Agp(m, )

for m-almost every w. If m is ergodic, y is exact dimensional and

dy(rw) = (L.9.141)

h, (o, m)

R (1.9.142)

dimyg p = dimp p =

Proof

The lower local dimension never exceeds the upper one. Equations (1.9.118)—(1.9.119)
force equality with the displayed ratio; this proves (1.9.141). Under ergodicity, conditional
expectation on .¥ makes the numerator and denominator constant:

h,(o,m,w) = h,(c,m), Ap(m, w) = yo(m). (1.9.143)

Let s = h;(0,m)/ xo(m). The set E = {z € supp(p) : du(z) = Eﬂ(z) = s} is Borel by the
local-dimension measurability established in 1.4. Equation (1.9.141) gives m(x~'E) = 1, and
hence p(E) = 1. Thus p is exact dimensional, without needing to assert that an arbitrary
image of a Borel set is Borel. The accepted local-to-global theorem D/R-1.4 gives (1.9.142).
No separation condition was used. [

1.9.7 Open-set fibers and geometric Gibbs measures

Theorem — 7.1 (T-1.9.09: OSC prefix multiplicity) [F]

Let @ = (S)(iep) be a finite self-similar IFS with contraction ratios r; and suppose OSC
holds. There is C < oo such that

M,<Cin+1) (n>1). (1.9.144)

Consequently, for every invariant symbolic probability m,
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h,(o,m) = hy,(0). (1.9.145)

For a strict Bernoulli vector p, the self-similar measure is exact dimensional and

— i pilog p;

dimy pg , = dimp g , = . (L9.146)
’ P = pilogr,
Proof
Let O be an OSC open set. Choose y € O and a > 0 such that
B(y,a) C O. (L.9.147)
Put
D =max|x —y|, Fpip =minr, rp.x = maxr;. (1.9.148)
x€K i i

If two words are incomparable, their images of O are disjoint. Indeed, remove their
maximal common prefix; their next letters differ, so the claim follows from 5;(0)NnS;(0) = @
and injectivity of the common-prefix map.

Fix z € K, n > 1, and an integer k. Let

Wni(z) ={ue A" : ze K, 27, < <27k}, (1.9.149)

For each u € W(;, jy(2), choose x,, € K with S,(x,) = z. The balls

Su(B(y, a)) = B(S,(y), ar,) (1.9.150)
are pairwise disjoint, their radii exceed az_(k“), and
1S.(») — 2l = rly — x,| < D27, (19.151)

They all lie in B(z, (D + a)275). Comparing d-dimensional Lebesgue volumes gives

#Wni(z) <

(@)d —. 0y (19.152)

Every length-n ratio lies in

rxr‘:lin < 1y < Mnax- (1.9.153)

The number of dyadic intervals in (I.9.149) meeting this range is at most

2 + nlogy(rmax/Tmin) < Co(n + 1). (1.9.154)

Sum (1.9.152) over those classes. This proves (1.9.144), uniformly in z. Equations (1.9.80)
and (1.9.83) give (1.9.145).
For Bernoulli m = f,,, A-DS or L-1.8.01 gives
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hn(@) == pilogp,  xo(m)=-> plogn. (19.155)
i i

Now use (1.9.145) in the fully proved formula (1.9.142). This yields (I.9.146) and discharges
the former G-1.8.09. J

Corollary — 7.2 (C-1.9.10: geometric Gibbs dimension) [F]

Let @ be a finite C1™* conformal IFS and let m; be the geometric Gibbs state from
Theorem 2.2. Without any separation condition,
h. (o,m
dimy (7, m;) = dimp(r,m;) = Lt). (1.9.156)
Yo (m;)
If coding is injective, or more generally satisfies (1.9.80), then
hp,(0) Py(t
dimyg(r,m;) = dimp(z,m;) = M ot (10) . (L.9.157)
Yo (m;) Xao(my)
Att = sg, under the same multiplicity hypothesis,
dimy (7. ms, ) = dimp(z.my,) = sp. (1.9.158)

Proof

The A-DS Gibbs theorem makes m; mixing and hence ergodic. Equation (1.9.156) is Theorem
6.5. Under (1.9.80), Theorem 4.6 gives h, = h. Equation (1.9.31) then gives

hm () Py®)
xolm)  xo(m)

which proves (1.9.157). Injective coding has M, = 1, so it is a special case. Finally
Pg(sgp) = 0, and (1.9.158) follows. J

(1.9.159)

1.9.8 Formal conclusion

The projection-entropy loss is exactly the exponential conditional ambiguity of symbolic
prefixes over a geometric point, through (1.9.82). The moving conformal-ball argument
converts the retained entropy rate into Euclidean mass scaling, giving (1.9.141) without
any separation condition. OSC is used only afterward, to prove the independent prefix-
multiplicity estimate (1.9.144).

Every theorem in the chapter is F. FH-01 is the point-of-statement provenance for
Definitions 4.1 and Theorems 4.6, 6.4, and 6.5; its results are not proof premises.

[.9.9 Intuition and strategy

The following discussion explains the geometric ideas behind the proofs.
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1.9.9.1 Why ordinary entropy is sometimes the wrong numerator

A symbolic measure records information in labels. The projected Euclidean measure records
only information that survives the coding map. If two labels produce the same geometric
branch, deciding which label occurred costs symbolic entropy but creates no geometric
refinement.

Projection entropy subtracts precisely this invisible information. The two conditional
entropies in its definition ask:

+ how uncertain is the first symbol when the projected tail is known?
« how uncertain is the first symbol when the projected full sequence is known?

Their difference is the first-symbol information that actually moves the geometric point
to a smaller scale.

1.9.9.2 Conditional prefix entropy as coding ambiguity
The identity

.1 _
hm(o') - h,[(O', m) = r111—>n;10 ;Hm(%n ! | ‘Q{f[)

has a concrete interpretation. Condition on the final Euclidean point and ask how many
length-n symbolic histories remain plausible. Their conditional entropy per digit is exactly
the information destroyed by overlap.

This also explains the multiplicity criterion. If only o) prefixes can reach any point,
their entropy is o(n), so no positive entropy rate is lost. In particular, the criterion permits
fibers with infinitely many codes: it controls the uniform growth of possible prefixes,
not only the cardinality of an individual fiber. No equivalence with pointwise finite fiber
cardinality is asserted here.

1.9.9.3 What conformality contributes

At a point of a conformal branch, the derivative has one scalar contraction factor. Products
of these factors give a single asymptotic Lyapunov scale. This is why the dimension formula
has one denominator.

In a genuinely affine system, different directions contract at different rates. Then one
scalar ball recursion is insufficient; conditional entropies must be assigned to a flag of
subspaces. That is the later Feng/Ledrappier— Young pathway in Volume V.

1.9.9.4 Bounded distortion and exact dimensionality play different roles

Bounded distortion compares an entire conformal cylinder with one derivative scale. It is
crucial for pressure, Gibbs cylinders, and geometric thermodynamic formalism.

The no-separation exact-dimensionality theorem needs less. It uses only a uniform
one-step C! comparison between a small ball and its image. The argument follows a typical
orbit and never compares all points in one long cylinder. Thus Theorem 6.5 is valid at C?,
even though the pressure package is stated at C1%,
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1.9.9.5 The two moving radii

There are two recursively chosen radii:

+ _ . N - _ -n
Rn =ToC P> Rn =ToC Pn-

The larger radius contains the image of the previous tail ball. This gives a lower bound
for its logarithmic mass, which becomes an upper bound for local dimension after division
by the negative number log R;'.

The smaller radius is contained in the image of the previous tail ball. It gives an upper
bound for logarithmic mass and hence a lower bound for local dimension. Letting ¢ decrease
to one makes the bounds meet.

This sign reversal is not cosmetic. It is the main algebraic hazard in the proof.

1.9.9.6 Why differentiation of arbitrary measures appears

The ratio

m([i] N 7~ 'B(nw,r))
m(r~1B(rw,r))

is a conditional probability at geometric resolution r. As r tends to zero, differentiation
of the pushed-forward measure turns it into the exact conditional probability of [i] given
the geometric point.

Lebesgue differentiation alone is not enough: the projected measure may be singular.
The Besicovitch selection lemma supplies differentiation relative to any finite Borel measure

on Euclidean space.

The logarithmic envelope is equally important. Pointwise convergence of those ratios
does not justify averaging a moving triangular array. The weak density estimate gives one
integrable function dominating all small-radius negative logarithms.

1.9.9.7 Why OSC restores classical entropy

Under OSC, the images of a feasible open set under incomparable words contain disjoint
miniature copies of one fixed ball. These balls need not lie in the attractor cylinders
themselves; the proof controls their distance from the cylinders. At a fixed contraction
scale, only boundedly many such balls can cluster near a point. Length-n words can have
different contraction sizes, but they occupy only O(n) dyadic scale classes. Hence a point
belongs to only O(n) length-n cylinders.

The logarithm of O(n) is negligible compared with n, so conditional prefix entropy has
zero rate. This proves h,, = h without requiring unique coding.

1.9.9.8 The pressure zero

The geometric potential is the logarithm of infinitesimal contraction. The Gibbs state at
parameter ¢t balances entropy against average contraction:

Py(t) = hp,(0) — t Yo (my).
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At the pressure zero, the balance becomes h = sy. When coding loses no entropy rate,
the projection-entropy dimension formula turns this identity into dim(z,my) = s.

With overlap, the same Gibbs state is still exact dimensional, but its dimension is h,/ x;
pressure alone does not calculate the entropy that survives projection.

1.9.9.9 Research lineage

The full no-separation mechanism is due to De-Jun Feng and Huyi Hu. The chapter proves
the conformal specialization of their projection-entropy theory. The later affine theory
keeps the same guiding question—how much symbolic information survives each geometric
factor—but replaces the one conformal scale by several Lyapunov directions and conditional
partitions.

1.9.10 Exercises

All exercises use only accepted incoming nodes and the F results of this chapter preceding
the exercise’s topic.
1.9.10.1 Exercise 1.9.1 — Derivative cocycle

Prove (1.9.15) directly from the chain rule and conformality. Deduce (1.9.25).

1.9.10.2 Exercise 1.9.2 — Pressure stability

For bounded continuous potentials ¢, i/, prove (1.9.36). Deduce that t — P (t¢) is convex.

1.9.10.3 Exercise 1.9.3 — Similarity pressure

For a similarity IFS with ratios r;, calculate Pg(t) explicitly and show that its zero satisfies
i =1

1.9.10.4 Exercise 1.9.4 — Besicovitch angular separation

Fill in the cosine-rule calculation in (1.9.42) and derive a dimension-only cardinality bound
by Euclidean volume packing.

1.9.10.5 Exercise 1.9.5 — Conditional density

Let0 : Q — R? and A € F. Prove directly from the Radon-Nikodym identity that
d6,(1,4m)/d(6,m) - 0 is a version of E(1 4|0~ B(R?)).

1.9.10.6 Exercise 1.9.6 — Logarithmic envelope integral

For 0 <a <1and B > 1, verify

J min{a, Be '}dt = a (1 + log E) .
0 a

Use it to rederive (1.9.54).
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1.9.10.7 Exercise 1.9.7 — Coding sigma-algebra

Prove both inclusions in (1.9.72), taking care that Borel images under S; are Borel.

1.9.10.8 Exercise 1.9.8 — The two-symbol block identity

Write out (1.9.73) for n = 2 using the conditional chain rule. Identify the two shifted
conditional-information differences before integrating, and explain why each integral
equals h;.

1.9.10.9 Exercise 1.9.9 — Entropy under finite support

If a probability vector has at most M nonzero entries, prove that its entropy is at most
log M, with equality exactly when it has precisely M nonzero entries, all equal to 1/M.
Apply this to (1.9.93).

1.9.10.10 Exercise 1.9.10 — A tail estimate for L'

If G € L'(m) and T preserves m, prove G(T"x)/n — 0 almost everywhere. Explain exactly
where this enters the moving-array proof.

1.9.10.11 Exercise 1.9.11 — Intermediate radii

Give the complete squeeze proving Lemma 6.3, including the reversal of inequalities caused
by negative logarithms.

1.9.10.12 Exercise 1.9.12 — Duplicate-label projection entropy

For

So(x) =S1(x) =x/3,  Sp(x) =x/3+2/3,
with nonnegative Bernoulli weights (py, p1, o) summing to one, put ¢ = py + p;.
Compute H(Plo~1A,), H(P|A,), and h,, including q = 0.
1.9.10.13 Exercise 1.9.13 — OSC scale classes
Prove the exact integer bound behind (1.9.154) and show that equal contraction ratios
improve (1.9.144) to M,, < C.
1.9.10.14 Exercise 1.9.14 — Gibbs dimension at pressure zero

Assume uniformly subexponential fiber-prefix multiplicity. Starting only from (1.9.31),
(1.9.83), and (1.9.142), prove (1.9.157)—(1.9.158).
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L9 Dimensions and Multifractal
Spectra

A single dimension cannot describe all the different rates at which mass accumulates.
Moment sums emphasize different parts of a measure as the parameter varies, while level
sets group points with the same local dimension. This chapter relates these two viewpoints
through multifractal bounds and, under the stated additional assumptions, equalities.
Particular care is needed for negative moments: a fixed grid and a family of centered balls
are not interchangeable.

The definitions below fix this chapter’s conventions. Geometric intuition and proof
strategy are discussed separately after the main development; exercises and their solutions
provide a second route through the material.

Definitions and notation
All logarithms are natural. The half-open dyadic cubes of generation n in R? are

@, =27k +[0,1)%) : k e 7%},

Only finitely many such cubes meet the compact support of a measure. Terms already
accepted in 1.1-1.9 are reused with their established conventions.

Definition — 1.10.01: Moment sums and L? spectra

Let p be a compactly supported Borel probability measure. For g € R put

Dr()={0€ D, : Q) >0} M= > Q)N
Q€D (1)
Thus zero-mass cubes are omitted, including when g = 0, and M, (i, 0) = #Z,; (1).
The finite-scale exponent is

_ log Ma(p.9)

dyad
W () —nlog 2

219
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The lower and upper dyadic LY spectra are

dyad .. dyad _dyad . dyad
7" (q) = liminfr ™ (uq). 7" (¢) = limsupz ™ (. q).
n—0oo
When they agree in R, their common value is Tﬁyad(q). Fixed dyadic grids can be
unstable for g < 0, so this notation is not silently identified with the centered definition
below. Let

M ,(g,r) = sup Z u(B(xj,r))? : x; € supp p, B(x;j,r) pairwise disjoint,
J

and define the lower centered-packing L? spectrum by

log . ,(q.7)

pack ..
=1 f
o (@ 1r;1u1)n logr

The upper centered-packing spectrum uses lim sup; when the two agree, write TE aCk(q).
Every ball centered on the support has positive mass, so negative powers are defined.
Dyadic and packing spectra are not identified for negative g without a separately
proved comparison.

Definition — 1.10.02: Renyi entropies and dimensions

For g € R \ {1} the order-q dyadic Renyi entropy is

1
Hq(/l, 9}1) = 1 _ q log Mn(.U, q)

At g = 1, it is the Shannon entropy

Hi(p, 2,)=— ), uQ)logu(Q),

Qe (1)

with 0log0 = 0. At q = 0, it is log #2, (). The lower and upper order-q Renyi
dimensions are

dyad q(.u> 9n) —dyad q(.u’ 9n)
= liminf ———2 — i Zan
) it 1n nlog 2 W lflri)sogp nlog2

When equal, the common value is Dgyad(p). For g # 1 and an existing dyadic spectrum,

dyad (1) = (q)
-1
The g = 1 value is the dyadic entropy dimension and g = 0 is the dyadic box dimension

of the measure’s positive-mass support at the registered grid. If TEaCk(q) exists, define
the centered-packing generalized dimension
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k
7 (q)
1

DE** () = (q#1).

Definition — 1.10.03: Level sets and Hausdorff spectrum

Using the accepted local dimension d,,(x) from 1.4, define

dimg; Ey(af), E”(a) * @,

E(@)={xesuppp: ()=} ful@)=] Ey(a) =0
, [N = 2

Thus an empty level receives spectrum value —co. This does not change the standing
geometric convention dimy @ = 0 from Chapter I.1. A theorem may instead say
explicitly that the level set is empty.

Definition — 1.10.04: Legendre formalism and slope terminology

For a finite concave function 7 : J — R on an interval J, its concave Legendre
transform is

r(a) = inf{ga - 1(g)}
q€]

A measure satisfies the multifractal formalism at « relative to r and J if fy(a) =
7*(@). A number « is the slope exposed by g if

(q) <t(@) +alg’ —q) (¢" € ).

If g is an interior point of J and 7 is differentiable at g, this is equivalent to & = 7’(g).
A nondifferentiability point of 7 is a phase transition. For a differentiable concave
function on R, its extremal slopes are

Omin = lim T,(q): Omax = lim T/(q),
q—>+oo gq—>—

and the open interval between them is the interior slope range.

Definition — 1.10.05: Normalized Gibbs potential and pressure root

Let = AN let  : 3 — R be Holder, and let my, be its equilibrium state. Its
normalized potential is

Yo=y¥—-PE), P =0.

Let ® be a finite C1** conformal IFS and let ¢ < 0 be the geometric potential from L9.
For g € R, the geometric pressure root T, (g) is the unique real number satisfying
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Plqyp — Ty(@)$) = 0.

The sign is fixed by the contraction convention ¢ < 0; in the self-similar Bernoulli
case it becomes

—Ty(@)
dpin =1
ieA

Definition — 1.10.06: Quasi-Bernoulli measures

A probability m on ¥ is upper quasi-Bernoulli if some C, > 1 satisfies

m([uv]) < Cym([ulm([v]) (u,v € A").

It is lower quasi-Bernoulli if some C_,0 satisfies

m([uv]) = C_m([ul)m([v]).

It is two-sided quasi-Bernoulli if both conditions hold. A finite-shift Hoélder Gibbs
state is two-sided quasi-Bernoulli by the accepted Gibbs cylinder estimate; the deduc-
tion is proved locally.

Definition — 1.10.07: Subexponential errors and q-Gibbs balls

A positive sequence (c,) is subexponential if

logc
lim ECn = 0.
n—>oo n

A positive function h : (0,ry) — (0, ) is subpower at zero if
. logh(r)
im = 0.
rlo log(1/r)

Given q > 0, an existing exponent 7(q), and ¢ > 1, an auxiliary probability v, satisfies
the upper g-Gibbs ball inequality if

vg(BCx,7/c)) < h(r)r ™ @ p(B(x,r))?

for all sufficiently small r and every x, with h subpower at zero. It satisfies the lower
g-Gibbs ball inequality if a positive subpower function h satisfies

vg(B(x,cr)) > h(r)r~"@ p(B(x, r))1

for all sufficiently small r and every x. The radius enlargement is part of the definition;
the function h need not be the one in an upper inequality.
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Definition — 1.10.08: Dyadic neighbors and conformal stopping words

For Q,Q" € D, write Q ~ Q’ if their closures intersect. For a finite conformal IFS with
attractor K, define

W, ={ue A, [u>1:diamK, <27" and diamK,- > 27"},

when 27" < diamK. If 27" > diamK, set W, = {®} with S, = id and K = K;
the empty word has no parent. Here diam K > 0, and the singleton case is handled
separately in the results. For nonempty words, u~ is u with its last letter removed.
This is the generation-n conformal stopping family. Its cylinders form a symbolic
antichain cover; no separation property is included in the definition.

Terminal terminology (no outgoing proof dependency)

Question/Boundary 9.1 defines the asymptotically weak separation condition using the
D-1.10.08 stopping family and a subexponential bound on the number of distinct maps
meeting each dyadic cube. It also defines the ell-adic interval level sets used by the cited
Testud examples. Both definitions are printed in full at that discussion, before use; neither
is silently identified with an earlier stronger separation or ball-level convention.

All logarithms are natural and all Euclidean balls are closed. Let &, be the half-open
dyadic cubes of side 27" in R%. A sum over positive-mass cubes always omits the zero-mass
cubes. The distinction between a fixed dyadic grid and centered packings is kept visible
throughout, especially for negative g.

1.10.1 Moment sums, Rényi dimensions, and the universal
upper bound

Definition — 1.1 (dyadic moment sums and spectra)

For a compactly supported Borel probability measure p, define

DI ={Q€ Dy : Q>0 M= ), Q) (L10.1)

Qe (1)
for g € R. Thus M,(y, 0) = #2,5 (). Put
dyad log My, (1, q)
,q) = ———, 1.10.2
W = 2 (102)
and
(g = iminfr (., 7@ =limsupr*(ng).  (1103)
n—o0

. . . dyad
When the two finite values agree, their common value is 7, (q).
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Definition — 1.2 (centered-packing spectrum)

Forr > 0, let

N N < oo, x; € su ,

A ,(g7) = sup FZ; H(B(g, ) B(x1,1), ...J,B(xl\I]),Ij’;lare pairwise disjoint

(1.10.4)
Every ball in (I.10.4) has positive mass, and for fixed r these masses have a positive
uniform lower bound. Indeed, cover the compact support by finitely many balls
B(zj,r/2) centered on it. For any support point x one of these centers satisfies [x —z;| <
r/2, whence B(zj,r/4) C B(x,r). The minimum of the finitely many positive masses
u(B(z;,r/4)) is the required bound. The number of disjoint radius-r balls with centers
in this bounded support is also uniformly finite by Euclidean volume packing. Thus

0 < ,(q,r) < oo for every real g, including negative orders. Define

log ./%#(q, r) e . log .%#(q, r)
_, Ty (@) = limsup ——.

(1.10.5)
logr r10 logr

zgaCk(q) = liminf
rl0

When they agree finitely, write fEaCk(q). No negative-q identification between (1.10.3)
and (1.10.5) is part of the notation.

Definition — 1.3 (Rényi entropy and generalized dimensions)

For q # 1, the generation-n Rényi entropy is

1
Hy(pDn) = T— 7 log My (p, @) (L.10.6)

At g =1 and q = 0, respectively, put

H(m2)=- Y, pQloguQ).  Hy(pDy,) =log#D, (). (L10.7)
Qe ()

The lower and upper dyadic Rényi dimensions are

Hy(p, Z) Hy(p, )
(p) = lim inf u, dyacl(,u) = lim sup B it

n—oo  nlog2 n—sco  nlog2

dyad (1.10.8)

Their common value, when it exists, is Dgyad(y). If ¢ # 1 and the centered-packing
spectrum exists, define

pack ( )

paCk( ) = (1.10.9)

-1
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Definition — 1.4 (level sets and Legendre formalism)

Using the local dimension from 1.4, define

dimy E (@), E,(a) # @,

. L@ =0 (1.10.10)

E () ={x € suppp : d,(x) = a}, fule) =

Only an empty spectrum level is assigned value —oo; the geometric convention
dimy @ = 0 remains unchanged. If r : J — R is finite and concave on an inter-
val ], its concave Legendre transform is

() = inf{qa — 7(q)}. (L.10.11)
q€]
The multifractal formalism holds at «, relative to 7 and J, when

ful@) = 7%(a). (1.10.12)

A number « is a slope exposed by g € J if

() <t(g)+a(s—q) (se)). (L.10.13)

At an interior differentiability point of J, this says @ = 7’(q). A point of nondifferen-
tiability is called a phase transition. For a differentiable concave function on R, its
extremal slopes and interior slope range are

Qmin = qI_iHIOO ' (9), Omax = ql_i)rzloo v’ (9), (%mins Fmax)- (L.10.13a)

Lemma — 1.5 (L-1.10.01: finite moment and entropy calculus) [F]

Let a = (ay, ..., an) be a probability vector after its zero entries have been deleted, and
put Z,(q) = %, a}z. Then

log Z,(q)
'_) —

q— log Z,(q) is convex, q N
-9

is nonincreasing. (L.10.14)

The second function is understood with its continuous extension at ¢ = 1.
Moreover,

_log Z,(q)
(}I_)IT{ Tq = — Z]: a; IOg a;. (11015)
Consequently g — T,‘liyad(,u, q) is concave. If {aj : j € I} is divided into groups I, ..., I,
each of cardinality at most A, then, for by = ) jel, 4>




226 CHAPTER L10. LY DIMENSIONS AND MULTIFRACTAL SPECTRA

Yal <Y bl <Aty al (g1, (1.10.16)
j 0 j
and

ATl <Y bl <Y al (0<g<). (1.10.17)
7 0 7

Proof

For qp,q; € Rand 0 < A < 1, Hélder’s inequality gives

Zo((1 = Do + Aq) = Y () Ha")!
j (1.10.18)

< Za(qo)l_AZa(ql )A-

This proves the first assertion in (1.10.14). Let J be a random index with P(J = j) = a;,
letY =log aj, and set

K(t) = logE(e) =log ) a/ ™. (1.10.19)
j

The function K is convex and K(0) = 0. Therefore its secant slope K(t)/t is nondecreas-
ing in t, including across t = 0. Since

logZ(q) _ K@g-1)

1—¢q q—1
the second assertion in (I.10.14) follows. Differentiating the finite sum at zero gives
K’(0) =), jajloga;, and (1.10.15) follows from (1.10.20). Division of the convex function

, (1.10.20)

log Z,(q) by —nlog 2 < 0 proves the concavity of r,? yad
For nonnegative xi, ..., x;, k < A, convexity gives

k koo\¢ k
>l < (Z xj) <k Y x! (g> 1), (1.10.21)
j=1 j=1 j=1

while concavity gives both reversed comparisons, with the same factor, for 0 < g < 1.
Sum (1.10.21) over the groups. This proves (1.10.16)—(1.10.17). [J

Theorem — 1.6 (T-1.10.02: universal multifractal upper bound) [F]

For every compactly supported probability j, every a € R with E,(a) # @, and every
g € R for which the lower centered-packing spectrum is finite,

dimy E, (@) < qa — ﬁ),aCk(q). (L.10.22)

If g — gf,aCk(q) < 0, then the level set is empty. Consequently, for all real @, on every

interval J on which the spectrum is finite,
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fula) < in§ fqa — (@} (1.10.23)
qe

Proof

At a support point x, one has 0 < u(B(x,r)) < 1 for small r, so every finite local dimension
is nonnegative. Hence E,(«) = @ for @ < 0. The assertion about f,(a) is then immediate,
because its value is —co. There is no assertion that the geometric dimension of the empty
set is bounded by a negative number. Assume « > 0.
Fix ¢ > 0. For k > 1, let Fi be the set of x € E,(«) such that, whenever 0 <r < 1/k,
r®te < u(B(x,r)) < r* e, (1.10.24)

Then E,(a) = Uk Fr- Fix k, take r < 1/(3k), and choose a maximal disjoint family

{B(XJ',F) 01 S} < Nr}, Xj S Fk. (11025)

Compactness makes the family finite, and maximality gives

N,
Fe c | ) B(x;.3m). (1.10.26)
j=1

If g > 0, the left inequality in (1.10.24) gives

N,
Nrrq((x-h&‘) < Z /J(B(Xj,r))q < ﬂy(q, r). (11027)
j=1

If g < 0, the right inequality in (1.10.24), with the reversal caused by the negative power,
gives

N,
Nrrq(a—e) < Z y(B(Xj,r))q < _ﬂy(q, r). (L.10.28)
=1

Write 7 = gEaCk(q). From the definition of a liminf, for every § > 0 and all sufficiently
small r,

log 4 ,(q.7)

>7-0. (1.10.29)
logr

Because logr < 0, (1.10.29) is equivalent to

M (q.r) <170 (.10.30)
Equations (1.10.27)—(1.10.30) imply in both cases

N, < rdelgle+r=5, (10.31)
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If qa — 7 < 0, choose ¢, > 0 so small that qo — 7 +|gle + § < 0. Equation (I.10.31) would
force N, < 1 for all sufficiently small r, impossible when F is nonempty. Thus every F,
and hence the level set, is empty in this case. Otherwise, take any positive s satisfying

s>qa—1+|gle+6, (1.10.32)

then the s-cost of the cover (I.10.26) tends to zero:

N,
D (6r) < gFremaetldlert=o (1.10.33)
=1
Thus
dimy B < qa — 7 +|gle + 6. (1.10.34)

Countable stability, followed by ¢, | 0, proves (1.10.22). Taking the infimum in ¢ proves
(1.10.23). O

1.10.2 Strictly separated self-similar measures

Let ® = (§;);ep be a finite similarity IFS on R?, with contraction ratios 0 < r; < 1, attractor
K, and SSC. Let p; > 0, 3; p; = 1, and pt = pig . For a word u = u; -+ uy,, write

n n
r, = Hruj, Py = H Puy (1.10.35)
J= J=

For 0 < r < 1, use the stopping antichain

War)="{u:r,<r<r-} (1.10.36)

Here the empty word has ratio 1. If the alphabet has just one symbol, p; = 1 and K is its
fixed point. Every moment sum equals one, every spectrum and generalized dimension is
zero, and the only nonempty local-dimension level is @ = 0. This verifies all the assertions
in Sections 2-3 for that case. In their geometric proofs below we may therefore assume at
least two symbols, so SSC gives a positive separation gap and diam K > 0.

Lemma — 2.1 (stopping geometry and moment comparison) [F]

There are constants c,C, A > 0, depending only on @, with the following properties
for every sufficiently small r:
(1) ifu,ve X (), u+v, then

cr<r,<r, dist(K,,, K,,) > cr, diam K, < Cr; (L.10.37)

(2) every ball of radius Cr meets at most A stopping cylinders, and every stopping
cylinder meets at most A cubes of side comparable to r;
(3) for every real g,
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M (g.ar) =4 Z(r.q) = Y, pa (1.10.38)
uew (r)

for one fixed a > 0, with analogous two-sided comparisons after replacing ar by any
fixed constant multiple of r; and
(4) forg>0,if 27! <r < 27" then

My(p,q) =q Z(r, ). (L10.39)
The constants implicit in (1.10.38)—(1.10.39) may depend on g, but not on r or n.

Proof

Set r, = min; r;. From (1.10.36),

rar<r,<r. (L.10.40)

Let
A = min dist(S;K, S;K) > 0. (1.10.41)
%]

Distinct stopping words are incomparable. If w is the common prefix of u and v, their
next letters differ and similarity gives

dist(K,, K,,) >, A. (L.10.42)

Since w is a proper prefix of u, r,, > r, so (1.10.42) is at least Ar. Also diam K, = r,, diam K.
This proves (1.10.37).

A Euclidean packing estimate now bounds the number of cr-separated sets K, that can
meet a ball of radius Cr. The same estimate bounds the number of cubes of side comparable
to r meeting a fixed K. This proves item 2.

Choose x, € K,,. By decreasing a > 0, the balls B(x,, ar) are pairwise disjoint and meet
no stopping cylinder other than K,,. Hence

U(B(xy, ar)) < py. (1.10.43)
For q < 0, (1.10.43) gives

M (g, ar) > Z i =Z(r,q). (1.10.44)

For q > 0, enlarge the radius by a fixed factor so that the ball about x;, contains K;,. The
resulting bounded-overlap family can be split into a bounded number of disjoint subfamilies,
and

u(B(x,,Cr)) = py. (1.10.45)

It follows that . ,(q,Cr) 24 Z(r,q).
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Conversely, take a disjoint family of balls B(x;, p), centered on K. For g < 0, use the
stopping family at scale r = p/(2 diam K + 2). The stopping cylinder K,;) containing x;
then lies inside B(x;, p), and hence

H(B(xj, p)) 2 Pu(j)- (1.10.46a)

The separation and packing estimate show that a fixed u can be assigned to only a
bounded number of disjoint balls. Raising (I.10.46a) to a negative power therefore bounds
the ball sum above by a constant times Z(r, ¢). For g > 0, use stopping scale comparable to
p: each ball meets at most a bounded number of stopping cylinders, so its mass is at most
the sum of their p,, and each stopping cylinder is charged only a bounded number of times.
Applying (1.10.16)—(1.10.17) gives the required upper comparison. The already constructed
separated balls give the reverse comparison. To justify the fixed scale changes, fix A > 0.
Every word in 7" (Ar) extends, or is extended by, a word in %°(r), and the difference of their
lengths is bounded by an integer N, depending only on A, r,, max; r;. Passing between the
two antichains therefore replaces each summand by a sum over at most |A|N+ descendants
and multiplies every weight by one of finitely many factors p1, [v| < N;. Consequently

Z(Ar,q) =q2 Z(r,q).

This proves (I.10.38) at one fixed radius normalization and hence at every fixed multiple
of that radius.

For a dyadic cube at scale 27" = r, item 2 says that its mass is a sum of pieces from at
most A stopping cylinders and that each cylinder is split among at most A cubes. Equations
(I.10.16)—(1.10.17), with the zero-order counting version, give (1.10.39). This argument is
unavailable for ¢ < 0: an arbitrarily small positive piece created by a grid boundary can
dominate a negative moment. [

Theorem — 2.2 (T-1.10.03: self-similar pressure equation) [F]

For every q € R, the centered-packing spectrum exists and is the unique real number
7(q) satisfying

> pir @ =, (1.10.46)
ieA
For g > 0, the dyadic spectrum also exists and

Q) = () = (9. (1.10.47)

No equality with a fixed dyadic grid is asserted for g < 0. The functionz : R — R is
concave and real analytic. With

6(q) = pir " ?, (1.10.48)

one has ) ;0,(q) = 1 and

_ 2i6(q@log p;

2D G

(1.10.49)
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Proof

For fixed g, the left side of (1.10.46) is continuous and strictly increasing in 7, tends to 0 as
T — —oo, and tends to oo as 7 — +oo0. Thus there is a unique root.

For u € %' (r), define 0,(q) = Llﬂl Gu}_(q). The stopping cylinders [u], u € ' (r),
partition the full shift, so the Bernoulli probability with one-step weights 6(q) gives
> O =1 (1.10.50)
uew (r)
By (1.10.40),
20 = 0,(ri@ =4 0u(@)r™@. (1.10.51)

Summing (I.10.51) and using (I.10.50) gives

Z(r,q) =4 r" 9. (1.10.52)
Lemma 2.1 and division by logr prove the centered-packing assertion and (1.10.47).

Let

F(q,t) = Z exp(qlog p; —tlogr) — 1. (L.10.53)
i

Att = 1(q),

&F(q.7(g)) = — ). 6(q)logr; > 0. (1.10.54)

Here is a power-series proof of analyticity, so no analytic implicit-function theorem
is left as an undeclared input. Fix qq, put {y = 7(qp), @ = log p;, b; = —logr; > 0, and
w; = p?ori_to. Then ), w; = 1and ¢ = 3}, wb; > 0. For p > 0, let &, be the space of real
coefficient sequences identified with series u(z) = 35 ujzj , with norm

lull, = > lujlp! < oo. (1.10.54a)

>0
It is complete by completeness of ¢!. The usual coefficient convolution defines multipli-
cation, and absolute summation gives [uv|, < [ul,[v],. Thus e = 3+, uF k! converges

in this norm and [e* - 1], < el“lo — 1. The series z has norm p. Define

Cw)=u—c! (Z wedZ bt _ 1) ) (I1.10.54b)
i
Choose R > 0, then p > 0, small enough that
¢! Z wib;(elalPtbiR _ 1) < % ¢! Z wi(el4lP — 1) < R/2. (1.10.54c)
i i

For [ul,, [vl, < R, differentiate the absolutely convergent exponential series along the
segment from v to u and integrate on [0, 1]. Since ¢ = Y ; wb;, (1.10.54c) gives |€(u) —
g, < %Hu— V|, Also [£(0)], < R/2, so this closed ball is invariant. Iterating from zero
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gives successive differences at most 2_k||?(0)||p; completeness gives a fixed series u € &,,.
Evaluation at any real |z| < p preserves sums and products by absolute convergence, so

Z wedZ b = 1, (g + 2) = ty + u(z). (1.10.54d)
i
The second identity is the already proved uniqueness of the real pressure root. Thus ¢

equals a convergent real power series near every gy, which is the meaning of real analytic.
Differentiating (1.10.46) gives

0="Y 6(q)(log p; — v’ (g) logr), (1.10.55)
i
which is (1.10.49). A second differentiation yields

% ti@)log pi = 7' (@logr)” _

(q) = <o. (1.10.56)
! %:0(g) logr
Thus 7 is concave. [
I.10.3 The complete self-similar spectrum
For a probability vector 8 = (6);cn, set
Y.ibilog pi H(6)
HO)=-) 6logh, @ == Blogr, ad)==——", s(0)=—=.
Z,-: HoET A Z,: OB %6 logr; x(©)
(1.10.57)

As usual 0log0 = 0.

Lemma — 3.1 (symbolic frequency level sets) [F]

Let
%(0) = {a) : lim l#{1 <j<n: w =i} =0 for every i}. (1.10.58)
n—oo n
Then
7(2(0)) C E ((9)), dimg (2(0)) > s(0). (1.10.59)
Proof

If v € 2(0), then

log p), i N(wln)log pi
log Tol, 2 Ni(wlp) logr;

The SSC ball-cylinder comparison from 1.8, together with r, <7, /1, < max;r <1,
converts (1.10.60) into

a(0). (1.10.60)
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dy(rw) = a(0). (I.10.61)

Let I ={i : 6, > 0} and take the Bernoulli measure with weights (6;);c; on the subshift
. Birkhoff’s theorem gives full measure to (). Its projection is exact dimensional by
T-1.8.05 and has dimension

I]N

H(6)
29 _ ). (1.10.62)
x(©)
Since that projection is carried by 7(2(6)), the local-to-global dimension theorem of 1.4
proves the second part of (1.10.59). [

Lemma — 3.2 (finite-dimensional Legendre duality) [F]

Let
log p;
a = gpl, Qmin = Min a;, Qmax = Maxa;. (L.10.63)
logr i i
For every a € [tmin> ¥maxl»
max s(0) = inf{qa — r(q)}. 1.10.64
o maxX @ qeR{q ()} ( )

The maximum exists. Formula (1.10.64) includes both endpoints.

Proof

The constraint set is nonempty: choose w; > 0 with }; w; = 1 and ) ; wya; = , and put

0 — w/(=logr)
l Zj Wj/(— log”j)

Then a(f) = a. The constraint set is a closed subset of the probability simplex, and
x(0) > —log(max;r;) > 0. Hence s is continuous and the maximum exists.

For fixed ¢, the vector 68(q) from (1.10.48) is strict. Relative entropy gives, for every
probability vector 0,

7}
0 < D(0]6(g)) = ) 6 log 9_(’
i g (1.10.65)
= —H(0) - q Y, 6;log p; + (q) ), 6 logr.
i i

If a(0) = «, division by y(0) = — ) ; 6;logr; yields

s(0) < qa — (). (1.10.66)

Thus the left side of (I1.10.64) is at most the right side.
The derivative 7’ is continuous and nonincreasing. From (1.10.49), 7'(q) = a(6(q)). We
next show
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lir}rl 7/(q) = min, lim 77(q) = tmax- (1.10.67)
g+ [ ——

For the first limit, put I = {i : a; = apint and B(q) = 7(q) — qmin- Equation (1.10.46)
becomes

3 exp(g(a; — aiin) logr)r; ” @, (1.10.68)
i

The factors outside I_ tend to zero as ¢ — +oco. Monotonicity in f, with two fixed
comparison values, shows that

B@—p.  Snl =1 (1.10.69)

Concavity then forces the derivative limit in (1.10.67); equivalently one may take
weighted averages in (1.10.49). The second limit follows identically with I, = {i : @; = apax}
and g — —oo.

If @ is in the open interval, (1.10.67) and continuity give a q such that 7(q) = «. Taking
0 = 6(g) makes (1.10.65) an equality, so (1.10.64) follows.

At o = oy, the identity

6,(—logr;)
al@ =Y m——2"Lg (1.10.70)
Zl-“ x@®
shows that the constraint is equivalent to support on I_. Puts_ = —f_, so
Y=t (1.10.71)
i€l

The same relative-entropy calculation on the face I, now with weights rl-s‘, gives

max s(0) =s_. (I.10.72)
supp 6cl_

On the other hand, (I.10.69) gives

lim {qamin — (@)} = —p_ =s_. (1.10.73)
q—>+oo

Together with (1.10.66), this proves (1.10.64) at the left endpoint. The right endpoint is
identical, using I, and ¢ — —co. [J

Theorem — 3.3 (T-1.10.04: full self-similar spectrum) [F]

The level set E, () is empty when & & [yin, max]- For every « in that closed interval,

inf{qa — TE aCk(q)}. (L.10.74)

el y(O{) 9:222))(:0( )((9) q<R
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Proof

For every word u,

1 Ni(u)(—logr;
08 Pu _ Z M 4 € [@mins Fmax - (1.10.75)

logr, —logr,

The SSC ball-cylinder comparison used in Lemma 3.1 implies that whenever a local
dimension exists, it is a limit of the ratios in (I.10.75). This proves the emptiness assertion.
For an admissible &, Lemma 3.1 gives

di E > 0 1.10.76
imyg £,(@) 2 | max (6). (110.76)

04

The universal upper bound, Theorem 1.6, and Theorem 2.2 give
dimy E, (@) < inf{ga — 7(¢)}. (L.10.77)
qeR

Lemma 3.2 identifies the right sides of (1.10.76)—(1.10.77), proving (I1.10.74), including at
both endpoints. UJ

Point-of-statement provenance. The pressure/Legendre architecture is PW97-MF,
Theorem 5, local PDF p. 33 / printed p. 265. Theorem 3.3 is the fully proved strict Bernoulli
self-similar specialization, with the endpoint faces and negative-order normalization made
explicit.

Corollary — 3.4 (C-1.10.05: generalized dimensions) [F]

Forg>0,q+#1,

dyad(y) DPaCk( ) = (q)l (L.10.78)
q
Atg=1,
p:log pr
P& = (1) = —ipilogpi (1.10.79)
=i pilogr;

At g = 0, both zero-order dimensions equal the similarity dimension s determined by

Yr=1 (1.10.80)
i

For g < 0, (I1.10.9) and (I.10.46) give the centered-packing generalized dimension; no
dyadic equality is asserted. Finally, the following are equivalent:

(1) log p;/ logr; is independent of i;

(2) 7 is affine;

(3) all centered-packing generalized dimensions, together with D(liyad, have one
common value;

(4) every point of K has the same local dimension.
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Proof

Equation (1.10.78) is (1.10.6)—(1.10.9) combined with (1.10.47). Since 7(1) = 0, the entropy-
dimension limit follows from a squeeze, not an interchange of the limits in n and q. For
q- <1< g, with g_,0, Lemma 1.5 gives

Hy, (1. 2yp) M2 _ Hy (1, D)

nlog2 =~ nlog2 — nlog2
The outside limits exist by (1.10.47). Consequently
+

Let g, and q_ tend to one. Differentiability of 7 and r(l) =0 make both endpoints tend
to 7/(1). Formula (1.10.49), with 6,(1) = p;, now gives (1.10.79). At g = 0, equation (1.10.46)
isY;n —r(0) _ =1, s0 —7(0) = s; Lemma 2.1 gives the dyadic zero-order value.

If all a; = log p;/ logr; equal ¢, then p; = rf, (1.10.46) gives

7(q) = c(q — 1), (1.10.81)

and T-1.8.06 says that p is c-Ahlfors regular. Thus all generalized dimensions and all
pointwise local dimensions equal c.
Conversely, (1.10.56) shows that an affine 7 forces

log p; —7’(q)logr;, =0 for every i, (1.10.82)

so all g; are equal. If all generalized dimensions are equal, then 7(q) = c(q — 1) for all
q # 1, hence 7 is affine. If every point has the same local dimension, apply (1.10.61) to
each constant sequence i*: its local dimension is @;, so all g; agree. This closes the cycle of
implications. [J

[.10.4 Holder-Gibbs measures under strong separation

Let ¥ = AN let o be the left shift, and let ® be a finite C1*Y conformal IFS with SSC, where
0 <y < 1. Its geometric potential from 1.9 is

$(w) = log | DS, (r(cw))| < 0. (1.10.83)
Lety : ¥ — Rbe Holder and let my, be its equilibrium/Gibbs state.

Definition — 4.1 (normalized potential and geometric pressure root)

Put

h=¢-PF),  P() =0 (1.10.84)

For q € R, the geometric pressure root Ty(q) is the unique real t such that

Py —tg) = 0. (1.10.85)
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For this section write T = Tlﬁ’ B = Ty, and let my denote the equilibrium state of

ng = q¥o — T(@)¢ (1.10.86)
When T is differentiable, define the extremal slopes
Oinin = lim T'(q), Omax = lim T’(g). (1.10.87)
q—>+ q—>—00

The interval (pin, %max ) POssibly empty, is the interior slope range.

Lemma — 4.2 (pressure-root regularity without analytic perturbation) [F]

The root in (1.10.85) exists uniquely for every q. The function T : R — R is finite,
concave, continuously differentiable, and

Vo dm,
T'(q) = [o 7 (1.10.88)
f 0] qu
Proof
There are constants 0 < ¢p < C¢ < oo such that
—Cp <P <—¢p <O (1.10.89)

Pressure is monotone in the potential and changes by at most the uniform norm of a
perturbation. Hence, for fixed g, the function t — P(qyy — t¢) is continuous and satisfies

P(qo — t9) — P(qp — s¢) € [cp(t —5),Cyt — )] (t > 9). (1.10.90)

It tends to opposite infinities as t — +oo, which proves existence and uniqueness.
For an invariant probability v, abbreviate

A, = J Yodv, B, = Jqﬁdv <o. (110.91)

The variational principle and (1.10.85) say

h,(o) +qA, — T(¢)B, <0, (1.10.92)

with equality exactly at v = my. Dividing by B, < 0 gives

h +gA
T(g) = inf —V(G) c i

(L.10.93)
ve 5(3) B,

An infimum of affine functions of q is concave. Also |A,/B,| < [fylleo/cgp> s0 (1.10.93)
makes T globally Lipschitz.

We record the compactness argument needed below. From any sequence of invariant
probabilities, diagonal extraction on the countable cylinder algebra produces limiting
cylinder masses. Their finite additivity and consistency define an invariant probability v
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on %, and the subsequence converges weakly to v. For the first-coordinate partition &, the
accepted finite-generator entropy identity is

o1 -
h,(0) = inf ~H,(2' D). (1.10.94)
n>ln
Each finite-block entropy on the right is continuous in the cylinder masses. An infimum
of continuous functions is upper semicontinuous; hence

V;

p—v = limsup hvj(cr) < h,(0). (1.10.95)

J
Suppose q; — g and a subsequence of myg, converges to m. The continuity of T, the
continuity of the two potentials, and (1.10.95) give

hy,(0) + qA,, — T(q)B,, > lim supihy, (0) +qjAm, T(q])B }
j (1.10.96)
=0.

The variational principle makes the left side at most zero. Thus m is an equilibrium
state for 74. Uniqueness in A-DS gives m = my. Every subsequential limit is the same, so

mg, —> mg. (1.10.97)
Let h > 0. Evaluating the pressure at q + h on mg, and at q on mg,, gives
A T(q+h)—T
Mg+h < (q+h) - (CI) g (1.10.98)
B, h B
q+h

Indeed, both inequalities follow directly from (1.10.92), w1th the reversal when dividing
by the negative B. By (1.10.97), the two outer terms tend to the same value as & | 0. The
corresponding comparison for h < 0 proves differentiability and (I.10.88). Continuity of
the quotient in (1.10.88), together with (1.10.97), proves continuity of T”. [J

Lemma — 4.3 (packing and dyadic pressure formulas) [F]

For every q € R,

paCk(q) T(q). (1.10.99)
For every q > 0,

() = T(q), (1.10.100)

and the zero-order dyadic exponent agrees with the centered-packing exponent of K.
No negative-order fixed-grid conclusion is asserted.

Proof

The Gibbs property for my, normalization (1.10.84), the Gibbs property for my, and the
Bowen bounds for ¢, ¢ give, uniformly for w € [u],
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my([u]) = Su¥o(@) my([u]) = e@SuYo(@)=T(Q)Sd(w) (1.10.101)

1.9 bounded distortion also gives

diam K, = e5u#(@), (1.10.102)

Let

W(r) ={u : diamK, <r < diam K- }. (1.10.103)

Restrict (1.10.103) to nonempty words and 0 < r < diam K. The case of a one-symbol
alphabet has a singleton attractor, 5 = 0, T = 0 and all spectra zero; its interior slope
range is empty, so it requires no stopping construction. For at least two symbols, SSC gives
diam K > 0.

Here bounded distortion, not just the one-step conorm, gives the child-to-parent com-
parison. Write u = vi, and let G4 be a cylinder distortion constant from 1.9. Choosing two
points in 5;(K) and comparing their image separation under S, with diam K, gives

diam K,,; _, diam S;(K)
diamkK, = " diamK °

The right side has a positive minimum over the finite alphabet. Thus

cr <diamK, <r (ue&({)). (1.10.104)

SSC and bounded distortion give the same uniform separation and bounded incidence
properties as Lemma 2.1. Consequently, for all real g, the centered packing moment at a
fixed multiple of r is comparable to

Zyr)= Y. my([u)? (1.10.105)
uew (r)

For g > 0, the dyadic moment at side comparable to r is comparable to the same sum.
The negative-q exclusion is exactly the grid-boundary obstruction identified after (1.10.46a).
Equations (1.10.101)—(1.10.104) yield

my ([u])? =4 mq([u])rT(q) (wew(@)). (1.10.106)
The stopping cylinders partition %, s0 }.,,cq/(r) Mg([u]) = 1. Summing (1.10.106) gives

Zy(r,q) =g r7@. (1.10.107)

Taking logarithmic exponents proves (1.10.99)—(1.10.100). At g = 0, both counts have
the box exponent of the SSC attractor, by the same bounded incidence argument. [

Theorem — 4.4 (T-1.10.06: Holder-Gibbs interior formalism) [F]

For every a € (¢tyin, %max)s there is ¢ € R with a = T"(g), and
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dimy E, (@) = qa — T(q) = in]g{sa —T(s)} (1.10.108)
se
The probability v, = m,.m is carried by E, (), is exact dimensional, and

dimy vy = qa — T(g). (I.10.109)

At i, OF Apax, Theorem 1.6 supplies the upper bound, but this theorem asserts no
endpoint equality without an additional proved endpoint hypothesis.

Proof

The derivative T’ is continuous and nonincreasing. Its image contains the open interval
between its two limits in (I.10.87), so an appropriate g exists.
For my-almost every o, Birkhoff’s theorem and (1.10.88) give

Swo(@) T Yodmg
Snd(w) f ¢ qu

The first Gibbs estimate in (1.10.101), (1.10.102), SSC, and the bounded ratio between
consecutive cylinder scales convert (1.10.110) into

=T'(q) = a. (I.10.110)

dy(rw) = a. (L.10.111)

Thus v,(E (@) = 1.

The measure m, is an ergodic invariant Gibbs state by the allowed dynamics theorem.
T-1.9.08 applies to every such invariant measure, and T-1.9.05 identifies its projection
entropy with ordinary entropy because SSC makes coding injective. Therefore v, is exact
dimensional and

) i (0) -
imygv, = ——. .10.112
T —[pdmy
The pressure-zero identity for my is
hmq(a) +q J Yo dmg —T(q) J $pdmy = 0. (L.10.113)
Use (1.10.88) in (I.10.112)—(1.10.113) to obtain
dimg vy = qT"(q) — T(q) = g — T(@). (.10.114)

Since v, is carried by the level set, (1.10.114) gives the lower bound in (1.10.108). Theorem
1.6 and Lemma 4.3 give

dimy E, (@) < irslf{sa —T(s)} < qa — T(q). (L.10.115)

Finally, concavity and & = T’(gq) imply T(s) < T(q) + a(s — g), so the middle infimum in
(I.10.115) equals g — T(g). This proves all assertions. [J
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Point-of-statement provenance. Theorem 4.4 is the finite-full-shift IFS specialization
of PW97-MF, Theorems 1 and 4, local PDF pp. 14-15 and 27 / printed pp. 246-247 and 259.
Lemma 4.2 replaces analytic perturbation by a local variational differentiability proof, and
the endpoint restriction is part of the printed theorem here.

I.10.5 Subpower Gibbs balls without separation

Definition — 5.1 (quasi-Bernoulli source)

A Borel probability m on X is upper quasi-Bernoulli if some C, > 1 satisfies

m([w]) < Com([u])m([v]) (u,v € A¥). (I.10.116)

It is lower quasi-Bernoulli if some C_ > 0 satisfies

m([uv]) > C_m([u])m([v]). (1.10.117)

It is two-sided quasi-Bernoulli if both hold. Zero-probability letters are deleted from
the alphabet. Every finite-full-shift Holder Gibbs state is two-sided quasi-Bernoulli.
To see this, let its Gibbs constant be Cg, choose w € [uv], and use the exact identity

S (@) = Sy (@) + Sy (™ w).

Apply the Gibbs estimate separately to the three cylinders at these representatives.
The pressure terms add in the same way, so

G m([uDm([v]) < m([uv]) < Cim([u)m([v]).

Definition — 5.2 (subexponential and subpower errors)

A positive sequence (c,) is subexponential if

1
i =22 — @, (1.10.118)

n—>00 n

A positive function h : (0,ry) — (0, ) is subpower at zero if
. logh(r)
im———= =0.
rlo log(1/r)
Given q > 0, an exponent 7(g), and ¢ > 1, an auxiliary probability v, satisfies the upper
g-Gibbs ball inequality if

(1.10.119)

vg(B(x, 1) < h(r)r 7@ u(B(x,r))? (1.10.120)

for every x and all sufficiently small r, with h subpower. It satisfies the lower g-Gibbs
ball inequality if
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vg(B(x,cr)) > h(r)r 7@ u(B(x,r))? (1.10.120a)

for every x and all sufficiently small r, again with h subpower. The radius enlargement
and the direction of the inequality are part of the definition.

Lemma — 5.3 (disjoint enlarged-ball moment bound) [F]

Fix ¢ > 0 and ¢ > 1. If {B(x;, 0_12_")}j is pairwise disjoint, then

Z p(B(x;,27)1 < C(d, ¢, )My, (1, @). (L.10.121)
j

More generally, if these smaller balls have multiplicity at most L, the same inequality
holds with LC(d, ¢, q) in place of C(d, ¢, q).

Proof

Each ball B(x;, 2™™) meets at most 3¢ cubes in &,. Conversely, if a cube Q € 9, meets
B(xj,27"), then the disjoint ball B(x;, ¢ 127™) lies in a fixed enlargement of Q. Volume
comparison shows that at most Cy(d, c¢) indices j can be associated with one Q. The finite-
vector inequality

k q k
(Z a[) < max(1,k971) Z ag (I.10.122)
=1 =1

first over cubes meeting a ball and then over balls meeting a cube proves (1.10.121). For
the multiplicity variant, sum the Euclidean volumes of the smaller balls associated with
one cube. They lie in the same fixed enlarged cube, and their pointwise multiplicity is at
most L; their total volume is therefore at most L times the volume of that enlargement.
This changes the association bound by the factor L and proves the stated variant. [J

Lemma — 5.4 (L-1.10.07: abstract Gibbs-ball criterion) [F]

Let p be compactly supported. Suppose that its lower centered-packing spectrum is
finite and concave on R, and that on an open interval

(a,b) C (0, 00) (1.10.123)

it agrees with an existing dyadic spectrum; denote the common function by 7. Fix
one g € (a,b), and suppose an auxiliary probability v, satisfies (1.10.120). No auxiliary
probabilities at neighboring parameters are required. Then, for v;-almost every x,

d,(x) > 7' (g+), dy(x) < 7' (g-). (1.10.124)
If 7 is differentiable at g and @ = 77(g), then

vg(Ey(@)) = 1, dvq(x) >qa—1(q) for v;,-almost every x, (1.10.125)
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and

pack

dimy E, () = qa — 7(q) = iélﬂf;{sa -5 (9} (1.10.126)

Proof

First v, is supported on supp(y). At a point outside that closed set, take r small enough
that p(B(x,r)) = 0; (1.10.120), since g > 0, gives v4(B(x,r/c)) = 0. A countable subcover of
the open complement proves the support assertion. Fix q € (a,b), let ¢ be the constant in
(L.10.120), and fix y > 0. Put

B, =17'(qg+),  F,={x: pu(B(x,27)) > 27"h:-1)}. (1.10.127)

Apply the Besicovitch covering theorem L-1.9.03 to the balls B(x,c"127™"), x € F,.
It produces a covering family of multiplicity at most By; a decomposition into disjoint
families is not asserted by the cited version. For u > 0, (1.10.120), (1.10.127), and the
bounded-multiplicity version of Lemma 5.3 give

vg(F) < Ch(2™)2"™@ 37 (B, 27)1
J

(1.10.128)
< Ch(2~m)2Mr@+ulBe=vINL (1, g + w).
Choose u > 0 so small that g + u € (a,b) and
+ —
ORI (1.10.129)
u 4
Since the dyadic spectrum exists at g + u, and h is subpower, for all large n,
My(p, q + u) < 2-mrlgrw)—uy/4 - po=ny < gnuy/4, (1.10.130)
Substitution into (1.10.128) gives
vy(Fy) < C2~mur/4, (1.10.131)

Thus Y, vg(F,) < oo. Borel-Cantelli gives v,(lim sup, F,) = 0.
The lower local dimension can be computed along 27", Indeed, when o=+ < 27"
ball monotonicity sandwiches the mass between the two adjacent dyadic radii, and

log o~ (n+1)
_ 1.
log2™"
Hence
{x : du(x) < By —y}ClimsupF,. (1.10.132)
n

It follows thatd ,(x) > f; —y almost everywhere. Lettingy | 0 proves the first inequality
in (1.10.124).
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For the second inequality put f_ = 7’(g—) and

G, = {x € supp pt : p(B(x,27")) < 27"B-+1)y, (1.10.133)

Choose 0 < u < q, g — u € (a,b). The same Besicovitch argument, now using

u(B)! = p(B)I " u(B)* < p(B)I~427MB-+1)  on G,, (1.10.134)

gives
vy(Gy) < Ch(2™)2MT@wBAVINg (1, g — u). (1.10.135)
Choose u so small that

@orgmw (1.10.136)
u 4

The analogues of (1.10.130) again yield

vy(Gy) < C27mer/4, (1.10.137)

Borel-Cantelli and dyadic-radius interpolation show that ay(x) < B- +y almost every-
where. Let y | 0, proving (1.10.124).

At a differentiability point, (1.10.124) proves the first assertion of (1.10.125). Apply
(1.10.120) with r replaced by cr:

vy (B(x, 1)) < h(er)(er) ™™D p(B(x, cr)). (1.10.138)
Take logarithms, divide by log r < 0, and use the subpower property and log(cr)/logr —
1. At every point where d,(x) = a,
dvq(x) > qa — 1(q). (1.10.139)
The local-to-global theorem of 1.4, applied to the restriction of v, to its full-measure
level set, gives
dimy E, (@) > g — 7(q). (1.10.140)

Theorem 1.6 gives the reverse inequality at q. Finally, concavity and & = 7’(gq) imply

BN ) <r(g)+a(s—q) (sER). (1.10.141)

Thus every term in the infimum in (1.10.126) is at least g — 7(g), while equality holds
at s = q. This proves (1.10.126). [J

Point-of-statement provenance. Lemma 5.4 expands FENG07-MF, Proposition 2.1,
local PDF pp. 6-10. The generic upper bound invoked but not proved in that paper is
Theorem 1.6 here.
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1.10.6 Subpower geometry for C' conformal systems

Let ® = (S;);cp be a finite C! conformal IFS on the compact set X C R?, in the exact sense
of 1.9. Let K be its attractor and assume in this section that diam K > 0. The singleton case
is handled directly in Theorems 8.1-8.2 below.

Definition — 6.1 (neighbors and conformal stopping family)

For Q,Q’ € 9, write

0~Q <= 0nQ =#o. (1.10.142)

For n > 1 with 27" < diam K, define

W, ={ue A, [u>1:diamK, <2™" < diam K,-}. (1.10.143)

Here u~ removes the last letter. If instead 27" > diam K, set %, = {®}, where the
empty word has Sy, = id and K = K; no parent is assigned to it. There are only finitely
many such coarse generations. The cylinders [u], u € %}, form a finite antichain
partition of 3. No separation condition is included.

Lemma — 6.2 (uniform C! subpower quasi-similarity) [F]

Choose n > 0 so small that the closed 7-neighborhood Uj of X is contained in the
common open domain. This compact neighborhood is forward invariant: contraction
and S;(X) c X give dist(S;y, X) < d dist(y, X) < In for y € U. For every ¢ > 0, there
is C, > 1 such that, for every word u, x € X, and y € U,

;e DS, (ol x = Y1 < 18,(x) = Sy < CeeMIDS, () 1x -yl (110.144)

Consequently,

C: et DS, (x) diam K < diam K, < C.e™/| DS, (x)| diam K. (1.10.145)

Proof

Put g;(z) = |DS;(z)|. Compactness, conformality, and invertibility give

a, := min g(z) > 0. (1.10.146)

l,ZEUO

Uniform differentiability gives, for every § > 0, a radius ps > 0 such that

IS:(w) — Si(z) — DS;(z)(w — 2)| < a,(1 — e79)|z — w| (1.10.147)

whenever z,w € U, |z — w| < ps, and i € A. Conformality and (1.10.147) imply the
following bounds, using 2 — e~® < ¢ for the upper estimate:

e 0aq;(2)|z — w| < [S(z) — Si(w)| < 0a;(2)|z — wl. (1.10.148)
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Let 0 < ¢ < 1 be a common contraction constant. Choose Ns so that

N diam Uy < p;. (1.10.149)
For the finitely many words v with |v| < Nj, the quotient

1Sv(2) = Sy(w)|
IDS, ()] |z — wl
has a positive lower bound and a finite upper bound on (U, x Uy) \ {z = w}, after
extending to the diagonal by uniform differentiability. Positivity away from the diagonal
follows from injectivity and compactness.
Now write u = uq - t.. In the chain from the inner letters toward the outer letters, all but
at most Ny comparisons occur after a tail has contracted z, w to within ps. Apply (1.10.148)
at those comparisons and absorb the remaining finite block using (1.10.150). Conformality
makes the derivative norms multiply exactly, so

(1.10.150)

Cs e DS, (2llz — w| < [S,(2) — Su(w)| < Cse¥ | DS, (22 — wl. (110.151)

This is (1.10.144), after renaming § = ¢. To compare cylinder diameter with the derivative
at an arbitrary x € X, we also need to compare derivatives at different base points. Let

w(t) = max supf|log a;(z) — loga;(w)| : z,w €U, |z —w| < t}.
1

Uniform continuity gives w(t) — 0 ast — 0. The chain rule, conformality and forward
invariance of Uy imply

[u|—1
|log |DS,(2)]| = log [DS,(W)Il < D, w(§ diamUy) < C/ + elul.
j=0
For the last inequality, choose a fixed index beyond which each summand is at most ¢;
the finitely many earlier summands have bounded sum. Apply (I.10.144) to two points of K,
and replace the derivative at the first point by that at x using this comparison. Using ¢/2
in each estimate and then enlarging the constant gives (1.10.145), by taking the supremum
of the pairwise distances. [J

Lemma — 6.3 (stopping length and pull-back geometry) [F]

There are Ay, A; > 0 such that |u| < Agn + A; for u € #,,. For every § > 0 there is
Cs > 1 such that
Cyle "2 < diam K, < 27" (u € 7). (1.10.152)
For every é > 0, there is Cs > 1 such that, whenever m,n > 1,u € #,,and Q € 9, .,
satisfies S;1(Q) N K # @,
diam(S; 1(Q) N Up) < Czedra™. (1.10.153)

If Q* is the cube concentric with Q and of twice its side length, then S, 1(Q*) N U,
contains a Euclidean ball of radius
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Cyleonz™m, (1.10.154)

Proof

For a nonempty stopping word, the upper contraction estimate gives

27" < diam K- < 9! diam K, (1.10.155)

which proves the length bound. The function

|5i(x) = S()
[x =yl
has a positive lower bound b > 0: near the diagonal use conformality and uniform

differentiability, and away from it use injectivity and compactness. Write u = vi, where

v = u~. The composition convention is S, = S,  S;, so a lower Lipschitz bound for

S; cannot be applied to K, to compare K, with K. Instead choose z,w € S§(K) with
|z — w| > diam(S;(K))/2 > bdiam(K)/2. Lemma 6.2 gives

(i, x,y) — (1.10.156)

diam K,, > C- Le M| DS, (2)| b diam K /2,

diam K, < Cee™|DS, ()| diam K, (110.157)

diam K, > Le_zgh’| diam K,, > Le—m'z—”.
C? 2C?

Take ¢ small relative to §/(Ag + 1) and use the length bound to prove (1.10.152). For
the finitely many coarse generations with the empty stopping word, the length bound is
immediate and (1.10.152) follows by increasing Cs, since diam K > 0 is fixed. Only this
subpower lower bound, not a uniform constant-ratio bound, is needed below.

Fix x € S;1(Q) N K. Equations (1.10.145), (1.10.152), and the length bound show;, after
choosing the ¢ in Lemma 6.2 small relative to §/ A, that

C5le 2™ < | DS, (x)] < Csem27™. (1.10.158)
If y € S;1(Q) N U, then

1S,(x) = S, ()| < Jd 27+, (1.10.159)

Use the lower bound in (I.10.144) and (1.10.158), once more absorbing |u| < Agn + A4
into én. This gives (1.10.153).
Every point of Q lies at distance at least 2-(m+n+1) from the complement of Q*. If
ly — x| < C5leona™m, (1.10.160)
then the upper bounds in (I.10.144) and (1.10.158), with the constant chosen small enough,

give

15.(3) = Sy ()| < 27(mFnT), (1.10.161)
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After also decreasing the constant so that the ball remains in U, (1.10.161) proves
(1.10.154). O

Lemma — 6.4 (finite-incidence moment comparison) [F]

Let p be a compactly supported probability and & = {E;} a finite Borel cover of its
support. Suppose every E; meets at most N cubes in Zp,, and every cube in Z,, meets
at most N members of &. Then, for every g > 0,

N_(q“)Mm(p, Q< Z p(E))? < NIIM,.(p, q). (L10.162)
J

Proof

For each j,

p(E)) < > p0). (1.10.163)
Q€D : ONE;#d
Apply (1.10.122) to (1.10.163), sum in j, and use the second incidence bound. The rough
factor N9*! dominates the factors for both ¢ > 1 and 0 < g < 1, proving the upper
inequality. Since the E; cover the support,

pQ< > pE). (1.10.164)
JEnQ+®

The same argument with cubes and sets interchanged gives M,,(p,q) < N9*1 Y i P(EDL.
U

Lemma — 6.5 (L-1.10.08: uniform pull-back moment comparison) [F]

For every q > 0 there is a positive sequence a,(q) satisfying

1
lim og an(q) o

n—oo n

(1.10.165)

such that, for every compactly supported probability p on K, every m,n > 1, and every
uew,,

W@ Mulp. ) <Y, (St Q) < an(@)My(p, ). (1.10.166)
Q€9m+n

Here p(S,'Q) means p(S; }(Q) N K).

Proof

Fix & > 0 and consider

&, =1, QO NK : 0€ Dy, S;HQ)NK # o) (1.10.167)
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It covers K. By (I.10.153), each member meets at most
Ceon (1.10.168)

cubes of 9,,,. Conversely, fix a generation-m cube P. For every member of &, meeting P,
choose its center in that intersection. Equation (I.10.154) assigns a ball of radius ce "2
at this center. The doubled image cubes Q* have uniformly bounded overlap; injectivity of
S, therefore makes the assigned balls uniformly bounded-overlap. A volume comparison
inside a fixed enlargement of a generation-m cube shows that such a cube meets at most

Ceon (1.10.169)

members of &,,.

Lemma 6.4 now gives (1.10.166) with a bound CseC+10n with Cs > 1. Choose & | 0
and strictly increasing integers Nj so large that log Cs, /N < . On Ni < n < Niyq, set
a(q) = Cgkec(q+l)5k”; use any one of the valid bounds for the finitely many earlier n. Then
0 < nlloga,(q) < (1 + C(q + 1))8 on the k-th block. This proves (1.10.165) with the
required uniformity in m, u, p. U

Proof concordance. Lemmas 6.2-6.5 expand FENG07-MF, Lemmas 3.4-3.7, Proposi-
tion 3.8, Corollary 3.9, and Proposition 3.3, local PDF pp. 11-15. No bounded-distortion

hypothesis is inserted.

I.10.7 Quasi-product moments and auxiliary measures

Let m be a probability on X, let y = m,m, and retain the C 1 conformal IFS of Section 6. No
separation condition is assumed.

Lemma — 7.1 (quasi-Bernoulli tail decomposition) [F]

If m is upper quasi-Bernoulli, then for every word u and every Borel set A C 3,

m([u] N o™ A) < Cm([u])m(A). (1.10.170)

The reverse inequality with C_ holds for a lower quasi-Bernoulli measure. Conse-
quently, if & is any finite antichain partition of %, then for every Borel E C R?,

p(E) < Cp Y m([ul)u(S; 'E) (1.10.171)
ueg
in the upper case, and
p(E) > C_ )" m([u)u(S; 'E) (1.10.172)
ueyg

in the lower case.

Proof

For a tail cylinder A = [v], (1.10.170) is exactly (1.10.116), since
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[ul n o7 M[v] = [uv]. (1.10.173)
Additivity first extends the inequality from cylinders to their finite disjoint unions, hence
to the cylinder algebra. The collection of sets A for which (1.10.170) holds is closed under
increasing unions and decreasing intersections. The monotone-class theorem therefore
extends the inequality from the algebra to all Borel sets. The lower case is identical.
For w € [u],

m(w) = S, (o w)). (1.10.174)

Decompose 7~ 'E over the disjoint cylinders [u], u € €, apply (1.10.170) to A =
7 1(S;1E), and sum. This proves (1.10.171); (1.10.172) follows in the same way. [J

Lemma — 7.2 (L-1.10.09: dyadic quasi-product inequalities) [F]

Fix q > 1. If m is upper quasi-Bernoulli, there is a positive subexponential sequence
¢ () such that, for my,n > 1and Q € 9,

> Q) < (@M, (ing) Y, u(B). (1.10.175)
Q€D 1n Be9,
Qcd B~Q

Fix 0 < q < 1. If mis lower quasi-Bernoulli, there is a positive subexponential sequence
¢, (¢) such that

> Q) > 6y (@M, (1 @p(Q). (110.176)
Be, Qegm(ﬁn
B~0 QcCB
Proof
Let
Q) ={ue K,nQ=0} W= Y m(u. (1.10.177)
ue®(Q)

If O c O, only the words in €(Q) contribute to (1.10.171). For W > 0, convexity gives

q
u(Q)qSC?.( >, m([u])y(sul@)

ueg (Q) (1.10.178)
m([u])
<ciwi Y p(S Q).
ueg(Q)
Every K, u € £(0), has diameter at most 27" and meets O, so
K,cU©Q) := | B (1.10.179)

Be,
B~Q
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The union of the disjoint symbolic cylinders [u] is therefore contained in ﬂ_lU(Q).
Hence

W < pUQ) < Y. u(B). (1.10.180)
B~Q

There are at most 3¢ neighbors. Sum (1.10.178) over Q C @, use (1.10.180), (1.10.21), and
the upper half of Lemma 6.5:

q
2. u(Q)qSC(Zu(B)) max 3 u(S;'Q)

QcO B~Q " Q€D n (1.10.181)
< Can(@M,(1:9) Y, u(B).
B~Q

This is (1.10.175), after absorbing the constant into a subexponential sequence. The case
W = 0 is trivial.
Now let 0 < g < 1 and use (1.10.172). Concavity gives

m([ul])

p(Q) > caiwe 1(S;10). (1.10.182)

ueg(Q)
Every sequence coding a point of O has its %,,-prefix in €(0), and therefore

wQ) <w. (1.10.183)

For a fixed u € €(0), (1.10.179) implies that p(S;'Q) = 0 for every fine cube Q outside
the neighboring union. Sum (I.10.182) over all fine cubes in that union, use (I.10.183), and
take the minimum in u:

DI (%)L

B~§Q€9mo+n
QcB
> C(0)? min Y s ) (1.10.184)

" Q69m0+n
> Cla,(q) ™ My, (1. ) (Q)1.
This proves (1.10.176) with a subexponential ¢, (¢). O

Lemma — 7.3 (perturbed Fekete lemma) [F]

Let A, > 0 and let ¢, > 0 satisfy logc,/n — 0.
1 If
Apin < AnA,  (mn>1), (1.10.185)

then lim, n~! log A,, exists in [—oco, 00).
(2) If the inequality in (I.10.185) is reversed, then the limit exists in (—oo, c0].
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Proof

We prove the first assertion. Fix ¢, write n = k€ +r, 0 < r < ¢, and iterate (I1.10.185) with the
second block of length ¢. If » > 1, this starts from A,; if r = 0, it starts from A, and uses
only k — 1 iterations. Thus a constant C;, > 0, independent of k, satisfies

Akf-H‘ < (CgAg)kC€. (110186)
Thus
log A I +log A
lim sup —22% < 2B% {,Og L (1.10.187)
n—oo

Let £ — oco. The right side has liminf equal to liminf; £~! log A,, proving existence.
Reversing every inequality proves the second assertion. [

Lemma — 7.4 (tilting sequence) [F]

Suppose A, > 0 and n"!log A, — a € R. For every ¢ > 0, there is a decreasing
sequence t, > 0 such that
t=¢ t, 10, (L.10.188)
and, with
b, = exp(t; + - + t,), (1.10.189)
one has
(o]
buin < bmby, by < €, D Apbpe™™ = . (1.10.190)
n=1
Proof

Set t; = e. Having chosen ¢, ..., 1,, set

—an
tye1 = /2, A”b"e_ =1 (1.10.191)
ta, Apbe™ < 1.

The sequence is decreasing. If it had a positive limit ¢, then log(A,e”*") = o(n) and
log b, > tn for all large n, so A,b,e™®" > 1 eventually. Formula (1.10.191) would then halve
t, repeatedly, a contradiction. Thust, | 0.

The halving alternative must occur infinitely often; at each preceding index the summand
in (1.10.190) is at least one. Hence the series diverges. Since ¢, is decreasing,

tm+1 + e 4 tm+n < I+t (I.10.192)

which proves by, < b,,b,. The bound b, < " is immediate. [J
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Lemma — 7.5 (L-1.10.10: moment limits and auxiliary g-measures) [F]

Under the upper quasi-Bernoulli hypothesis, for every ¢ > 1 the dyadic spectrum
exists finitely and there are a probability v, and a subpower function hy such that

dyad

vy (B(x, r/(16Vd))) < hy(r)r~ @ p(B(x, r))? (1.10.193)

for every x and 0 < r < 1. Under the lower quasi-Bernoulli hypothesis, for every
0 < g <1 the dyadic spectrum exists finitely and there are vy, h; such that

dyad

vg(B(x, 16Vd 1)) > hy(rr~™ @ u(B(x, ) (1.10.194)

for every x and 0 < r < 1/4.

Proof: existence of the limits
Write A, = M,(, q). Sum (1.10.175) over @ € 9,. Every B € 9, is a neighbor of at most
3d cubes, so
Amin < 3%cH(@ARA, (g >1). (1.10.195)
For 0 < ¢ < 1, sum (I.10.176). Its left side counts every fine cube at most 34 times, and
hence
Amin > 379 (QALA,. (1.10.196)

Lemma 7.3 gives the limit of n™! log A,,. To see that it is finite, place the compact support
in a fixed ball. At most C2%" dyadic cubes have positive mass, and their masses sum to one.
The finite-vector inequality (1.10.122), in both directions, gives

Cylemdam < A, < Cjan. (1.10.197)
Thus

dyad 1 . logA,
= = — 1
t=1" (q) gz i

eR (1.10.198)

Proof: the upper auxiliary measure for g > 1

Apply Lemma 7.4 with a = —7log 2, and define, for s < 7,

Z(s) = Y ks a,. (1.10.199)
k=1

Because by = °®) and A = 27kr+0(k) the series is finite for s < 7. Lemma 7.4 gives

Z(s) — o asstr. (1.10.200)

Let Q(x) be the generation-k half-open dyadic cube containing x, and define
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0es() = ) B2KHDp(Qu()). (1.10.201)
k=1
Termwise integration gives
J ) @e s(x) dx = Z,(s). (1.10.202)
R
Hence
o8 = 26! | gy (1L10.203)

is a probability. All these probabilities are supported in one fixed compact neighborhood
of supp p.

Fix O € 9,. Split the series in vg,s(é) at k = n. The contribution of k < n, divided by
Z:(s), tends to zero as s 1 7. For k = n + m, integration over the fine cubes in O, followed
by (1.10.175), gives

Ze) ™ Y b2 Y p(Q)
m=1 QEDpim
0c0 (1.10.204)
< byt (@2 Y u(BYL.
B~Q

Here by, < b,by,, and the remaining sum is Z.(s).
Here is the compactness step in full. Let L be a compact set containing the supports of
all v, ;. Choose a countable uniformly dense family (f;);>; in C(L). Successive subsequence

extraction makes

lim ijdv&sk (L.10.204a)

k—o0

exist for every j, along some s 1 7. The resulting functional on the span of the f; is
bounded by the uniform norm, positive, and takes the value one on the constant function.
Uniform-density extension and the A-RA Riesz representation theorem therefore give a
Borel probability v, on L, and the same density argument gives

J f v, — J fdv, (f €CQL)). (1.10.204b)

For later use, we also prove the needed open/closed inequalities. If G C L is a proper
open set, the continuous functions

gj(x) = min{1, j dist(x, L \ G)} (1.10.204c¢)

increase to 1. Equation (I.10.204b) and monotone convergence give

v.(G) < lin}( infv, ¢ (G). (1.10.2044d)
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Taking complements gives lim supy. v, (F) < v;(F) for closed F C L. Applying the open
inequality to interiors in (1.10.204) gives

ve(int 0) < byer ()2 Y. p(BY. (1.10.205)
B~Q

Take a weak limit as ¢ | 0. Since b, < e, the resulting probability v, satisfies

vy(int Q) < 6 (@)2" Y. p(BY. (1.10.206)
B~Q
One must not sum bounds for separate cube interiors to control their internal faces:
a weak limit may charge those faces. Instead, for any finite family € C 9, set G =
int(Upeg Q). Before either weak limit, v, (G) < ¥ peg Ves(Q). Sum (1.10.204) over this
finite family; the finitely many initial-series contributions still tend to zero. Apply the
open-set inequality first as s 1 7 and then as ¢ | 0. This proves the stronger statement

Vq(int U Q) <ei(@2™ Y. > By (1.10.206a)

Q¥ Q€% B~Q
Given 0 < r < 1, put # = r/(12v/d) and choose n so that

2F < 27" < 4F. (1.10.207)

The ball B(x, r/(16vVd)) lies in the interior of the union of the at most 2¢ generation-n
cubes meeting B(x, 7). Every neighbor of one of those cubes lies in B(x,r), and there are
at most 6¢ resulting incidences. Equation (I.10.206a), which includes internal grid faces,
therefore gives

vg(B(x, r/(16Vd))) < Cyet (@)2™ u(B(x,r)). (1.10.208)

Since 27" =, r, define

hy(r) = Caga suplef (@) * Ik~ logy(1/r)] < Cgh (110.209)

The sequence is subexponential, so h is subpower. Equations (1.10.208)—(1.10.209) prove
(1.10.193).

Proof: the lower auxiliary measure for 0 < ¢ <1

We repeat the construction, not merely its conclusion. Apply Lemma 7.4 together with
(1.10.199)~(L.10.203). For Q € 9, sum v, ((B) over B ~ Q and retain only the terms k = n+m.
Because by, > by, (1.10.176) gives

D Ves(B) = Zo(s) 1 Y b2 (@) A pu(Q)1
m=1

P (1.10.210)

= G (@)2" p(Q)".
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Take a weak limit as s 1 7. Portmanteau for the finite union of closed neighboring cubes
gives

> vy(B) > ¢y (@)2" u(Q)1. (1.10.211)
B~Q
Now choose n so that 2r < 27" < 4r. The ball B(x,r) is contained in the union of at
most 24 generation-n cubes. By the finite-vector inequality,

p(BGxe, )T <290 N Q). (1.10.212)
@r\B(x,r):tQ)

Every neighbor B of one of these Q is contained in B(x, 167/d r). Each closed cube occurs
at most 3¢ times, and a point belongs to at most 24 closed generation-n cubes. Thus the
sum of their indicator functions, counting repetitions, is at most 67 times the indicator of
that enlarged ball. Sum (1.10.211) and use (1.10.212):

vg(B(x,16vd r)) > C; 1er (92" pu(B(x, ). (1.10.213)
With

hy(r) = Cg’;,r inf{c, (q) : [k —log,(1/r)] < Cyl (1.10.214)

subexponentiality makes h; subpower. This proves (1.10.194) and completes the inde-
pendent lower construction. [J

Proof concordance. Lemmas 7.1-7.5 expand FENGO07-MF, Proposition 3.1, Remark
3.10, Lemmas 4.1-4.2, and Propositions 4.3-4.4, local PDF pp. 10-20. In particular, the proof
after (1.10.210) fills the source’s omitted lower-q calculation.

1.10.8 Feng’s no-separation formalism

Lemma — 8.1 (positive-order grid/packing concordance) [F]

For every compactly supported probability y and every g > 0, there are constants
a, A,C > 0, independent of n, such that

M (q.a27") < CMy(p.q).  My(p.q) < CMl, (g, A27™). (1.10.215)

The same comparisons hold for an arbitrary r after choosing 27" = r. Hence, if the
dyadic spectrum exists at g > 0, then the centered-packing spectrum exists and

dyad

r},’“k(q) =17, (q). (1.10.216)

Proof

The first comparison is Lemma 5.3, with dyadic scale comparable to the ball radius. For the
other direction, choose xp € Q N supp  for every Q € 2 (). A ball
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B(xg, 2Vd 2™) (1.10.217)

contains Q. Color the dyadic cubes by their coordinate indices modulo an integer
L > 8vd + 4. Within each of the L? color classes the balls in (1.10.217) are pairwise disjoint.
Since g > 0,

> wQ) < M (g.2Nd 2. (1.10.218)
Q in one color
Sum over the colors. This proves the second comparison, with a harmless reciprocal
renaming of the fixed scale constant. Repeating the incidence argument whenever 271 <
r < 27" gives the arbitrary-radius comparison. Constant factors disappear after division by
log r, which proves (1.10.216). U

Lemma — 8.2 (all-real lower packing spectrum for two-sided sources) [F]

Let m be two-sided quasi-Bernoulli on a finite alphabet and y = 7,m for a finite C!

conformal IFS. Then gEaCk(q) is finite for every g € R and is concave on R.

Proof

For a fixed disjoint family of r-balls, Holder’s inequality gives

1-2 A
Zp(Bj)(l—A)qoMCIl < (Z y(Bj)%) (Z p(Bj)%) . (I.10.219)
J J J

Taking suprema preserves the inequality. After logarithms and division by logr < 0, its
direction reverses. Taking a liminf gives

BN Do +Aq) = (1= Do) + 4@ @10.220)

It remains to prove finiteness. Positive q is bounded by the compact support cube count
asin (1.10.197) and Lemma 8.1. At g = 0, the maximal number of disjoint r-balls centered
on a fixed compact set lies between one and Cr™¢, so the lower spectrum is finite. Let g < 0.
Put

p. = minm([i]) > 0. (1.10.221)
ieA

Iteration of the lower quasi-Bernoulli inequality gives

N
m([wly]) > CN ] [ mley]) > CN71pd. (1.10.222)
j=1
Choose N = N(r) < Clog(1/r) + C so that uniform contraction makes diam K, ST

Since 7w € K|,

p(B(rw,r)) = p(K,y), ) = m([wly]) > ert (110.223)
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for fixed ¢, L > 0. A disjoint family of r-balls in a fixed bounded set has at most cr
members. Because g < 0, (1.10.223) yields
1< M (q.r) < Crtla, (1.10.224)

Division by logr bounds the lower spectrum between two finite numbers. Together
with (1.10.220), this proves the lemma. []

Theorem — 8.3 (T-1.10.11: positive-q spectrum without separation) [F]

Let @ be a finite C! conformal IFS, with no separation condition. Let m be Bernoulli or,
more generally, two-sided quasi-Bernoulli, and put p = z,m. Then, for every g > 0,

log M,,(p,
() = lim logM(1@) _ p (1.10.225)
n—c  —nlog2
exists, the centered-packing spectrum exists, and
rﬁ“k(q) = rﬁyad(q). (1.10.226)

Proof

If K is a singleton, every moment sum equals one and both spectra vanish. Assume
diam K > 0. For g > 1, upper quasi-Bernoulli and Lemma 7.5 prove existence and finiteness.
For 0 < q < 1, lower quasi-Bernoulli and the other half of Lemma 7.5 do the same. Lemma
8.1 gives (1.10.226). T

Point-of-statement provenance. Theorem 8.3 is the Bernoulli/quasi-Bernoulli special-
ization and expansion of FENG07-MF, Corollary 4.5 and Remark 3.10, local PDF pp. 15-20.
Lemmas 6.2-7.5 supply the complete local proof.

Theorem — 8.4 (T-1.10.12: differentiable-parameter formalism) [F]

Under the hypotheses of Theorem 8.3, let t > 1, assume that TE ack is differentiable at t,
and put

a= (rf,’“k)’(t). (1.10.227)
Then

dimy E,(a) = ta — 25°5() = inf{qa - )} (1.10.228)
qe

For a fixed t > 1, the same conclusion holds for an upper quasi-Bernoulli source if the
lower packing spectrum is finite on R, the dyadic spectrum exists and agrees with it
on an open interval containing ¢, and the upper quasi-product construction applies on
that interval.
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Proof

Lemma 8.2 supplies the finite concave all-real lower packing spectrum. Theorems 8.3 and
Lemma 8.1 identify it with the dyadic spectrum throughout (0, o). Since t > 1, the upper
half of Lemma 7.5 supplies the upper t-Gibbs ball inequality (1.10.193). All hypotheses
of Lemma 5.4 therefore hold at ¢, and (1.10.228) is exactly (1.10.126). This includes t = 1:
neighboring moment limits exist on both sides of one, but the lemma requires an auxiliary
upper-Gibbs measure only at ¢, not below it.

Under the hypotheses in the last paragraph of the statement, those same three inputs
are assumed or follow from the upper half of Lemma 7.5, so the same application of Lemma
5.4 proves the extension. [J

Point-of-statement provenance. Theorem 8.4 is FENG07-MF, Theorem 1.1 and
Theorem 4.6, local PDF pp. 4 and 20, with every invoked source lemma proved in Sections
5-7. The factor in the upper auxiliary ball is r/(16vd), as in FENG07-MF (6), not a prose
approximation.

I.10.9 Exact boundary of the chapter

Research boundary — Question/Boundary 9.1 (Q-1.10.13) [Q]

The preceding theorems intentionally make no stronger claim in the following regimes.
(1) For a general overlapping self-conformal measure, Theorem 8.4 does not extend
the equality to 0 < t < 1. The asymptotically weak separation condition means
that there are integers t, > 1 with logt,/n — 0 such that, for every Q € 9,,,

#S, cue W, K,nQ =@} <t,

Here distinct maps, not words, are counted; maps are equal when they agree on the
common IFS domain. This is FENGO07-MF, Definition 5.1, local PDF p. 21. For a
Bernoulli self-conformal measure whose IFS satisfies this condition, its Theorem 5.7
(local PDF p. 25) proves the Legendre equality at every differentiability parameter
t > 0. That additional theorem is referenced, not proved or imported as a premise
here [Fen07, Definition 5.1 and Theorem 5.7].

(2) An all-real centered-packing formula does not imply a fixed-dyadic negative-gq
formula. Tiny positive pieces cut by grid boundaries can dominate the latter.

(3) Ataphase transition, the interval between the right and left derivatives consists of
supporting slopes, but differentiability-based construction of one exact level measure
is unavailable.

(4) Theorem 4.4 does not assert equality at either extremal Gibbs slope.

(5) Testud gives self-similar examples with a nonconcave grid-defined multifractal
spectrum. To specify this convention, fix an integer £ > 2, let I,(x) be the unique
half-open interval [k¢™", (k + 1)£~") containing x € [0, 1), and set

1 I
E(e)(a) =x : lim S () =a
K n—co  —nlogt
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The cited spectrum is a — dimyg El(f)(a), with empty levels assigned —oo. Precise
examples are in Testud [Tes06, Sections 6.2—6.3, local PDF pp. 15-17]. The source
uses the opposite sign for its moment exponent. No equivalence with our ball-defined
levels, especially at negative orders, is asserted without an additional proof. This cited
boundary result has no outgoing premise edge.

These are scope statements and research warnings, not proof gaps in any F node.

1.10.10 Intuition and strategy

The following discussion explains the geometric ideas behind the proofs.

1.10.10.1 What the parameter g sees

At a fixed scale, the moment sum

> Q)
0

changes its preference as g changes. Large positive ¢ emphasizes heavy cubes. Orders
between zero and one reward the large number of small positive masses. Negative g
magnifies the smallest positive masses so aggressively that the way a fixed grid cuts the
support can change the answer. This is why the all-real theory uses balls centered on the
support, while the fixed dyadic grid is retained only in the stable nonnegative range.

The sign convention can initially look reversed. Since the scale r tends to zero, logr < 0.
A uniform s-dimensional measure has roughly r—* occupied cells of mass r®, so

3 HQ = P,
Q
Thus 7(q) = s(q — 1), 7(0) = —s, and 7(q) /(¢ — 1) = s.

1.10.10.2 Why the Legendre transform appears

Suppose a collection of scale-r cells has mass about r* and cardinality about rf@ 1ts
contribution to the g-moment is heuristically

r_f(a)rqa = rqa_f(a)_

The dominant exponent suggests

©(q) = infiga — f(a)},
and hence

fla) < igf{qa - ()}

The upper inequality is universal and comes from a cover. Equality is much harder: one
must construct a measure carried by the chosen local-dimension level set and prove that
this measure has the predicted dimension.
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1.10.10.3 The separated Bernoulli model

For a self-similar Bernoulli measure, a word u has mass p, and diameter comparable to
r,. At a prescribed geometric scale, the stopping words do not all have the same symbolic
length, but their contraction ratios differ only by one final-letter factor. The equation

ol =1
i

creates a new probability vector 6;(q) = plq ri_T(q). Summing its word probabilities over a
stopping antichain gives exactly one; after removing the geometric factor, the g-moment is
therefore r™(@.

The endpoint level sets need not be singletons. If several symbols have the same smallest
value of log p;/ logr;, every sequence using only those symbols lies at the same extremal
local dimension. Their sub-IFS can have positive Hausdorff dimension. The endpoint proof
works on this whole symbol face.

1.10.10.4 Tilting a Gibbs measure

For a Holder Gibbs measure, the cylinder mass is controlled by a potential ¢, while the
cylinder diameter is controlled by the negative geometric potential ¢. The tilted potential

a0 — T(q)¢

is normalized to pressure zero. Its equilibrium state favors precisely the cylinders that
dominate the order-¢ moment. Under that tilted state, the ratio of Birkhoff averages is

JEbO qu
fgbqu

which becomes the local dimension of the original Gibbs measure. The pressure-zero
identity then turns the dimension of the tilted state into gT’(q) — T(g).

No analytic spectral perturbation is conceptually necessary here. Uniqueness of equilib-
rium states lets nearby tilted measures converge to the current one, and two elementary
variational comparisons squeeze the difference quotient of T.

=T'(q),

1.10.10.5 What overlaps destroy

With overlaps, a geometric cube does not correspond to one symbolic cylinder. Many
words can feed mass into the same region, and a geometric restriction of the measure is a
mixture of pulled-back copies. Exact bounded distortion is also unavailable for a merely C!
system.

Two weaker facts survive:

1. continuity of the derivative makes the distortion accumulated over O(n) steps equal
to €2,

2. a quasi-Bernoulli symbolic source makes a prefix and its tail independent up to a
constant.
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Together these yield moment products up to ¢°™_ Such errors vanish after division by
the scale exponent n, so the positive-order spectrum still has a limit.

1.10.10.6 The auxiliary measure

An exact Gibbs measure at order g would assign a scale-n cube a mass comparable to

2@ (Q)1.

Overlaps prevent these desired masses from being exactly consistent between scales.
Feng’s construction averages the desired densities over all scales with a slowly increasing
weight. A carefully chosen subexponential tilt makes the normalizing series diverge exactly
at the spectrum exponent. Weak limits then satisfy a ball version of the Gibbs estimate,
with only a subpower error.

For g > 1, convexity produces an upper auxiliary estimate. For 0 < q < 1, concavity
produces a lower estimate. Only the upper estimate concentrates the auxiliary measure on
a differentiable local-dimension level set; this is the structural reason the no-separation
theorem begins at t = 1.

1.10.10.7 Reading the failure boundary

A differentiability point selects one slope and one tilted level measure. At a phase transition
there is a whole interval of supporting slopes, and this selection mechanism no longer
supplies all corresponding level sets. Negative orders create an additional problem: very
small masses are unstable under fixed-grid cuts. These are distinct obstructions, and
neither should be hidden by writing a Legendre formula without its parameter range and
normalization.

1.10.11 Exercises

These exercises use the preceding chapters and the results of this chapter. References such
as “Theorem 3.3” refer to Chapter 1.10.

1.10.11.1 Exercise 1 — Rényi monotonicity from convexity

Let ay,...,ay > 0, ); @ = 1. Starting only from convexity of
K(t) = log Z al-”t,
i

prove that Hy(a) = (1 — q)'log Y, al, initially defined for ¢ # 1, has a continuous
extension to ¢ = 1, compute its value there, and prove that the extended function is
nonincreasing on R.

1.10.11.2 Exercise 2 — The universal upper bound at two signs

Assume that E,(a) # @ and that gﬁaCk is finite at ¢, > 0 and q_ < 0. Write the two separate
mass inequalities used to prove
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. . k k
dimyg E,(a) < minfq,a — 7)) (g).q_a — i (g-)}

Explain exactly where the inequality reverses in the negative-order case.

1.10.11.3 Exercise 3 — Equal-ratio Bernoulli spectrum

Suppose r; = r € (0,1) for 1 <i < N, the IFS has SSC, and p; > 0. Compute TEaCk(q), its
derivative, and Dgyad(y) for g > 0, ¢ # 1. Compute D; by taking the limit.

1.10.11.4 Exercise 4 — A nontrivial endpoint face

Consider an SSC self-similar measure with three maps and data

(7’1,7'2,7’3) = (1/45 1/4a 1/5)’ (Pl: P2, P3) = (1/8: 1/8’ 3/4)

Show that symbols 1, 2 share one local-dimension ratio. Determine whether that ratio
1S Apin OF Onax, and compute the Hausdorff dimension supplied by the corresponding
two-symbol endpoint face. You need not simplify logarithmic quotients involving symbol
3 beyond the comparison required.

1.10.11.5 Exercise 5 — When is the pressure spectrum affine?

For the separated Bernoulli pressure root, derive

Y. 0(@)log p — 7'(q) log r)?
2i6(q)logr; '
Use it to prove that 7 is affine on a nonempty open interval if and only if p; = r} for
every i, where ), 1’ = 1.

T”(q) —

1.10.11.6 Exercise 6 — Difference quotients of the Gibbs pressure root

Let T(q) be defined by P(qyy — T(q)¢$) = 0, and let m, be the tilted equilibrium state. For
h > 0, prove directly from the two variational inequalities that

[Vodmgin _ T(q+h)~T(q) _ [Yodmq
J.demq-i—h - h - j¢qu
Identify the sign that forces both reversals.

1.10.11.7 Exercise 7 — Dimension of the tilted state

Assume the hypotheses of Theorem 4.4 and @ = T’(g). Starting from pressure zero and the
conformal entropy/Lyapunov dimension formula, derive

dimy(m.my) = qa — T(q).
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1.10.11.8 Exercise 8 — Why negative dyadic moments are not merged with
packings

Let a positive mass a be split by a grid boundary into ¢a and (1 — ¢)a. For ¢ < 0, compute
the ratio

(ea)? + (1 — £)a)?

a4

and its limit as € | 0. Explain why a bounded-incidence argument alone cannot compare
negative-order dyadic and cylinder moments.

1.10.11.9 Exercise 9 — Quasi-Bernoulli tails

Prove (1.10.170) first for finite disjoint unions of tail cylinders and then for all Borel tail
events. Deduce (1.10.171) for a finite stopping antichain.

1.10.11.10 Exercise 10 — Perturbed Fekete limits

Let Ay, ¢, > 0,1logc,/n — 0, and A,y < ¢,Ap Ay, Fill in the remainder term in (1.10.186)
and prove that lim,, n~! log A, exists. State the exact reversed argument for a supermulti-
plicative inequality.

1.10.11.11 Exercise 11 — Constructing the slow tilt

Verify every assertion of Lemma 7.4 for the recursive choice

t,/2, Aube " >1,

bnt1 =
" ta, Apbye " < 1.

In particular, prove both t, — 0 and divergence of the tilted series.

1.10.11.12 Exercise 12 — From C! continuity to ¢’

Let w(p) be a common modulus of continuity of the logarithmic derivative scales of a finite
conformal IFS. Show that

n—1

> (@) = o(n).

k=0

Explain how exponentiating this estimate leads to a subexponential distortion factor.

1.10.11.13 Exercise 13 — Positive-order grid/packing comparison

Supply the coloring argument in Lemma 8.1 in detail. Choose an explicit integer L = L(d)
that makes the balls centered in cubes of the same color disjoint, and show that the number
of colors is independent of the scale.
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1.10.11.14 Exercise 14 — Dependency chain for Feng’s theorem

Assume m is two-sided quasi-Bernoulli and t > 1 is a differentiability point of TE A% List,
in logical order, the exact internal results that establish:

existence of the positive-order dyadic spectrum;
equality with the centered-packing spectrum;
the upper t-Gibbs ball estimate;

concentration on E,(z’(t)); and

equality in the Legendre upper bound.

M .

For each arrow, name the hypothesis it consumes.
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Chapter 1.11

Random Recursive and Percolation
Fractals

Random construction introduces a second issue beyond geometric scaling: the construction
may die out. We first establish the probability and martingale tools needed to distinguish
extinction from survival. We then study random recursive sets, fractal percolation, and
multiplicative cascades. Dimension statements and limiting measures must always be read
with their survival and nondegeneracy hypotheses.

The definitions below fix this chapter’s conventions. Geometric intuition and proof
strategy are discussed separately after the main development; exercises and their solutions
provide a second route through the material.

Definitions and notation

All random objects live on a declared probability space (Q, #,P). Euclidean similarity and
dimension terminology already accepted in 1.1-1.8 is reused with its established meaning.

Definition — 1.11.01: Probability, filtration, and conditioning conventions

Random variables (Xj);c j are independent if for every finite set of distinct indices
ji»---»Jx and Borel sets By, ..., By,

k k
P(ﬂ{xjr S B,}) =[P, € B).
r=1 r=1

They are i.i.d. if they are independent and have one common law. A filtration is
an increasing sequence %, C &, C - of sub-sigma-algebras of #. A sequence (Y},)
is adapted if each Y,, is #,-measurable. An integrable adapted sequence (Y,) is a
martingale if

E(Y,11 | #,) =Y, almost surely for every n.

An event holds almost surely if its complement has probability zero. If S € F
and IP(S) > 0, then a statement holds almost surely conditioned on S when its

267
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exceptional set N satisfies P(N N S) = 0; the conditional probability is

P(ANS)

P(A|S) = R

Definition — 1.11.02: Rooted word trees and survival

Let A be a finite alphabet, let @ be the empty word, and let A* = { J,5, A". A rooted
subtree is a prefix-closed set T C A* containing @. Its generation and boundary are

T, =TnNA", oT = {w e AN : w|, € T for every n}.

Write Z, = #T,. Extinction is the event Ext = {Z, = 0 for some n}; survival is
Surv = Ext®. For a finite-branching tree, survival is equivalent to 9T # @.

Definition — 1.11.03: Galton—-Watson law

In this chapter let & be a bounded nonnegative integer-valued random variable, with
& < L almost surely. Use an alphabet with at least L symbols and label the children
1,...,&. A Galton-Watson tree with offspring law ¢ is a rooted random tree
in which the numbers of children of all vertices are independent copies of &. Its
probability-generating function and mean are

f@=E@E)=) P¢ =k  m=E&
k>0
The process is subcritical, critical, or supercritical whenm < 1,m =1, orm > 1,
respectively. Unbounded offspring laws are not part of this finite-alphabet kernel.
When m > 0, its normalized population process is
Zn
Wn = %
The natural filtration &%, is generated by every offspring variable attached to a vertex
of generation less than n.

Definition — 1.11.04: M-adic fractal percolation

Fix integers M > 2 and d > 1, choose p € [0, 1], and put b = M?. Divide [0, l]d into its
b congruent closed M-adic subcubes. Retain each child independently with probability
p, and repeat the same independent experiment inside every retained cube. If @,(w)
is the family of retained generation-n cubes, define

K= ) 0 K =[)K).
n=1

Q€@ (w)
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This is homogeneous M-adic fractal percolation with parameter p. Its survival
event is {K # @}, equivalently survival of the Galton-Watson tree with offspring law
Bin(b, p). Its natural filtration (#,) is generated by all retain/delete decisions for
cubes of generations at most n.

Definition — 1.11.05: Finite random recursive similarity construction

Let & = (S));en be a finite similarity IFS, with ratios 0 < r; < 1. Let (A,),ea+ be i.1.d.
random subsets of A. The active tree is

T={u=u;u,: uj € Ay, for1 < j<n}

With K the deterministic attractor and S, = S, ¢ < S, , the random recursive
limit set is

Kr =) | Su(Ks).
n=1ueT,
The model is supercritical when E#Aj > 1. The symbolic branching results do
not require separation. The geometric dimension theorem T-1.11.03 additionally as-
sumes SSC for the deterministic IFS; the cube-percolation argument treats its shared
boundaries separately.

Definition — 1.11.06: Mean pressure and weighted branching measure

For the model of D-1.11.05 define

(t) = JE( > r{) (t > 0).
i€EA,

In the supercritical case the unique s > 0 satisfying ®(s) = 1 is the Malthusian

exponent. For u = uy - u,, putr, = H?:l ry, and

X, = Z r.
ueT,
For everyu € T, let T® be the descendant tree rooted at u, with u relabelled as the
empty word, and let X, denote the limit of the analogous weighted martingale in
T(”); this limit may be zero. On X, > 0, the natural branching measure on 9dT is
determined by

X,
wr(lad = 5

(ueT).

Its geometric projection is (g ). vr.
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Definition — 1.11.07: Scalar Mandelbrot cascade

Fix M,d asin D-1.11.04 and b = M9, Let W > 0 be bounded with EW = 1, and attach
independent copies W, to the non-root vertices of the full b-ary cube tree. Use the
standard half-open M-adic partition, closing only the outer faces of [0, 114, so every
point receives one cube label at every generation. For a generation-n cube Q,, define

//ln(Qu) =b™" H Wu|j‘
=1

Equivalently, y, has constant density H;-lzl Wy, on Q,- The total mass is Y, =

([0, 1]9). For every word u, Y, denotes the limiting total mass of the indepen-
dently rescaled descendant cascade rooted at u. A weak limit y is a non-degenerate
scalar Mandelbrot cascade if P(Y > 0) > 0, where Y = p(]0, 1]9). On{Y > 0}, its
normalized cascade probability is

A=Yl
The positive-weight tree retains exactly the children for which W, > 0.

Definition — 1.11.08: Peyriére probability and size-biased law

Assume EY = 1. The Peyriére probability on Q x [0, 119 s

o) = E( | 1.9 du,).

If x has successive cube labels I;(x), ,(x), ..., then the weights W (), Wi 01, (x)s -
form the spine weights. The size-biased law of W is the probability law

P*(W € B) = E(W 1gyepy)-

The conventions 0log 0 = 0 and log0 = —oo are used. The size-biased law assigns
mass zero to W = 0; thus logarithms of spine weights are finite almost surely.

Definition — 1.11.09: Projection and independent-sum preview notation

For a line ¢ C R?, let P, be the orthogonal projection onto ¢. If E®, E® c Rand
ai, ..., ar € R, their algebraic sum with coefficients a is

k
aED 4 - b g B {Z wx € EU)}.
j=1

The word simultaneously in a random preview means that one probability-one event
works for every parameter named in the theorem, rather than a separate exceptional
event for each parameter.
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Terminal terminology

Q-1.11.11 prints definitions, before use, of its crossing threshold, projection Holder densities,
intersection averages, Salem-measure convention, the four spatial-independence conditions,
and random affine code trees. These boundary definitions add no outgoing F premise and
import no theorem.

Every statement labelled F is proved below. The two statements labelled G are quoted
with exact source locators and are never used as premises. Intuition and historical com-
mentary follow the main development.

I.11.1 Probability interface and the local martingale theorem

All random objects are defined on a probability space (2, #,P). Random variables (U;) e
are independent when, for distinct jy, ..., j, and Borel sets By, ..., B,,

P(ﬂ{Uk S B{,}) =[] Pw, € By. (111.1)
=1 =1

They are identically distributed when their push-forward probability laws coincide, and
iid. when both properties hold. A filtration is an increasing sequence

FoCF1CCF. (L11.2)

An integrable sequence (M,) is adapted when M, is F,-measurable. An integrable
adapted sequence is a martingale when

E(M,4q1 | F,) = M, almost surely. (L11.3)

An event holds almost surely when its complement has probability zero. If S € % and
P(S) > 0, a statement holds almost surely conditioned on S when its exceptional event N
satisfies P(N N S) = 0, equivalently when

P(NNS)
P(S)

Conditional expectation, including existence, uniqueness, the tower property, and the
pull-out property, is imported from ARA-KB1, Problems 23-26, printed pp. 439-440 / local
PDF pp. 460-461. The strong law for i.i.d. integrable variables is imported from ARA-KA1,
Theorem 9.8, printed pp. 394-398 / local PDF pp. 417-421. The summable-event Borel-
Cantelli lemma is imported from ARA-KA1, Lemma 9.9, printed p. 394 / local PDF p. 417.
These are the only probability results used without local proof.

We shall repeatedly use the following consequences of integration. If V > 0,¢ > 0, and
V € L2, then

P(N | S) = (I.11.3a)

P(V > 1) <t 'EV, P(V —EV|>t) <t 2VarV. (1.11.4)

Indeed, t1gy-y <V and t? Lyy_gvpn <V - EV|?; integration proves both inequalities.
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Lemma — 1.1 — The exact L?>-martingale convergence tool

Let (M,,, #,) be a real martingale with

sup E|M,|? < co. (L11.5)
n>0
Then there is M., € L? such that
M, — M,, almost surely and in L. (L11.6)

For every finite square-integrable real martingale (Nj)}._.

E max |Ni|? < 4E|N,|%. (1.11.7)
0<k<r

Proof

Put N* = maxg<r<, |Nk|- For A > 0, let Ay be the event that k is the first index with |N| > A.
The Ay are disjoint, Ay € F, and their union is {N* > A}. Positivity of conditional
expectation applied to —|N,| < N, < |N,|, and the martingale property, give

Nl = [E(N; | Fi)l < E(IN| | F)- (L11.8)
Consequently,
,
AP(N* > 1) < Z J:q INi|dP < E(lerl{N*zA}) . (L.11.9)
k=0 - 4k

Integrating the tail identity for (N*)?, using Tonelli, and then Cauchy-Schwarz yields

E(N*)? = 2[ AP(N* > 1) dA
0

N‘k
< 2]E(|Nr|J d/l) = 2E(|N,|N*) (L11.10)
0

< 2NN 2.

This proves (I.11.7), including the case |[N*|, = 0.
Martingale differences are orthogonal in L2 if j <k, then

E((Mj1 — Mp)(Myey — My)) = E((Mjyq — ME(Mgiq — My | %)) = 0. (L11.11)

Hence E|M,|? is nondecreasing and bounded, and, for n > N,

E|M, — My|? = E|M,|> — E|My|?> — 0 uniformly inn > N as N — oo. (L11.12)

Thus (M,) is Cauchy in the complete space L?; write its L2 limit as M. Apply (1.11.7)
to the finite martingale My, — My, 0 < k < r, and then let r — co. From (I.11.4) and
monotone convergence,
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]P(sup M, — My | > e) < iz sup E|M,, — My/?. (1.11.13)
n>N & n>N

Choose N; 1 o so that the right side of (1.11.13), with ¢ = 27/, is at most 27/, Borel-
Cantelli implies that almost surely

sup |M,, — MN],| <27/ for all sufficiently large j. (L11.14)
nzN;

The entire sequence is therefore almost surely Cauchy. Its almost-sure limit agrees with
its L? limit, because L? convergence implies convergence in probability and probability
limits are unique. This proves (1.11.6). [

I.11.2 Rooted trees and Galton-Watson growth

Let A be a finite alphabet, A* =  J,5( A", and let @ be the empty word. For u = u; - u,,
write [u| = n and u; = u; - u;. A rooted subtree T C A* contains @ and is prefix closed. Its
generation, population, and boundary are

T, =TNA", Z, = #T,, oT ={we AN : w|, € T for all n}. (1.11.15)
Extinction and survival are the events

Ext = {Z, = 0 for some n}, Surv = Ext®. (L11.16)

For a finitely branching tree,

Surv = {oT = @}. (L11.17)

To prove the nontrivial inclusion, assume T,, # @ for every n. Some child of the root
has descendants at arbitrarily large depths; choose the first such child. Iterating this
finite-pigeonhole argument constructs an infinite branch.

Let £ be a bounded nonnegative integer-valued variable, and choose A = {1, ..., L} with
& < L almost surely. Label the children of a vertex 1,...,£. A Galton-Watson tree with
offspring law & gives all vertices independent copies of ¢ children. Put

f(z) = E2, m = E¢, o? = Varf. (L11.18)

The process is called subcritical, critical, or supercritical according asm < 1, m = 1, or
m > 1. For a square-integrable variable V, the conditional variance notation used below
means Var(V | &,) = E(V —E(V | %,))? | %,).

The natural %, is generated by offspring variables attached to vertices of generations
less than n.
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Lemma — L-1.11.01 — Galton—-Watson extinction and population martingale

[F]

Suppose Z; = 1 and m > 0. The extinction probability q is the smallest fixed point of
fin[0,1]. fm< 1,orifm=1and P(( =1) < 1,theng=1.1fm > 1,theng< 1. In
the supercritical case,

Z,
W, =— (1.11.19)
m

is an L2-bounded martingale satisfying

O.2

2 _ )
EW? =1+ v — 1)(1 m™™). (1.11.20)

Its limit W satisfies

log Z,

P(W >0)=1-gq, lim

n—oo n

=logm on Surv. (L11.21)

Proof

Let g, = P(Z, = 0). By conditioning on the root offspring and using independence of its
descendant trees,

Gur1 = E(@) = f(gn). g0 =0. (1.11.22)

The events {Z, = 0} increase to Ext, so g, T ¢ = P(Ext). Continuity of the polynomial f
gives f(q) = q. If a € [0,1] and f(a) = a, monotonicity and (1.11.22) give g, < a for all n,
hence g < a. Thus g is the least fixed point.

Write g(z) = f(z) —z. Since f is convex and f’(1) = m, if m < 1then g’'(z) <m—-1<0
on [0, 1]. Since g(1) = 0, one has g(z) >0forz< l,andq=1.Ifm=1and P( = 1)< 1,
then P(¢ > 2) > 0; otherwise the mean-one law would be concentrated at 1. Hence f is
strictly convex on (0, 1), and its tangent at 1 gives

f@>fO+f()=z-1)=z (0<z<1). (1.11.23)

Again g = 1. If m > 1, differentiability at 1 gives g(z) < 0 for all z < 1 sufficiently close
to 1, while g(0) = P(¢ = 0) > 0. If g(0) = 0, then 0 is already a fixed point; otherwise
the intermediate value theorem supplies one in (0, 1). In either case the least fixed point
satisfies ¢ < 1.

Conditionally on #,, Z,, is a sum of Z, independent copies of &. Therefore

E(Zy1 | F) = mZ, Var(Z,,1 | %) = 622, (1.11.24)

The first identity proves the martingale property of W,,, and induction gives EZ, = m".
The conditional second-moment identity is

E(Zpy | Fo) = m*ZE + 0% 2, (1.11.25)
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2n+2

After division by m and integration,

o2

2 _ 2
Wiy = W} + —.

n

(1.11.26)

Summing the geometric series proves (1.11.20). Lemma 1.1 gives almost-sure and L?
convergence to W, and L? convergence preserves the mean:

EW = 1. (1.11.27)

Let W(l), W(Z), ... be the limits in the independent descendant trees of the root. The
boundedness of & permits passage to the limit in the finite branching identity, giving

¢
W = 1 w0 almost surely. (L.11.28)
m
=1

J
If r = P(W = 0), nonnegativity and independence in (I.11.28) imply
r=E@) = f(r). (1.11.29)
Equation (I.11.27) gives r < 1. In the supercritical case convexity shows that f(z) = z
has exactly one solution below 1, namely g; hence r = g. Extinction plainly implies W = 0,
and the two events have the same probability, so

{W > 0} = Surv modulo a null set. (I.11.30)

On this event Z, = m"W,, and W,, > W € (0, o). Thus log W,,/n — 0, which proves the
second assertion in (1.11.21). [J

I.11.3 Weighted branching and its natural measure

Let & = (5);ea be a finite similarity IFS on R?, with contraction ratios 0 < r; < 1. No
separation hypothesis is needed in this section: only the ratios and the random tree enter
its proof. SSC will be imposed in Section 4. To every u € A* attach an i.i.d. random subset
A, C A. The active tree is

T={uu,:uy¢€ Ay, for1 < j<n} (I.11.31)

For u = uq -~ u,, put

=

Su:Su1°”'°Su: r, = Ty

n 7

(1.11.32)
j=1

Writing K¢ for the deterministic attractor, the random recursive limit is

Kr=() | SuKs). (1.11.33)

n>1 ueT,

Assume throughout this section that
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E#Ag > 1. (1.11.34)
Define the mean pressure
ot)=E > . rf (>0 (1.11.35)
i€A,

It is continuous and strictly decreasing from ®(0) = E#Ag > 1 to 0. Thus there is a
unique Malthusian exponent s > 0 such that
o(s) = 1. (1.11.36)

Since every r; € (0, 1),

c:=®(2s) < d(s) = 1. (I.11.37)

For every word u, the full collection of descendant variables (A, ),ca~ defines a copy of
the same random environment, whether or not u is active in the root tree.

Lemma — L-1.11.02 — Weighted branching martingale and natural measure [F]

Let

Xp= ) r (1.11.38)

ueT,

Then (X,) is L? bounded and converges almost surely and in L? to X, with

EXy =1, {Xp > 0} = Surv modulo a null set. (L.11.39)
For every u, let X, be the corresponding limit in the descendant environment at . On
survival,
LyeryraXu
vr([u]) = — (1.11.40)
@
defines a probability measure on 9T, and for vr-almost every w,
lo 2]
lim 28r@hD _ (L11.41)
n—eo  logr,
Proof: martingale and second moment
Let &, be generated by the variables A, with |u| < n. For u € T,,,
]E( Z rhi 9,,) =ry®(s) =r;. (I.11.42)
i€EA,

Summing over T, proves E(X,,,; | #,) = X,,, and hence EX,, = 1.
Set
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a; = l{ieAQ}rf, B=E Z aa;. (L.11.43)
i%j

If X,Si) are independent depth-n weighted sums in the child environments, independent
of (4;), then
_ x®
Xpr1= Y. aXn - (1.11.44)
ieA
Since ]EX,?) = 1, squaring (I.11.44) and using independence gives
EX?,, = cEX? + B. (1.11.45)
Both B and X = 1 are finite. Iteration and (I.11.37) yield

supEX? <1+ lB < oo (1.11.46)
n

—C

Lemma 1.1 gives the asserted almost-sure and L? limit, and L? convergence gives

Proof: positivity is survival

Apply the preceding construction simultaneously to the countably many descendant en-
vironments. Passing to the limit in their finite recursions gives, on one probability-one
event,

X, = Z r’ X, foreveryue A" (L.11.47)
i€EA,

Let h(z) = Ez*4¢, and let p = P(Xys = 0). All summands in (1.11.47) are nonnegative, so
independence gives

p = h(p). (1.11.48)

Since EX, = 1, one has p < 1. The offspring mean is h’(1) = E#A, > 1; the fixed-
point argument in L-1.11.01 shows that the only fixed point of h below 1 is the extinction
probability. Extinction implies X, = 0, so equality of the two probabilities proves (I1.11.39).

Proof: cylinder consistency
Foru e T, (1.11.47) implies

> reiXu =X, (1.11.49)

i uieT

After division by X, this is exactly

> ovp((uiD) =ve(ul),  v((@]) =1. (L11.50)

i wieT
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The consistent nonnegative masses on the finite cylinder algebras therefore define a
unique Borel probability on the compact symbolic boundary. This is the cylinder-measure
construction already proved in D/R-1.7; equation (I.11.50) verifies every hypothesis in the
present random setting.

Proof: the annealed size-biased branch

On extinction choose a fixed probability on the full space AN, not on the empty boundary.
On survival regard vy as a probability on that full space carried by 9T Its cylinder masses
are measurable functions of the environment by (1.11.40); a monotone-class argument
extends this to every Borel set. Consequently integration against this family defines a
measure on the product sigma-algebra. On extinction its value is multiplied by X = 0.
Define a probability Qr on environments and branches by

Or(B) = ]E(X® L\N 15(Weny> ®) dvT(a))> . (L.11.51)

This is an annealed law, meaning that it averages both the random environment and
the sampled branch, with the displayed weight. Its total mass is EXj = 1. Put

6 =P@i € Ap)r. (I.11.52)

Equation (1.11.36) says ) ; 6; = 1. If u = uy -+ u,, then X, is independent of the ancestral
activation events and has mean one. Using (1.11.40),

QT([wln = u]) = ]E(l{ueT}riiXu)

n n
(1.11.53)
= HlP(u] S A@)rijj = H@u}
j=1 j=1

Thus the branch labels are i.i.d. with law (6;). The strong law gives

n
logr,, — A := ) 6logr;<0 Qr-as. (L11.54)
=1

1 1
=logr, ==
n n iEA

J

The descendant limit at the selected vertex has the size-biased law of Xj. Indeed, for
every Borel C C [0, ),

Or(X,, €0 = Y. E(lyerysXulix,ect)

lul=n

n
= E(Xplix,ecy) O, [ 16y (L11.55)

lul=n j=1
= E(Xp1x,ech)
Fix £ > 0. From (1.11.55),

Or(Xy), <e™™) <e™,

, (1.11.56)
Qr(X, >e™) < e MEXZ.



Chapter 111 279

Both series are summable. Borel-Cantelli, first for rational ¢ > 0 and then by intersection,

yields

llong| — 0 Or-as. (L.11.57)
n n

The selected limit is positive Qr-almost surely by its size-biased law, so the logarithm is
finite. From (1.11.40),

logvr([w],]) = slogr, +log X, —logXg. (1.11.58)

Equations (I.11.54), (1.11.57), and (1.11.58) prove (1.11.41) Qr-almost surely. If B is the
exceptional branch set, then

0 = Qr(B) = E(Xyvr(B)). (1.11.59)
On survival X, > 0; hence vp(B) = 0 for almost every surviving environment. This
completes the proof. [J

I.11.4 The finite separated random-recursive dimension the-
orem

For w,7 € AN, let w A 7 be their longest common prefix and define

Tornts ©WFT,

ps(w,7) = (1.11.60)

0, w=T.

This is the weighted symbolic ultrametric of D/R-1.8. If 7 is the coding map and SSC
holds, L-1.8.04 gives constants 0 < a < A < oo such that

aps(,7) < |5 () — 15 (D] < Apg(,0). (L11.61)
Thus 7g is bi-Lipschitz on every subset of the symbolic space. The closed pg-ball of
radius r, centered at w is exactly [wl,].

Theorem — T-1.11.03 — Finite separated random recursive dimension [F]

Under (1.11.31)—(1.11.37), assume additionally that the deterministic IFS satisfies SSC.
Then almost surely conditioned on survival,

dimH KT = S. (1.11.62)

Moreover,

nr = (7s)svr (1.11.63)

is exact dimensional of dimension s.

This is a fully proved finite-IFS SSC specialization of Mauldin-Williams, “Random
Recursive Constructions: Asymptotic Geometric and Topological Properties,” The-
orems 1.1 and 1.3, local MW86-RR PDF pp. 4 and 7 / printed pp. 327 and 330; the
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random-measure architecture is compared with Theorem 3.6, local PDF p. 16 / printed
p- 339. No theorem from that paper is used as a premise.

Proof: Hausdorff upper bound
Let D = diam K. For t > s, ®(t) < 1, and generation n gives the cover

Krc | ) SuKs),  diamS,(Ks) = Dr,. (1.11.64)
u€T,

Independence along each word gives

EY rh= (]E > r{) = d()". (1.11.65)

uel, i€A,

Therefore Tonelli implies

EY Y (Dr) =D' ; O(t)" < oo. (L11.66)

n=1u€eT,

The double series is finite almost surely, so its generation-n summand tends to zero. If
Fmax = max; r; < 1, the mesh in (I.11.64) is at most Dryj,,. Hence

(K1) =0 almost surely. (L11.67)

Intersecting the probability-one events over rational t > s proves dimy K < s.

Proof: exact dimension of the natural measure

For a branch satisfying L-1.11.02,

logur([oh))

(1.11.68)
logr,,.
Let ryin = min; ;. Consecutive logarithmic radii satisfy
0 < —logryin > logr,  —logr, > —logrpa > 0. (I.11.69)

Also —logr,| >n(—logrmay) = 0. Ifr, <r<r, ,theultrametric ball B, (w,r) is
exactly [w],]: points outside that cylinder have distance at leastr,; >, and points inside
have distance at most r, < r. Equations (1.11.68)-(.11.69) therefore give

_ logvr(B, (w,1)
m =

. 1.11.70
rl0 logr * ( )

The bi-Lipschitz inequalities (I.11.61) sandwich Euclidean balls between symbolic balls
whose radii differ by fixed factors. Since fixed multiplicative changes in r contribute
0(1)/logr, (1.11.70) implies
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log nr(B(rsw,r))
m =

s forvr-ae. w. L.11.71
rlo logr e o ( )
Thus 57 is exact dimensional of dimension s.
Finally, the coding identity
Kr = n5(aT) (1.11.72)

follows by the nested compact construction in D/R-1.7: one inclusion follows from
every active branch, and the other from the finite-branching argument (I.11.17) applied
to the active prefixes whose cylinder sets contain the point. Hence np(Ky) = 1. The
local-to-global theorem T-1.4.04 gives dimyy Kt > dimy np = s. Together with (1.11.67), this
proves (L.11.62). T

I.11.5 Homogeneous fractal percolation

Fix integers M > 2 and d > 1, put b = M?, and choose p € [0,1]. Each retained M-adic
cube keeps each of its b children independently with probability p. Let @, be the family of
retained closed generation-n cubes and set

K,=1J0o K=[)kK. (1.11.73)

Qeq, n=1

The underlying retained-word tree has offspring law Bin(b, p) and mean

m = pb. (1.11.74)

The use of closed cubes makes K compact but lets distinct retained cubes share faces.
Every argument below records where this matters.

Corollary — C-1.11.04 — Fractal-percolation phase and dimensions [F]

One has

PK=@)>0 <« pb>1. (111.75)

If pb > 1, then almost surely conditioned on K # @,

S log(pb 1
dimg K = dimgK = dimgK = og(p) _ ,, logp (1.11.76)
log M log M

This is proved below. For provenance, the same phase and dimension formulas are
recorded in RS13-RP, equations (2.2)-(2.3), local PDF p. 4, where the sources of the
classical formula are also identified.

Proof: survival and the Hausdorff upper bound

If the retained tree becomes empty, then some Kj, is empty and so is K. Conversely, if every
generation is nonempty, finite branching gives an infinite retained branch by (I.11.17); the



282 CHAPTER I.11. RANDOM RECURSIVE AND PERCOLATION FRACTALS

nested cubes on that branch have a common point. Thus

{K # @} = Surv. (1.11.77)

If p = 0, the first generation is empty almost surely. For p > 0, L-1.11.01 applied to
Bin(b, p) proves (1.11.75). At the critical value pb = 1, the binomial offspring law is not
concentrated at 1, since b > 2.

Assume m > 1 and set

_logm
°= logM’

(1.11.78)

For t > s, the retained generation-n cubes cover K, have diameter Jd M™, and have
expected number m". Hence

E Y (diamQ) = d'/2(mM~)". (1.11.79)
QE@n

The right side is summable in n. As in (I.11.66), Tonelli and the vanishing mesh give

Z'(K) =0 almost surely for every rational t > s, (I.11.80)

and therefore dimy K <'s.

Proof: the exponential count of cubes with infinite descendants
Let Z, = #@,,. On survival L-1.11.01 gives

Z
=2 — W €(0,0), 1 log Z, — logm. (I.11.81)
m" n

Call a retained generation-n cube live if its descendant tree survives, and let V,, be the
number of live cubes. If q is the extinction probability and & = 1—g > 0, then, conditionally
on F,,

V, ~ Bin(Z,, 9). (1.11.82)
In particular, for € > 0, conditional Chebyshev gives

(1 -9
P(|V,, = 9Z,| > 7, | F,) < % on {Z, > 0}. (1.11.83)
&4y
Fork > 1, put S = {W > 1/k}. On S, (1.11.81) implies Z, > m" /(2k) for all sufficiently
large n. Moreover,

m" 2k9(1-9) _
;P(IVn - 97, > ¢eZ,, Z, > E) < 8—2 ;m " < oo, (L.11.84)

Borel-Cantelli, then a countable intersection over rational ¢ > 0, shows that

Vi

— —> ¢ almost surely on 5. (L.11.85)

n
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Since Surv = {W > 0} = (> Sy modulo null sets,

1 logV,, — logm almost surely on survival. (L.11.86)
n

Proof: lower and upper box dimensions, with boundary audit

The live generation-n cubes cover K, and each of them contains a point of K. Choose one
such point from each live cube. A point of R? lies in at most 2¢ closed cubes of one fixed
grid generation. Also a ball of radius M™" meets at most a dimension-dependent number
Ja of generation-n cubes. It follows that there are constants 0 < ¢; < C; < oo, independent
of n and the realization, such that the covering number satisfies

cgVy < N(K,M™) < C,V,. (1.11.87)

The left inequality follows by applying the two bounded-overlap observations to the
chosen points. The right follows by covering each live cube by a bounded number of
radius-M " balls. Thus shared faces can change the count only by a constant factor.

If M- < p < M1 monotonicity of covering numbers compares N(K,r) with the
two adjacent quantities in (1.11.87). Combining this with (1.11.86) proves

dimgK = dimgK =s almost surely on survival. (L.11.88)

Proof: a natural measure and the Hausdorff lower bound

In the equal-ratio random-recursive model, r; = M~! and the Malthusian equation is
mM™ = 1. L-1.11.02 therefore gives a probability vy on infinite retained branches and
descendant limits X,. Define the unnormalized geometric measure

Ar = Xg(mp)«vrs (1.11.89)

where 7 is the standard base-M cube coding. Its total mass is X, and, outside the
countable union of grid boundaries,

AT(Qu) = 1{uET}m_nXu (lul =n). (1.11.90)

We now justify both the boundary qualification and the Euclidean local dimension. For
every symbolic generation-n cylinder,

E(1gerym™X,) = p'm™" =b7". (1.11.91)

Apply (1.11.91) first on the symbolic space: the expected unnormalized branch measure
agrees with the uniform b-ary probability on every cylinder, hence on all symbolic Borel
sets by a monotone-class argument. That uniform probability pushes forward under
to d-dimensional Lebesgue measure on [0, 1]%. Taking preimages of Euclidean Borel sets
therefore gives, without assuming anything yet about the random measure’s boundary
masses,

EAr(A) = Z9A)  for every Borel A C [0, 14. (I.11.92)
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Every grid boundary has Lebesgue measure zero, so its nonnegative A7-mass has expec-
tation zero. The countable union of all such boundaries therefore has Ap-mass zero almost
surely. This proves (1.11.90) for almost every point of A7.

Define the annealed probability

Qp(B) = E j 150, %) A7 (). (L11.93)

Its x-marginal is Lebesgue measure by (1.11.92). Apply the size-biased calculation
(111.55)—(1.11.57) to the generation-n cube Q,(x) = Q,, selected by x. It gives

1 logX, — 0 Qp-almost surely. (L.11.94)
n n

Fix C > 1. Let /;,(u) comprise the generation-n cubes meeting the CM™"-neighborhood
of Q,. Its cardinality is bounded by J = J(C,d). For t > 0, integrate over the selected cube
and use a union bound:

Qp( max X, >t)

ve,(u,)

<Y D E(luenm Xl sy)-
[ul=n ve,(u)

(1.11.95)

For v = u, the sum of the expectations is E(Xp 1y, >) < t 'EXZ. For v # u, the
descendant variables X,,, X,, are independent of one another and of their ancestral activation
events, so each summand is at most

E(1gerym "X, )P(X, > 1) < b7t L (L11.96)

There are at most Jb" ordered neighboring pairs. Hence

EXZ + ]

Qp( max X, >t)< (L11.97)

Ve, (uy)

Sett = " and use Borel-Cantelli. For every ¢ > 0, eventually every neighboring
descendant mass in (1.11.97) is at most ", for Q p-almost every sampled point. A ball of
radius CM ™" meets at most J level-n cubes, so (1.11.90) gives

Ar(B(x,CM™)) < Jm™"e™™  eventually. (1.11.98)

On the other hand, B(x,Vd M™™) contains Q,(x) up to its zero-mass boundary, and

(1.11.90), (.11.94) give
M (B, Nd M) > m™X,, = m e, (1.11.99)

The two inequalities, followed by ¢ | 0, prove

log Ar(B(x, 1
lim og Ar(B(x.r)) _ 087 _ s Qp-almost surely. (I.11.100)
rlo logr log M

The passage from the geometric sequence of radii to all 7 | 0 uses monotonicity between
consecutive M-adic scales. If B, is the exceptional point set in environment o, then
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0 = Qp{(w,x) : x € B,} = EAr ,(B,). (I.11.100a)

Thus Ar,(B,,) = 0 for almost every environment. Dividing Ar by its positive total mass
on survival does not change local dimensions. The normalized probability is supported on
K, so T-1.4.04 gives dimy K > s. Together with (1.11.80) this proves the Hausdorff part of
(I.11.76), and the proof is complete. [

I.11.6 Bounded scalar Mandelbrot cascades

Continue with M,d,b = M%, but now use the full b-ary cube tree. The level cubes form
the standard half-open M-adic partition, with only the exterior faces of [0, 1]¢ closed. Let
W > 0 be bounded and satisfy

EW = 1. (111.101)

Attach independent copies W, to all non-root words. On a level-n cube Q,, let i, have
constant density

n
Dy() = [[Wup  x€Qu (1.11.102)
j=1
Equivalently,
n
Q) = b [ [ Wa, (L11.103)
j=1

Write Y, = p1,([0, 1]%), and let &, be generated by weights through generation n.

Lemma — L-1.11.05 — L? cascade convergence and non-degeneracy [F]

Assume

EW? < b. (1.11.104)

Then Y,, converges almost surely and in L? to Y, where
_b—-1
b-EW?

On one probability-one event, y, converges weakly to a finite Borel measure p and
u(lo, 119 =Y. If pr = P(W > 0), then bp, > 1, and

EY =1, EY? (1.11.105)

{Y > 0} = {the positive-weight tree survives} modulo a null set. (L.11.106)

Thus the cascade is non-degenerate in the precise sense P(Y > 0) > 0.

This is the bounded scalar L? specialization of Kahane-Peyriére, “Sur certaines mar-
tingales de Benoit Mandelbrot,” Theorem 1, local KP76-MC PDF p. 5 / source p. 4. The
proof is complete below; the source theorem is not imported.
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Proof: scalar martingales and the exact second moment

For continuous f, conditional expectation of the next-generation density gives

E(Dpy1(x) | #,) = Dy(x) for Lebesgue-a.e. x. (L.11.107)

Conditional Fubini therefore yields

E( J Fdp 9,1): J fdp,. (L11.108)

For finite Borel measures on [0, l]d, weak convergence g, = 0 means

dean — decr for every f € C([0,1]%). (L.11.108a)

In particular Y, is a nonnegative martingale of mean one.

Let Yél), ,Sb) be the total masses of independent depth-n descendant cascades. The
first-level decomposition is

b
Y, = % 3wy, (L11.109)
i=1

All W,-Y,Si) are independent and have mean one. Squaring gives

2 _
EYZ | = E‘;’ EY? + b 7 L (1.11.110)
Put a = EW?/b < 1. Since Y;, = 1,
-1
b—1w b—1
EY2=d"+ — ) @ — ———. 111.111
4 b ];, b—EW? ( )

Lemma 1.1 proves almost-sure and L? convergence. The first formula in (1.11.105)
follows from L? convergence, and the second from (I.11.111).

Proof: simultaneous construction of the weak limit

Choose a countable rational vector space & c C([0, 1]9) that contains 1 and is uniformly
dense. For f € 9, (1.11.108) and

< | flooYn (111.112)

U fdpy

show that the martingale [ f dy, is L bounded. Lemma 1.1 and countability give a
common probability-one event on which all these integrals converge and Y,, — Y. On this
event C, = sup, Y, < o0, and the rule

L(H = lim | fam (Fe2) (L11113)
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satisfies |L,(f)| < Cpl flloo- It extends uniquely by uniform density to a bounded real-
linear functional on all of C([0, 1]9).
If g > 0 is continuous and || f — gle < € with f € 9, then

de,un > —¢Y,. (L11.114)

First let n — oo, then ¢ | 0, to obtain L, (g) > 0. Riesz representation, an allowed A-RA
result, gives a unique finite Borel measure y, with

L(g) = j gdu, (g eC(o,11). (L11.115)

Uniform approximation by 2, together with sup, Y,, < oo, shows that (.11.115) is the
weak limit of the entire sequence fi,, not merely a subsequence. Taking g = 1 gives
po([0.1]) =Y.

Define y,, = 0 on the exceptional environment event. The maps @ — [ gdp, are
measurable for continuous g by their construction as limits. For a proper relatively open
set U in the cube, the continuous functions g;j(x) = min{1, j dist(x, [0, 1]9 \ U)} increase
to 1y. Hence w — p,(U) is measurable; the whole cube is handled by Y. Complements
and increasing disjoint unions extend measurability to all Borel sets by the monotone-
class theorem. Thus the expected measure and the product-space integrals below are
well-defined countably additive measures, by Tonelli.

For later use, this construction also determines the annealed mean measure. For every
continuous g, Fubini and (1.11.101) give

]Ejgdyn = Jgdgd. (1.11.116)

For each fixed real continuous g, (1.11.108), (1.11.112) and Lemma 1.1 give convergence
in L?; its almost-sure limit is the integral against y already constructed. Cauchy-Schwarz
therefore permits passage of expectations to the limit and gives

IEJgd,u=Jgd3d. (1.11.117)

Uniqueness in Riesz representation implies

Eu(A) = Z%(A)  for every Borel A C [0,1]%. (111.118)

In particular, the countable union %, of all M-adic cube boundaries satisfies

u(%y) =0 almost surely. (L.11.119)

Construct descendant limits Y, simultaneously for all words. For a level-n cube, weak
convergence gives convergence of its masses because its boundary has zero limit mass. Here
is the required implication without an extra probability theorem: continuous distance ap-
proximations from below to the indicator of a relatively open set give p(U) < liminf; 1;(U);
taking complements, using convergence of total mass, gives lim sup; 11;(F) < u(F) for rela-
tively closed F. Sandwich Q, between its relative interior and closure; their limit masses
agree by (1.11.119). The finite descendant identity thus gives
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Q) =b" (H Wu|j> Y, (1.11.120)
=1

Proof: positivity and the positive-weight tree

Cauchy-Schwarz on {W > 0} gives

1=(EW)? < p,EW?, bp, >

vz L (1.11.121)

The positive-weight tree is therefore a supercritical Galton-Watson tree with Bin(b, p, )
offspring.
Passing to the limit in (I.11.109) gives the smoothing identity

b
1
Y=- wy;, [.11.122
bZl Y, ( )

where the pairs (W,,Y;) are independent and Y; has the law of Y. If r = P(Y = 0),
nonnegativity in (.11.122) yields

r=0-py+pr). (111.123)

The right side is the offspring generating function of the positive-weight tree. Since
EY = 1, r < 1. By the fixed-point proof in L-1.11.01, r equals the extinction probability
of that tree. Extinction plainly forces Y = 0, so the two events coincide modulo a null
set. This argument applies in every descendant environment; intersecting the resulting
countably many probability-one events makes the equivalence simultaneous for all words
u. This proves (1.11.106) and completes the proof. [J

I.11.7 The Peyriere probability and spine laws

The Peyriére probability is the annealed measure on environments and sampled points
defined by

QOB)=E LO e 1g(w, x) dp,(x). (L.11.124)

It has total mass EY = 1, and its x-marginal is Lebesgue measure by (1.11.118). The
half-open cube convention gives every x a unique sequence of cube labels I;(x), L(x), ....
The size-biased law of W is

P*(W € C) = EWlgyecy). (1.11.125)

This is a probability because EW = 1.
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Lemma — L-1.11.06 — Peyriére spine law [F]
Under (1.11.101) and (I.11.104), the spine weights
Wi, Wi, ... (1.11.126)

are i.i.d. under Q with law P*. With 0log0 = 0,

n
% Z log Wi, — E(WlogW) Q-almost surely. (L.11.127)
=1

The descendant total masses on the spine satisfy

llogYIl...I — 0 Q-almost surely. (L.11.128)
n n

Proof: finite-dimensional spine distributions

Let ¢y, ..., ¢, be bounded Borel functions. Partition the integral in (I.11.124) over level-n
cubes and use (1.11.120):

n
IEJ H (pj(Wll...Ij) du
=1

= > b (H Wu|j<pj(Wu|j)) Yul.
j=1

[u|=n
The path weights are independent, Y, is independent of them, and EY,, = 1. There are
b" words, so

(111.129)

E J [T Wy..)du = T TEWe;w)). (111.130)
j=1 j=1

This proves the asserted i.i.d. size-biased law. It assigns no massto W = 0. f W < C,
then

E*|logW| = E(W|log W|) < o, (L.11.131)
because w|log w| is bounded on [0, C] after setting its value at zero to zero. The strong
law applied under P* now gives (I.11.127).
Proof: the terminal descendant mass

For a Borel set C C [0, 00), another use of (1.11.120) gives
QY. €C)= Y bE

n
Wy ) Yy 1{Yuec}l
lul=n ( = (1.11.132)

= E(YI{YEC})
Thus Y;,...; has the Y-size-biased law for every n. For ¢ > 0,
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Q(Yll'”ln <e M <Le ™,
Q(YIlmfn > M) < e E"EYZ. (1.11.133)

Both series are summable. Borel-Cantelli for rational ¢ > 0 gives (.11.128). Equation
(L.11.132) also shows that the selected Y; .. is positive Q-almost surely, so all logarithms
in (1.11.128) are finite. [J

I.11.8 Euclidean exact dimensionality of the cascade

Set

b logh —E(WlogW) p E(W logW)
B log M B log M

, (111.134)

with 01og 0 = 0.

Theorem — T-1.11.07 — Exact dimension of a bounded scalar cascade [F]

Under (1.11.101) and (I.11.104), almost surely on {Y > 0}, the normalized probability

A=Y 1y (1.11.135)

is exact dimensional and

dimy i = D. (1.11.136)

Moreover 0 < D < d.

This is the bounded-L?, d-dimensional cube analogue of Kahane-Peyriere, KP76-MC,
Theorem 4, local PDF p. 5/ source p. 4; its proof architecture occupies local PDF pp.
14-18. The source statement uses one-dimensional interval exponents. The proof
below supplies the d-dimensional construction and the extra passage to Euclidean
balls; neither is inferred merely by citing that interval statement.

Proof: the M-adic cylinder exponent

For the selected generation-n cube Q,(x) = Qj,...r , (1L.11.120) gives

n
log 1(Q,(x)) = —nlogb + Z log Wp,...p, +1og Yp,...p.. (L.11.137)
j=1

The selected weights and terminal mass are positive Q-almost surely. By L-1.11.06,

log (Qn(x))

“nlog M — D Q-almost surely. (1.11.138)

The zero-boundary statement (1.11.119) ensures that the half-open and closed versions
of Q,(x) have equal py-mass at every level, outside one common null set.
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Proof: sublinear digit carries

We need a uniform comparison with all neighboring cubes; fixed-grid cylinders alone do not
imply Euclidean local dimensions. Index a generation-n cube by d integers in {0, ..., M" — 1}.
Fix C > 1. Let R,(x) be the least nonnegative integer with the following property: every
level-n cube meeting B(x, CM™") has a symbolic common prefix with Q,(x) of length at
least n — R,(x) — 1.

There is a constant A = A(C, d, M) such that, for every 1 < ¢ < n,

PUx : Ry(x) > 8} < AML. (1.11.139)

Here is a geometric count with explicit constants. Ignore the grid boundaries them-
selves, a Lebesgue-null set. If R,(x) > ¢, a cube meeting B(x, CM™") lies in a different
generation-(n — ¢) ancestor from Q,(x). A segment from x to a point of that cube in the ball
crosses a generation-(n — £) grid hyperplane. Thus, for some coordinate j and integer h,

lx; — hM~(=9 < cM™, (111.139a)

There are at most M" % + 1 such hyperplanes in each coordinate. Each strip inside
the unit cube has volume at most 2CM™". Subadditivity therefore bounds the exceptional
volume by 2dC(M™*+1)M™ < 4dCM~*. This proves (1.11.139), for example with A = 4dC.
When ¢ = n, the exceptional event is empty; the same bound remains valid.

The x-marginal of Q is Lebesgue measure. Apply (I.11.139) with £ = [en], use Borel-
Cantelli, and then intersect over rational ¢ > 0. We obtain

R
ﬁ — 0 Q-almost surely. (1.11.140)
n

Thus every level-n cube Q, meeting B(x, CM™") shares with Q,(x) a prefix w of length
k =k(n,v) >n-o(n). (L11.141)

Proof: neighboring terminal masses

Let /;,(u) be all level-n cubes meeting the CM™"-neighborhood of Q,. Its size is at most a
constant J = J(C,d). For t > 0, partition the Peyriére integral over the selected cube:

Y,
Q(ve%(ﬁ) v>t)

<Y E(uQ)y,se)-

lul=nveN,(u)

(1.11.142)

For v = u, summing (I.11.120) over u, using independence and EW = 1, gives

> E(uQ)1yy,>) = E(V1ysy) < t7'EY2. (1.11.143)

lul=n

For v # u, the descendant variable Y, is independent of u(Q,); therefore

E(p(Q) 1y >n) = b"P(Y > 1) <b ™ (1.11.144)
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There are at most Jb" ordered neighboring pairs. Consequently,

EY? +
( max Y, > t) < ].
ve sl

(1.11.145)

Taking t = e, applying Borel-Cantelli, and intersecting over rational ¢ > 0 yields

max Y, < o) -almost surely. 1.11.146
vet,l,) R Y ( )

Proof: upper mass bound for Euclidean balls

Let Gy = max{l, [W|./b}. If Q, is a neighboring level-n cube and w is its common prefix
with Q,(x), then (1.11.120) and boundedness of W give

k n
Q) = (b—k I1 wfl...z,.) (b—<"—’<> I1 wv|,.) Y,
j=1

) j=k+1 (1.11.147)
< (bk 11 Wll...lf) oy,
=1
The strong law in L-1.11.06 gives, along every subsequence k — oo,
= log( K H Wi, 1) — —logh+E(W logW) = —Dlog M. (1.11.148)

Equations (I.11.141), (L.11.146)—(1.11.148) show, uniformly over the bounded family of
neighbors, that
#(Q,) < exp(—Dnlog M + o(n)). (1.11.149)

A ball B(x,CM™™) meets at most J such cubes. Hence
u(B(x,CM™)) < exp(—Dn log M + o(n)). (L.11.150)

Proof: lower mass bound and disintegration
The ball B(x, vd M~™) contains Q,(x), modulo its zero-mass boundary. Equation (1.11.138)
therefore gives

u(B(x, JdM™)) > exp(—Dn log M + o(n)). (L.11.151)

Use (I.11.150) with any fixed C large enough for one scale and (1.11.151), then interpolate
arbitrary r between consecutive M-adic scales by monotonicity. The negative sign of log r
reverses the inequality coming from (I.11.150), and the two bounds yield

log p(B(x,7))
m BB T))

i Togr =D Q-almost surely. (I.11.152)

If B,, is the exceptional set of points in environment o, then
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0 = Q{(w,x) : x € B,} =Ep,(B,). (L.11.153)

Thus p,(B,,) = 0 for almost every environment. On {Y > 0}, normalization by Y changes
log u(B(x,r)) by the constant —logY, so Ji is exact dimensional with dimension D.
Finally, convexity of w — wlogw and EW = 1 gives E(W logW) > 0. Under the
size-biased law, Jensen gives
E(W logW) = E*(log W) < log E*W = log EW? < logb. (1.11.154)
Therefore 0 < D < d, completing the proof. [J

I.11.9 The deletion cascade and natural percolation measure

Let b1 < p <1 and take

p~!, with probability p,

W= . = (L11.155)
0, with probability 1 — p.

Then

EW =1, EwW? =pl<b (1.11.156)

Corollary — C-1.11.08 — Deletion cascade is the natural percolation measure

[F]
The positive-weight tree for (I.11.155) is homogeneous M-adic fractal percolation with

parameter p. Almost surely on survival,

supppi =K, I = (7 (L11.157)
where vy is the natural weighted branching probability of L-1.11.02. Moreover,

log p
logM’

dlmHﬁ = dlmHK =d+ (1.11.158)

Proof

A child has positive weight exactly when it is retained, independently with probability p.
Thus the positive tree and the percolation retained tree coincide. If Z, is their generation
size and m = pb, then the cascade mass and the weighted branching sum are the same
random variable:

Y, =b"p"Z, =m"Z, = X, (1.11.159)

The same identity holds in every descendant tree, so Y;, = X,, simultaneously. For an
active word u of length n, (1.11.120) gives
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HQ,) =m™Y, =m™T"'X,. (L11.160)

After division by Y = X, this is precisely the cylinder formula (1.11.40). The grid-
boundary mass is zero by (1.11.119), proving the measure identity in (1.11.157).

For every n, all later approximating measures vanish outside the closed set K,,. If g
is continuous with compact support in K, then [ gdy; = 0 for every j > n, so weak
convergence gives [ gdy = 0. Inner regularity and continuous approximation of compact
subsets of the open set Kj;, both A-RA facts, yield p(Ky) = 0. Hence supp p C K =), K.
Conversely, take x € K. Finite branching supplies an infinite retained branch whose
nested closed cubes contain x. On the common probability-one event from L-1.11.05, the
descendant cascade mass is positive at every vertex whose positive tree survives. Every
prefix u of this branch therefore has

u(Q,) = m My, > o. (1.11.161)

The diameters of these cubes tend to zero. Every neighborhood of x contains one of
them and consequently has positive pg-mass. Thus x € supp p, proving the support identity.
Finally,

E(W logW) = log(p™ 1), (1.11.162)
so T-1.11.07 gives
1 -1 1
dimgg = d— 8P ) _,, loep (111.163)
log M log M

C-1.11.04 gives the same dimension for K, completing the proof. [J

[.11.10 Precisely sourced terminal previews

The next two results are not proved in this chapter. They are terminal: nothing later in the
F subgraph may cite them as a premise.

Guided result — G-1.11.09 — Rams-Simon all-direction projection theorem [G]

Currency: Published. Source: Rams and Simon [RS14, Theorem 2 and Corollary 3,
p- 5]. Omitted proof blocks: the uniform line-slice counting estimate, its large-
deviation argument, the non-coordinate projection deduction, and the coordinate-
direction results combined in Corollary 3.

Let K c [0,1]? be planar homogeneous M-adic fractal percolation with p > M2,
Almost surely conditioned on K # @, one common event works for every line £ C R?,
and on that event

dimg P,K = min{1, dimyg K}. (L11.164)

Here P, is orthogonal projection onto £. The order of quantifiers is
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P(Ve, dimy P K = min{1,dimyg K}| K # @) = 1. (L.11.165)

This node has no outgoing premise edge.

Guided proof architecture, not a proof

For non-coordinate directions, the source bounds uniformly the number of retained level
squares met by each line, using a slicing estimate and a large-deviation inequality. A cover
of the projected set with anomalously small dimension would contradict those uniform
counts together with the known growth of retained squares. The source then combines
the non-coordinate theorem with separately established coordinate-direction results to
obtain Corollary 3. Since those quantitative slice and coordinate blocks are omitted here,
this paragraph is explanatory only and does not change the G label.

Guided result — G-1.11.10 — Rams-Simon interval theorem for independent
sums [G]

Currency: Published. Source: Rams and Simon [RS14, Theorem 17, p. 15]. Omitted
proof blocks: the probability-thinning reduction, the hyperplane/cube intersection
estimate, the bounded-dependence coloring argument, and the multiscale interval-
production step in Section 4 of the source.

Fix M > 2and k > 2. Let ED, ..., E®) ¢ [0, 1] be independent one-dimensional M-adic
fractal percolations with parameters

k
p>M (a<j<k,  []p>mF (L11.166)
j=1

For each fixed coefficient vector a = (ay, ..., q) € (R \ {0},

k
alE(l) + e+ akE(k) = Z ajxj : xj € ED for every j}. (L11.1664a)
j=1

For this set,

k
[(EYD = @}) =1

j=1
(1.11.167)
The source does not assert in this theorem that one probability-one event works
simultaneously for every uncountable choice of a, and neither does the chapter. This
node has no outgoing premise edge.

JP(alE(l) + o+ akE(k) contains a non-degenerate interval

Guided proof architecture, not a proof

The product ED x . x E®) jg o dependent selection of M-adic cubes in [0, 1]k, and the
algebraic sum is its projection in the direction a. The product condition in (I.11.166) places
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the expected dimension above one. Rams—Simon first thin the probabilities to a convenient
strict regime, bound how many dependent product cubes a hyperplane can meet, color the
dependency graph into controlled independent classes, and iterate a projection-survival
estimate to create an interval. Those four blocks are not reproduced here, so this remains a
G result.

[.11.11 Terminal boundary of the chapter

Research boundary — Q-1.11.11 — Deferred random-geometry regimes [Q]

The following questions are outside the proved kernel. We specify the terms so this
boundary is not a list of unexplained names.

(1) For planar percolation let € be the event that K contains a connected compact
subset meeting both vertical sides of the unit square. The crossing connectivity
threshold is p. = inf{p € [0,1] : P,(€) > 0}, where P, denotes the percolation law
with parameter p. No value of p., or behavior at that value, is asserted here.

(2) A projection has a Holder density if (P),u = £,Z|, with |fi(x) — fi(y)| <
Clx — y|ﬁ for some C < o0 and 0 < f < 1. No claim of such densities, much less one
event valid for all directions, follows from G-1.11.09.

(3) Given nonnegative random densities f,, and a prescribed family of finite Borel
measures (7;);cr, intersection averages mean Y,(t) = [ f, dn;. No uniform-in-t conver-
gence or regularity theorem for these averages is proved here.

(4) For a compactly supported probability ;1 on RY, write ji(¢) = i e~ 2748%) 4 ui(x). In
this discussion, Salem measure means that for every 0 < o < dimy p there is C; < oo
such that

AE| < C,+EN/% (£ e R,

No almost-sure assertion of this property is made for our random measures.

(5) A spatially independent martingale, in the convention of Shmerkin and
Suomala [SS18, Definition 3.1, p. 10], is a sequence of nonnegative random Borel
densities f, with an increasing filtration (#,), satisfying: f; is deterministic, bounded
and compactly supported; f, is adapted and E(f,,1(x) | %,) = fu.(x); and there is a
deterministic C < oo such that

for1(0) SCf(x) (n>0, x €RY).

In addition, for any finite family of generation-(n + 1) dyadic cubes with pairwise set
distances at least C27", their next-density restrictions are conditionally independent
given #,. Precisely, if U; is a bounded random variable measurable with respect to
the restriction on the j-th cube, then

k k
E(HU,- 9) =[Ew; | 7.
j=1 j=1

This definition imports none of that framework’s convergence or intersection theo-

rems.
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(6) A random affine code tree here means a random rooted tree carrying, at each
vertex u, a finite list of contracting affine maps S, ;(x) = A, ;x + b, ;. Along a branch
one composes the maps in ancestral order. When contraction bounds are uniform and
a common compact set is mapped into itself, nested images define the associated limit
set. No dimension or pressure formula for this broader model is asserted.

For the later intersection and Fourier owner, the frozen boundary source is Shmerkin
and Suomala [SS18, Theorem 4.1, pp. 18-23, Theorem 7.1, pp. 39-40, and Theorem 10.1
with Corollary 10.2, pp. 58-60]. None is asserted or used here. This Q node has no
outgoing edge.

I.11.12 How the proofs fit together

The proved result sequence is

L-1.11.01 — L-1.11.02 — T-1.11.03,
L-1.11.01,L-1.11.02 — C-1.11.04, (1.11.168)
L-1.11.05 — L-1.11.06 —> T-1.11.07 — C-1.11.08.

C-1.11.08 also uses the already proved C-1.11.04 only to identify the set dimension. Every
other premise is one of D/R-1.1-1.4, D/R-1.7-18, the three exact allowed-book probability
facts in Section 1, or a locally proved lemma. The two Rams—Simon previews and the final
research roadmap are not used in any of these proofs.

I.11.13 Intuition and strategy

The following discussion explains the geometric ideas behind the proofs.

I.11.13.1 One random tree, several geometric models

A Galton-Watson process records how many pieces remain after each generation. Fractal
percolation adds a rigid geometric address to every child. A random recursive IFS replaces
the common grid ratio by symbol-dependent similarity ratios. A multiplicative cascade
keeps the entire address tree but assigns random mass multipliers to its edges.

The common mechanism is a normalized generation sum. Its expectation stays constant
because the expected contribution of all children of one vertex is one. The second-moment
hypothesis says that two descendants chosen from the same parent do not correlate strongly
enough to destroy this normalization.

I.11.13.2 Why positivity is a fixed-point question

A limiting mass is zero precisely when every child contribution is zero. Independence
turns that sentence into the same generating-function equation that describes extinction of
the positive-child tree. Mean preservation rules out the fixed point one. The smaller fixed
point is therefore both the probability of extinction and the probability that the limiting
mass vanishes.
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This is the elementary core of several much more general non-degeneracy theorems.
The chapter keeps the bounded second-moment regime so that the entire argument can be
seen without a Kesten—-Stigum or general smoothing-transform theorem.

1.11.13.3 The natural random-recursive measure

The Malthusian exponent makes the expected sum of the s-powers of the child ratios equal
one. The limiting mass below a cylinder measures how much viable geometry remains in
that cylinder. Multiplying its deterministic scale weight by that remaining random mass
produces consistent cylinder weights.

A typical branch for this measure is not sampled with the original child law. Children
are tilted by their expected s-mass. Under this tilted law the logarithms of contraction
ratios are i.i.d., while the terminal subtree mass contributes only a sublinear logarithmic
error. That is why the local dimension is exactly s.

I.11.13.4 Why separation makes the first dimension theorem clean

SSC makes the coding map bi-Lipschitz when the symbolic space is equipped with the
contraction-weighted ultrametric. A symbolic cylinder is then a ball at the correct geometric
scale. The upper Hausdorff bound comes from expected covers; the lower bound comes
from the exact-dimensional natural measure.

The grid cubes in fractal percolation touch, so this shortcut is deliberately not used
there. The proof instead checks that shared faces cost only a bounded multiplicity and that
the natural measure assigns zero mass to all grid boundaries.

1.11.13.5 Retained cubes versus live cubes

Generation n may contain many cubes whose descendants later die. Box dimension is con-
trolled by live cubes: cubes whose descendant trees survive forever. Given the generation-n
tree, liveness is an independent Bernoulli thinning with a fixed positive parameter. The
thinning changes the count by a constant proportion, not its exponential rate.

This distinction is easy to overlook. Counting all retained cubes proves a covering upper
bound, but the lower box bound needs cubes that actually meet the limiting set.

I.11.13.6 Peyriére sampling

The Peyriere law first samples the random measure and then samples a point from it,
without normalizing each realization. A path edge is therefore seen in proportion to the
mass multiplier carried by that edge. This is ordinary size biasing:

original law of W +—  law with density W.

Under the new law, average logarithmic weight becomes E(W log W). Subtracting it
from the deterministic volume loss log b gives the cascade dimension.
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1.11.13.7 Why cylinder dimension is not automatically Euclidean dimen-
sion

An M-adic neighbor of the cube containing x can differ far back in its address if adding
one to a cube index creates a long digit carry. For a Lebesgue-typical point, such carries
have sublinear length. The annealed point distribution under the Peyriére law is Lebesgue,
so the same conclusion holds for the sampled cascade point.

After the common prefix, only sublinearly many bounded weights remain. Neighboring
terminal subtree masses are also subexponential by a size-biased/ordinary tail calculation.
Thus a Euclidean ball, although it may meet several M-adic cubes, has the same exponential
mass as the selected cylinder.

1.11.13.8 Deletion cascades

For the deletion weight, every retained edge contributes p~! and every deleted edge
contributes zero. The cascade mass of a retained generation-n cube is exactly the normalized
Galton-Watson descendant mass. Consequently the cascade probability and the natural
fractal-percolation probability are the same object, not merely measures with the same
dimension.

[.11.13.9 What the two previews add

The proved kernel explains dimensions of the random sets and their natural measures.
Rams-Simon goes further in two directions: one realization has the correct projection
dimension in every planar direction, and each fixed nontrivial linear combination of
sufficiently large independent one-dimensional percolations contains an interval.

These conclusions require uniform slice counts and multiscale dependency control
that are not part of the foundational kernel. They remain terminal G results. Shmerkin—
Suomala’s spatially independent martingales provide a far broader later framework for
uniform intersections, densities, and random Fourier decay; that theory belongs to Volume
VIL

1.11.14 Exercises

Every exercise uses only the accepted incoming nodes and earlier results in I.11. The G
and Q nodes are never used as mathematical premises.

I.11.14.1 Exercise I.11.1 — Fixed points of an offspring generating function
Let £ be a bounded nonnegative integer-valued random variable and f(z) = Ez¢.

1. Prove that if E€ > 1, then f(z) = z has exactly two solutions in [0, 1], except that
the smaller one may be 0.
2. Prove directly that the smaller solution is lim,_, f"(0).

Dependencies: Section 2 and elementary convexity.
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I.11.14.2 Exercise 1.11.2 — Orthogonality of martingale differences
Let (M,, %,) be an L? martingale and A, = M, — M,_;.

1. Prove that A; L Ay in L? for j # k.
2. Deduce

n
EIM, - M? = > E|A
k=r+1

3. Explain exactly why L?-boundedness makes (M,) L?-Cauchy.

Dependencies: conditional expectation from ARA-KB1.

I.11.14.3 Exercise 1.11.3 — A binary Galton—-Watson example

Suppose

PE=0=1-p PE=2)=p  p>;

Compute the extinction probability, the mean and variance, and lim, EW;?. Verify every
answer from L-1.11.01.
Dependencies: L-1.11.01.

I.11.14.4 Exercise 1.11.4 — Exact weighted-branching second moment
In Section 3, let
c=®2s), B=EY lyeayr.
i#]

Solve recurrence (1.11.45) exactly and compute EXZ.

Dependencies: L-1.11.02.
I.11.14.5 Exercise 1.11.5 — The annealed branch law
Prove from the cylinder formula, without quoting (I.11.53), that under Q:

1. the first label has law 6, = P(i € Ap)r;
2. conditional on the first n labels, the next label again has law (6,); and
3. the descendant limit at the selected generation-n vertex has the Xj-size-biased law.

Dependencies: L-1.11.02.

I.11.14.6 Exercise 1.11.6 — Random-recursive upper covers

Lett > s. Prove that

Z Z (diam S,(Kg))! < oo almost surely.

n>1uel,

Deduce Z'(Kr) = 0, explicitly checking that the mesh tends to zero.
Dependencies: T-1.11.03 and Tonelli.
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I.11.14.7 Exercise 1.11.7 — Live-cube thinning

For supercritical M-adic fractal percolation, let Z, be the number of retained generation-n
cubes and V;, the number with infinite descendants.

1. Prove the conditional law (1.11.82).
2. Starting from conditional Chebyshev, prove V,,/Z, — 1 — g on survival.
3. Explain why using Z, alone would not prove the lower box bound.

Dependencies: L-1.11.01 and C-1.11.04.

I.11.14.8 Exercise 1.11.8 — Annealed Lebesgue measure

For the unnormalized natural percolation measure Ar, prove

E)LT = gd|[0,1]d
first for the unnormalized symbolic measure on word cylinders, then by pushing forward
to all Euclidean Borel sets. Deduce that every M-adic boundary has zero Ap-mass almost
surely.
Dependencies: L-1.11.02 and the monotone-class/Riesz uniqueness facts in A-RA.

1.11.14.9 Exercise 1.11.9 — Cascade second moments

For the scalar cascade, derive (I1.11.110) from the first-level decomposition and solve it.
Show that

supEY2 <00 < EW?<b
n

under the standing hypothesis b > 2.
Dependencies: L-1.11.05.

1.11.14.10 Exercise 1.11.10 — Two size-biased laws

Under the Peyriére law, prove the formulas

QWy, € C) = EW1lgyecy).

and

Q(Yy, € C) = E(Y 1gyecy)-
Use them to reproduce both Borel-Cantelli bounds in (I.11.133).

Dependencies: L-1.11.05-L-1.11.06.
1.11.14.11 Exercise .11.11 — A digit-carry estimate

In one dimension, fix an integer A > 1 and 1 < ¢ < n. For a uniformly selected j €
{0, ..., M"™ — 1}, prove that the probability that adding some integer a with |a| < A changes a
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digit earlier than the final ¢ base-M digits is at most C4_ MM™Y, after excluding indices for
which j + a leaves the range. Extend the estimate to d coordinates and deduce (1.11.140).
Dependencies: elementary counting and Borel-Cantelli.

I.11.14.12 Exercise .11.12 — Neighboring cascade masses

Fill in the independence step in (I.11.144). In particular, prove that for distinct words u, v of
the same length, the terminal variable Y,, is independent of 1(Q,), even when u and v share
a long prefix. Then derive (1.11.145).

Dependencies: the tree-indexed independence in D-1.11.07 and L-1.11.05.

1.11.14.13 Exercise I.11.13 — Deletion cascade identity

For the deletion law (1.11.155), prove at every finite level that the cascade total mass, the
normalized Galton-Watson population, and the weighted branching sum are equal. Pass
to descendant limits and prove the measure identity in (1.11.157).

Dependencies: L-1.11.02, L-1.11.05, and C-1.11.08.

I.11.14.14 Exercise 1.11.14 — Quantifier audit for the two G results
Write the logical forms of (1.11.165) and (I.11.167). Explain why

VaP(E,) = 1

does not in general imply

P(Va E;) =1

when the parameter set is uncountable. Give a concrete probability-space example.
Dependencies: only D-1.11.01 and the exact G statements; no G conclusion is used as a
premise.



Chapter 1.12

Sceneries and the Unity of the
Subject

The last chapter returns to the operation of magnification. Tangent measures record limits
of rescaled measures, while scenery distributions record the statistics of many successive
views. Symbolic components provide a discrete counterpart. The aim is to make these
objects and their normalization precise and to relate the dimension certificates developed
earlier in the volume. The final outlook identifies further questions without using later-
volume results as proof premises.

The definitions below fix this chapter’s conventions. Geometric intuition and proof
strategy are discussed separately after the main development; exercises and their solutions
provide a second route through the material.

Definitions and notation

Previously accepted dimension, measure, symbolic, IFS, entropy, and dynamical-system
terminology retains its meaning. Every term particular to sceneries or CP magnification is

defined below.

Definition — 1.12.01: Measure topologies and push-forwards

Let . (R?) be the set of nonnegative Radon measures on RY. A sequence /i, converges
vaguely to y, written p, — u vaguely, if

depn — dey for every f € C,(R%).

If K is compact metric, (K) is the set of Borel probability measures on K. A sequence
v, converges weakly to v in 2(K) if

J fdv, — J fdv for every f € C(K).
K K

303
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For a Borel map F : X — Y and a measure y on X, the push-forward is F, u(A) =
u(F~1A). The Dirac probability at x is 5.

Definition — 1.12.02: Blow-ups and tangent measures

For x € R? and r > 0, define

y — X
Tx,r()’) = B

Let p € M (RY) and x € supp(u). A nonzero measure v € M (R?) is a tangent
measure of y at x if there are r;, | 0 and constants ¢, > 0 such that
cn(Tyy )upt — v vaguely.

The collection of all such measures is the tangent cone Tan(y, x). The normalizing
constants are part of the data; tangent measures are not required to be probabilities.

Definition — 1.12.03: Centered sceneries and tangent distributions

Fix the observation window B = [-1,1]¢ and put S;(y) = e'y. For u € M(RY),
x € supp(p), and ¢ > 0, the normalized centered scenery is

o _ ((St)*(Tx)*/l) |B

= € P(B), T, =y—x.
.ux,t ,u(x+e_tB) ( ) x(y) y X

Its scenery distribution up to time T > 0 is

1 T
(Wxr = T L 5,0 dt € P(P(B)).

A weak accumulation point of these distributions as T — oo is a tangent distribution
of u at x. If the distributions converge to P, then u generates P at x. The measure p
is a scaling measure if it generates some P, at py-almost every x; it is a uniformly
scaling measure if the same distribution P is generated at p-almost every x.

These terms do not assert that a tangent distribution is a fractal distribution; that is
part of Q-1.12.09 and its later proof owner.

Definition — 1.12.04: Empirical distributions in compact dynamics

Let X be compact metric. For a continuous map F : X — X, the length-N empirical
distribution of z is

1 N-1
AN(Z) = N Z 5F"Z'
n=0
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For a continuous flow (F;);cg on X, its time-T empirical distribution is

T

1
A7(z) = ? J:) 5th dt.

A probability P is F-invariant if F, P = P; it is flow-invariant if (F;), P = P for every
tER.

Definition — 1.12.05: Symbolic components and marked measures

Let A be a nonempty finite alphabet, = = AN, and o(wqw;...) = wyws.... Fori € A, let
[i] ={w : v =i}. Ifv € P(Z) and v([i]) > 0, its first-level conditional component

1S

v(iA)
vi(A) = —=, iA={in : ne A}
DR (i) T
For a word u = u;...u, with v([u]) > 0, define the component at u by
v(uA)
v,(A) = .
D=

For the empty word, set vy, = v.
The compact marked-measure ambient space is

YZ = 9(2) X .

A pair (v, 0) is admissible if w € supp(v). The admissible set need not be closed in
Ys: an atom marking o can lose all its mass in a weak limit. It is therefore not called a
compact state space.

Definition — 1.12.06: Symbolic magnification and adaptedness

Fix once and for all a reference probability 3 € P(X). The symbolic magnification

map is the Borel map

(Vo 00), V([o1]) >0,

M:Ys —Ys, M@, w) = g(& ow), v([wl]) =0.

The second line only makes M total. Let Q € P (Ys) and let Q be its first marginal.
The distribution Q is adapted if, for every F € C(P(2)xX),

[ 700y 0.0 = [ (| Py vy do

The conditional-probability interpretation is that, given the first coordinate v, the
second coordinate has law v; the displayed identity is the formal definition.
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An adapted, M-invariant probability on Yy, is called an invariant adapted symbolic
magnification distribution. This is the symbolic model used in 1.12, not a defini-
tion of every geometric CP-distribution in the literature. Adaptedness implies that
admissible pairs have full Q-measure. For v € (), its canonical adapted seed is

Q= J; 5(1/,0)) dv(w).

Definition — 1.12.07: Boundary-null normalized restriction

For A € /M (R?) satisfying A(B) > 0, define

A
Ng(X) = % € P(B).

The measure A is a continuity point for normalization on B if
A(B)>0 and A(oB) =0.

The boundary-null clause is essential: restriction to a closed window is not continuous
at a measure charging its boundary.

Definition — 1.12.08: Three dimension certificates

Let (S;)jep be a finite similarity IFS with ratios r; and attractor K, and let s solve
>, = 1. Put p; = r{ and let p be the corresponding self-similar probability.
The covering certificate is the level-n identity

> diam(S,K)" = diam(K)’ (Z r{> .

|u|=n i

The energy certificate below s is finiteness of the Riesz energy L(u) for every
0 < t < min{s, d}, obtained from an s-Frostman bound. The capstone’s SSC hypotheses
imply s < d, so its range is exactly 0 <t <'s.

The entropy certificate is the quotient

(p)
x(p)’

These are called certificates only after their hypotheses and conclusions are proved,;
they are not interchangeable slogans.

h(p)=-Y plogp.  x(p)=-), plogn
i i

Terminal roadmap terminology

Q-1.12.09 prints the full definitions of normalized full-space scaling, quasi-Palm probabilities,
fractal distributions and their restricted versions, geometric base-b CP-distributions in
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a disjoint unit-cube convention, and discrete/continuous centering. Those definitions
precede the roadmap’s use of the terms. None is an incoming premise for an .12 F proof,
and no later structure theorem is smuggled into a definition.
Every statement labelled F is proved below. Q-1.12.09 is a later-owner boundary, not a
theorem assertion. Intuition and historical commentary follow the main development.
The only allowed-book facts used without local proof are the following:

1. separability of C(K) for compact metric K: ARA-KB1, Corollary 2.59, printed p. 127 /
local PDF p. 149;

2. Urysohn’s lemma: ARA-KB1, Theorem 10.42, printed p. 474 / local PDF p. 495;

3. the Tietze extension theorem: ARA-KB1, Problems 18-20, printed p. 483 / local PDF
p. 504;

4. Riesz representation and regularity of the representing Borel measure: ARA-KB1,
Theorem 11.1 and the preceding definition, printed p. 490 / local PDF p. 511; and

5. the strong law for i.i.d. integrable random variables: ARA-KA1, Theorem 9.8, printed
pp- 394-398 / local PDF pp. 417-421.

All other non-incoming assertions used by an 1.12 F result are proved below.

I.12.1 Measure topologies and compact empirical dynamics

Continuous test functions in this chapter are real-valued. Testing their real and imaginary
parts gives the equivalent convention with complex-valued functions.

Let . (R?) denote the nonnegative Radon measures on R%. A sequence (1,,) converges
vaguely to A when

J Fdi, —> J Fdl (f € CRYY). (112.1)

For a compact metric space K, let 2(K) be its Borel probabilities. Weak convergence in
P(K) means

v — v = devn—>J fdv (f € C(K)). (L12.2)
K K

If F : X — Y isBorel and p is a measure on X, its push-forward is

F.u(A) = n(FLA). (1.12.3)

The probability concentrated at x is J.
Let T : K — K be continuous. The length-N empirical distribution of z € K is

N-1
1
Al(z) = ~ > S (112.4)
n=0
If (T;);cr is a continuous flow, meaning that (¢, z) — T,z is jointly continuous and

TO = ldK, TS+f = TS ° Tt’ (1125)

its time-R empirical distribution is
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R
1
AK(z) = = L Sr dt. (112.6)
A probability P is T-invariant when T,P = P, and is invariant under the flow when
(T;).P = P for every t € R.

Lemma — L-1.12.01 — Compactness and empirical invariance [F]

If K is compact metric, then 9(K) is compact and metrizable in the weak topology.
Every weak accumulation point of (1.12.4) is T-invariant. Every weak accumulation
point of (I.12.6), as R — oo, is invariant under the flow.

Proof: weak compactness and metrizability

By the first allowed-book item above, C(K), with the uniform norm, is separable. Choose a
sequence (f;)j>1 dense in its closed unit ball. Given (,) C P(K), each scalar sequence

(] 5 dvn)@ c[-1,1] (112.7)

has a convergent subsequence. Successive extraction and diagonalization produce (v, )
for which (1.12.7) converges for every j.

For f € C(K), put a = max{1, | f|e}. Given e > 0, choose one j with | f — afjl. < e.
Since every v, has mass one,

<[f = gleo (1.12.8)

- oan,

The scalar sequence | fj dvp, converges, so (1.12.8), first with k, ¢ large and then with
¢ 10, shows that [ f dvy, is Cauchy for every f € C(K). Define

L(f) = klim devnk. (L.12.9)

Then L is linear, L(f) > 0 for f > 0, and L(1) = 1. By the fourth allowed-book item
above, there is a unique v € 2(K) satisfying

L(f) = dev (f € C(K)). (I.12.10)

Thus every sequence in P(K) has a weakly convergent subsequence.
After replacing (f;) by a dense sequence in the unit ball that contains the constant
function, define

d(v.y) =Y 277! ijdv - J fjdn‘. (L12.11)
j=1

The series converges because every summand before its coefficient is at most 2. Sym-

metry and the triangle inequality hold term by term. If d,(v,n) = 0, the two measures

integrate every f; equally; density and (1.12.8) extend the equality to every f € C(K), and
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Riesz uniqueness gives v = 1. Thus (I.12.11) is a metric. If dy (v, v) — 0, density and (I.12.8)
imply weak convergence. The converse follows by splitting the series into a finite head and
a uniformly small tail. Hence (I.12.11) metrizes the weak topology. Sequential compactness
in this metric is compactness.

Proof: discrete empirical invariance

For f € C(K),

N-1
| rarafen- [ raak@ = % ¥ (ramia - fama)
n=0
_ f(@N2) - f(2)
= —N .

The absolute value is at most 2| f|./N. If Aifk(z) — P weakly, continuity of f o T and
(1.12.12) give

(L12.12)

J fd(T,P) = J fdP (f € C(K)). (L12.13)

Therefore T, P = P.

Proof: continuous-flow empirical invariance

Fix s > 0. The flow identity and a change of variable give

j (1), AL=)) — J FdAlz)

1

== ( JRRH f(T,2) du — J s f(T,2) du

(L12.14)
: | )

Its absolute value is at most 2s| f]./R. Passing along any weakly convergent subse-
quence yields (T), P = P. Since this holds for every s > 0, and T_; is the inverse of Ty, it
holds for every real s. This proves the lemma. [

I.12.2 Tangent measures and the tangent cone

For x € R and r > 0, put

y—x
T (y) = — (1.12.15)

Let u € MR and x € supp p. A nonzerov € MR is a tangent measure of y at x
if
cn(Txy )upt — v vaguely (1.12.16)

for some r,, | 0 and ¢, > 0. The set of tangent measures is Tan(y, x). The constants ¢,
are not prescribed; in particular, tangent measures need not be probabilities.
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Fora > 0, let

Dy(y) = ay. (L12.17)

Lemma — L-1.12.02 — Algebra of tangent measures [F]

For every c,a > 0,

ve Tan(p,x) = c¢(D,).v € Tan(y, x). (L.12.18)

If v; € Tan(y, x), v; — v vaguely, and v # 0, then v € Tan(y, x).

Proof: the cone and dilation identities
Multiplying every normalizing constant in (1.12.16) by ¢ proves closure under positive
scalar multiplication. Moreover,
Tear = Dy o Tep (L12.19)

Push-forward commutes with vague limits under the homeomorphism D,. Thus (I.12.16)
and (1.12.19), with scales ar, | 0, prove dilation closure.
Proof: the diagonal closed-limit assertion
Choose a countable family (¢g)¢>1 C C.(R?) with the following properties:

1. for every m, it contains a uniformly dense subset of the continuous functions sup-
ported in B(0,m + 1); and
2. for every integer m > 1, the family contains a function ¥, > 0 satisfying

m = 1 on B(0, m), supp ¥, C B(0,m + 1). (1.12.20)
Such a family is obtained from separability of the continuous functions on the compact
balls and a countable collection of cutoffs.
For each j, tangent-measure convergence supplies a blow-up
2 = ¢(Tp s 0<r<min{j tr_i/2}, r=1, (1.12.21)

so far enough along its defining sequence that

Since v; — v vaguely, (1.12.22) implies
J¢g dij — Jq)@ dv (€ >1). (I.12.23)

In particular, (1.12.20) and (I.12.23) give, for every fixed m,
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sup A;(B(0,m)) < sup me dAj < oo, (1.12.24)
j=j(m) j=j(m)

Let f € C,(R?), supported in B(0,m + 1). Approximate f uniformly on R? by members
of the declared family supported in that same ball. The local mass bound (I.12.24) controls
the approximation error uniformly in large j. Together with (I.12.23), this proves

J fdi — J fdv. (L12.25)

Thus A; — v vaguely. The scales in (1.12.21) tend to zero, and v # 0, so (L12.21) is a
tangent sequence for v. [

1.12.3 Normalized sceneries and their accumulation distribu-
tions

Fix

B=[-1,1]%, Si(y) = ey, T,(y)=y—x. (I.12.26)

For y € M(R%), x € supp i, and t > 0, define the normalized centered scenery

o _ ((St)*(Tx)*,u) |B

= € P(B). 1.12.27
:ux,t ‘u(x+e_tB) ( ) ( )

The denominator is finite because x + ™' B is compact. It is positive because this cube
is a neighborhood of the support point x.
For R > 0, the scenery distribution up to time R is

1 R
ek = 7 L 8, dt € P(P(B)). (1.12.28)

A weak accumulation point of (I.12.28), as R — oo, is a tangent distribution of y at x.
If (u)x r — P, then 1 generates P at x. It is a scaling measure if it generates some P, at
p-almost every x, and a uniformly scaling measure if one common P is generated at
p-almost every x.

These definitions make no invariance or spatial resampling assertion; the precise later
terminology is defined in the terminal discussion.

Lemma — L-1.12.03 — Existence of scenery accumulation distributions [F]

The map

[0,00) — P(B),  t+ g, (1.12.29)

is Borel. The family {(y), g : R > 1} has nonempty compact closure in (% (B)).
Hence every support point has at least one tangent distribution.
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Proof

For g € C(B), let § : RY - R equal g on B and zero off B. This extension is bounded and
Borel, though it need not be continuous on dB. Equation (I.12.27) gives

J,, deo =i

JB gdixy = :
J,, 166 =) dutr)

The two integrands are Borel functions of (¢, y). On every bounded t-interval they
vanish outside a fixed compact set in the y variable and are bounded. Approximation by
nonnegative simple functions, followed by monotone convergence, proves measurability
for the denominator and separately for the positive and negative parts of the numerator.
Thus both integrals in (I.12.30) are Borel functions of t. The denominator is positive, so the
quotient is Borel.

Choose a countable dense family in C(B). The weak Borel structure on 9(B) is generated
by the corresponding integration maps, by the metric (I1.12.11). Equation (I.12.30) therefore
proves (1.12.29) is Borel, so (1.12.28) is well defined.

The set B is compact. Lemma L-1.12.01 applied first to B and then to the compact metric
space S (B) gives

(1.12.30)

P (B) compact metric, P(P(B)) compact metric. (L.12.31)

Thus every sequence R; — co has a subsequence on which (.12.28) converges. []

I.12.3.1 Why compactness alone does not prove scenery invariance
For A € ./ (R?) with A(B) > 0, put

AlB
W) = AB) (L12.32)
Although unnormalized dilation is continuous in the vague topology, A — #g(1) can
be discontinuous when A(dB) > 0. Therefore the endpoint identity for empirical measures
cannot be passed to arbitrary scenery limits without additional work. This obstruction is
recorded in HOC13-FD, local PDF p. 3 and the discussion on local PDF p. 6. No result from

that source is used here.

Lemma — L-1.12.04 — Boundary-null tangent/scenery bridge [F]

Suppose r,, | 0, ¢, > 0, and

Ao = u(Tyy )upt —> v vaguely, (L.12.33)

where

v(B)>0,  v(B)=0. (1.12.34)

Discard the finitely many scales with r, > 1, so t, = —logr, > 0. Then
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:”Etn — Np(v) weakly in P(B). (L.12.35)

Proof

For § > 0, let

Cs ={y : dist(y,9B) < 6}. (L.12.36a)

For 0 < § < 1, the compact sets Cs decrease to dBas § | 0; v(C;) < oo because v is Radon.
By (1.12.34) and continuity from above,

W(Cs) —> 0. (L.12.36b)

We use the following direct compact-set consequence of vague convergence. If C is
compact, outer regularity and Urysohn’s lemma give, for every ¢ > 0, a function 0 < ¢ €
CC(]Rd) with ¢ = 1 on C and [ ¢dv < v(C) + ¢. Therefore

lim sup 4,(C) < lim J. pdr, = J. dpdv <v(C) +e. (L.12.36¢)
n—oo

n—»oo

Letting ¢ | 0 proves the compact-set upper bound.
Choose ys € C.(R?) such that
0< ys <1, xs =1on B\ GCs. (L.12.36d)
Vague convergence applies to ys, while (I.12.36¢) controls the error inside Cs. Letting
first n — oo and then § | 0 using (I1.12.36b) gives
An(B) — v(B). (I.12.36)

Let g € C(B). By the Tietze extension theorem and multiplication by a compactly
supported cutoff equal to one near B, choose § € C.(R?) with gz = g. The same cutoff
calculation gives

| ngdAn - f ixsdh

The analogous bound holds for v. Vague convergence applies to gys. Therefore
(I.12.36b)—(1.12.36c), followed by J | 0, yield

< [&looAn(Cs), (L12.37a)

J gdA, = ngB dA, — ngB dv = J gdv. (L12.37)
B B

For all n, support of x gives

A(B) = ¢up(x +r,B) > 0. (I.12.38)

Divide (I.12.37) by (1.12.36). Since scalar normalization cancels,
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(T )« 1)IB
R e (1.12.39)
u(x + r,B) n

Equations (1.12.36)—(1.12.39) prove (1.12.35). J

'/VB(An) =

I.124 Symbolic components and controlled magnification

Let A be a nonempty finite alphabet and put

3 = AN, o(w w3 ...) = W3 ... . (1.12.40)

For a finite word u = uy -+ 4, its cylinder is

[u] ={w € : vy =uy,...,w, = Uy} (L.12.41)

Endow X with its product topology. Every cylinder is both open and closed. If v € P (X)
and v([u]) > 0, the conditional component at u is

v(uA)
v([ul)’
For the empty word, set v = v; this fixes the generation-zero convention in the

component averages below.
Equivalently,

v (A) = uA ={un : n € A} (L.12.42)

= (o™ el 112.43
vy, = (0™). D) (L12.43)

The compact marked-measure ambient space is

Y5 = P(5)x 3. (1.12.44)

A pair (v, w) is admissible when w € suppv. If #A > 2, admissible pairs do not form a
closed set: choose w # n; then

v, =(1- 11_1)5,7 +n71§,, (Vs @) — (8, ), (I.12.45)

and the limiting pair is not admissible. For a one-symbol alphabet the whole marked
space is a single admissible point. This is why compactness is asserted for (I.12.44), not for
the support-pair subset.

Fix a reference 9 € 9 (2). Define the symbolic magnification map M : Yy — Y5 by

(le’ O-a))’ V([wl]) > 0>
M@y, w) = (I.12.46)
(8,00),  v(w]) =0.

The second line only makes M total. Its probabilistic irrelevance is proved after the
required class of marked laws is defined in Lemma 5.1.
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Lemma — L-1.12.05 — Controlled symbolic magnification [F]

The space Y5 is compact metric. The map M is Borel and is continuous at every (v, w)
for which v([w;]) > 0. Hence

Disc(M) C Z :={(v,w) : v([w;]) = 0}. (1.12.47)

For every admissible pair and n > 1,

M"(v,w) = (le,p o"w). (1.12.48)

Proof

The countable product of the finite discrete alphabet is metrized by

0, w=n,

dya2(w,m) = ponl (1.12.44a)

® # 1,

where |w A 7| is the length of the longest common prefix. Given any sequence in 3,
successively choose subsequences on which the first, second, and later coordinates are
constant; the diagonal subsequence converges in (I.12.44a). Thus ¥ is sequentially compact
and therefore compact metric. Lemma L-1.12.01 makes 9(X) compact metric, and the
product of two compact metric spaces makes (1.12.44) compact metric.

For i € A, the map

v — w([i]) (1.12.49)

is continuous because [i] is clopen. If f € C(Z) and v([i]) > 0, then

.
Jf dv; = i) J[ ; f(on) dv(n). (1.12.50)

The numerator is continuous in v, because 1;1(f °o) € C(3); the denominator is positive
and continuous. Thus v - v; is weakly continuous on {v : v([i]) > 0}.

Suppose (v, o)) - (v, ). Then a)gk) = ; for all large k. Equations (1.12.49)—(1.12.50)
prove continuity of M at every positive-cell pair. They also make each branch of (1.12.46)
Borel, proving Borel measurability and (1.12.47).

If (v, ) is admissible, every cylinder [w],] has positive v-mass. The component identity

vy = vy  whenever v([uv]) > 0 (I.12.51)

follows immediately from (1.12.42). Induction using (I.12.51) proves (1.12.48). [J

I.12.5 Adapted distributions and invariant symbolic limits

Let Q € P(Ys), and let Q be its first marginal. We define Q to be adapted when, for every
F e C(Ys),
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J F(v, ) dO(v, ) = Lv@ (L F(v, 1) dv(ry)) d00). (112.52)

Thus, conditioned on the measure coordinate v, the marked point has law v. Formula
(L.12.52), rather than this verbal interpretation, is the formal definition.
For v € (), its canonical adapted seed is

Q= J 8v.w) AV(@). (1.12.53)
)

An adapted probability Q satisfying M,Q = Q is an invariant adapted symbolic
magnification distribution.

Lemma — 5.1 — Adapted laws avoid small and zero cells

If Q is adapted and m = #A, then, for every a > 0,
Q{(v,w) : v(Jw1]) < a} < ma. (L.12.54)
In particular,
0(z) =0, O{(v,w) : w € suppv}=1. (L.12.55)
Proof
For fixed v,
o : v([w]) < a} = Z v([i]) € ma. (I.12.56)
ieEA
v([iD<a

The identity (1.12.52) says that Q equals the probability obtained by first sampling v with
law Q and then sampling o with law v. For cylinders, v — v([u]) is continuous. The class
of sets whose evaluation map is Borel contains the cylinder algebra and is closed under
increasing unions and decreasing intersections; the monotone-class theorem therefore
gives every Borel set of ¥. Formally, measurability of the resulting kernel integral holds first
for Borel rectangles and then for all Borel subsets of Yy by a monotone-class argument. It
therefore defines a Borel probability on Ys. Equality on all continuous functions in (I.12.52)
and Riesz uniqueness make it equal to Q. Therefore (1.12.56) integrates to (1.12.54). Letting
al 0givesQ(Z) =0.

To see the support assertion without another import, fix a countable base (U;) of %. The
complement of supp v is the union of those U; for which v(U;) = 0, and hence has v-mass
zero. Sampling o from v and integrating this assertion over Q proves the second part of
(L.12.55). O
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Lemma — 5.2 — Components preserve adaptedness

Forn >0,

MIQ, = > w([uDQ,. (L12.57)
V(Ts][)\>0

Consequently, M}Q, is adapted.

Proof

Under Q,, the point w has law v. On the event |, = u, which has probability v([u]), the tail
o"w has law v, and (I.12.48) makes the measure coordinate equal to v,. This proves (1.12.57).
Each Q, satisfies (1.12.52) directly, and convex combinations preserve that identity. []

Lemma — 5.3 — Adaptedness is weakly closed

If O —» Q weakly in P(Yyx) and every Qy is adapted, then Q is adapted.

Proof
For F € C(Yy), define

k) = || FOun) vt (L1258)
If v — v, uniform continuity of F on the compact product gives
sup |F(v,n) — F(v,n)| — 0. (L.12.59)
nex

Hence

[Jr(ie) = JF()I < sup [F(vie, ) = F(v, )|
n

|| POt - | Fom avtp| — o R

Thus Jr is continuous. The first marginals satisfy QO — Q, because coordinate projection
is continuous. Passing to the limit in (I.12.52), using (1.12.58)-(1.12.60), proves (1.12.52) for

0.0

Theorem — T-1.12.06 — Invariant adapted symbolic limits [F]

Forv e P(3), put

N-1
Ay () = % Y MIQ, (L12.61)
n=0

The family (#/5(v)) has weak accumulation points, and every one is an invariant
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adapted symbolic magnification distribution.

Proof: compactness and adaptedness
Every term of (I1.12.61) is adapted by Lemma 5.2, hence so is every Cesaro average. Since
Ys is compact metric, L-1.12.01 gives compactness of Z(Yx). Choose
AN () — Q. (L.12.62)
Lemma 5.3 makes Q adapted.

Proof: passing the discontinuous magnification to the limit

Let

q0, ) = 0([e1 . (1.12.63)

This function is continuous: on each clopen set P(X) x [i] it equals the continuous
function 6 — 6([i]).
Fix f € C(Yy) and 0 < a < 1/2. Choose continuous y, : [0,1] — [0, 1] satisfying

Ya(s)=0(0<s<a), Xa(s)=1(2a<s<1). (I.12.64)
Define
(6,0 = |TAONFOE.0), 40.0) >0 L1269
“r 0, q(6,0) = 0. o

On {g > 0}, L-1.12.05 makes M continuous. On {g < a}, (1.12.65) is identically zero.
Hence h, € C(Ys,). For every adapted probability R, Lemma 5.1 gives

U foMdR— J h, dR‘ < | floR{g < 2a} < 2mal f|co- (1.12.66)

Apply (L.12.66) to R = &y (v) and to the adapted limit R = Q. Weak convergence and
continuity of h, give

lim sup
k—o0

Leta | 0. Thus

J foMdsly (v) - J fonQ’ < 4mal fllo. (112.67)

M, AN (v) — M.Q weakly. (I.12.68)
Finally, endpoint cancellation holds as an identity of signed measures:
MYQ, - O,
N .

Testing (1.12.69) against f bounds its right side by 2| f|./N. Pass along (1.12.62) using
(L.12.68). Then

M*.QYN(V) - .Q{N(V) = (11269)
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| raoeo= [ rao  (recam L1270)
soM,0=0.01
I.12.6 The Bernoulli fixed point
Let p = (p)ien satisfy
P >0, Z pi=1 (112.71)

iEA
The Bernoulli probability f, is determined by

n
Bp([uy -+ u,]) = H Pu,- (1.12.72)
]:
For0 < p<1,let
0, w=n,

dy(w,n) = o (1.12.73)

W #F1,

where |w A 5] is the length of their longest common prefix. This is the symbolic
ultrametric with scale p.

Corollary — C-1.12.07 — Bernoulli fixed point and dimension [F]

The probability

Qp, =, ® By (112.74)

is adapted and M-invariant. In fact,

an(Bp) =Qp,  (N21). (1.12.75)
The measure ﬂp is exact dimensional in (2, dp), with
. h(p)
dimgyg ﬁp =T h(p) =— Z pilog p;. (L.12.76)
[log &

If X codes a common-ratio p similarity IFS satisfying SSC, then its geometric projection
. fp is exact dimensional with the same dimension.

Proof: stationarity

Fori € A and every word u,

Bl
Bl = -y = o (L12.77)
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Cylinders determine Borel probabilities, so (,); = B,. Under Qﬁp, the point has law f,,
its tail also has law f3,,, and the measure coordinate stays equal to f§,. Hence (1.12.74) is
adapted and

M*Qﬂp = Qﬂp (L.12.78)
Equation (1.12.75) follows.

Proof: symbolic exact dimension

For f,-almost every w, the fifth allowed-book item applied to the i.i.d. variables log P,
gives

n
1 1
—log By(lln]) = — 3" log po, — Y prlog pi = ~h(p). (L12.79)
j=1 i

Ultrametric balls at radii between p™*! and p" are one of the two adjacent prefix cylinders;
the one-index ambiguity disappears after division by n. Therefore

1 8P By () —n(p) _ h(p)

m = =

rlw logr logp |logpl
at fp-almost every w. This is exact dimensionality.

Under SSC and common ratio p, the coding map is bi-Lipschitz between (2, d,,) and the
attractor: the upper estimate follows by diameter scaling, and the lower estimate follows
by scaling the positive first-level separation at the longest common prefix. Bi-Lipschitz
maps preserve the two local-dimension limits, proving the geometric assertion. [

(1.12.80)

I.12.7 Capstone: three dimension certificates

For a one-map IFS the attractor is its fixed point, s = 0, and the canonical probability is a
point mass. Its set and measure dimensions are zero, the entropy is zero, and there is no
energy parameter 0 < < s. The covering and entropy conclusions are immediate in that
case. We now give the nontrivial proof for at least two maps.

Let (S;)iep be a finite similarity IFS on R with #A > 2, ratios 0 < r; < 1, attractor K,
and SSC:

SKINSK) =0 (i#)). (L12.81)
There is a unique s > 0 such that
Yr=1 (1.12.82)
iEA
Put p; = r’, and let u be the self-similar probability
p= Y piSup. (1.12.83)

STV
For u = uq - u,, write
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n
u = Hruj’ Ky =Su(K),  p(Ky) = py=ra. (1.12.84)
j=1

The last equality uses SSC, which makes the coding injective.

Theorem — T-1.12.08 — Covering, energy, and entropy routes agree [F]

For the system above, 0 < s < d and
dimg K =s, u is exact dimensional with dimension s,
(1.12.85)
L(p) < o0 (0<t<s).
Here
L(p) = J x — y[™ du(x)dp(y) (1.12.86)
is the t-Riesz energy defined in 1.3.
Proof: the covering certificate
The level-n cylinder sets cover K, and
n
> diam(K,)" = diam(K)' (Z r{> . (1.12.87)
lul=n i

Ift > s, strict monotonicity of t = Y, rf and (1.12.82) give Y ; 7/ < 1. The right side of
(I.12.87) tends to zero, while the largest cylinder diameter tends to zero. Hence

H(EK)=0 (t>53), dimpp K <s. (1.12.88)

Proof: the Frostman and energy certificate

Let rpin = min; r;. For 0 < r < min{1, diam K3}, define the stopping antichain

W()={u:r,<r<n-}, (1.12.89)
where only nonempty words are used, u~ is obtained by deleting the final symbol, and

ry = 1. Then

Tmin” <Ty <7 (ue wr)). (I.12.90)

Let
A = min dist(5K, SJ-K) > 0. (L12.91)
i#]

If u,v € W (r) are distinct, let w be their longest common prefix. Scaling (I.12.91) inside
Sw gives
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dist(K,,, K)) > ryA > ryginrA. (L.12.92)

Choose one point from each stopping cylinder that meets a fixed Euclidean ball B(x, r).
These points lie in B(x, r + diam K r) and are separated by r,;, Ar. Comparing the disjoint
balls of radius ry,;,Ar/3 around them with one containing Euclidean ball shows that their
number is at most a constant

NO = No(d> K: rmin: A) < OO’ (1.1293)
independent of x and r. From (1.12.84) and (1.12.90),

p(Bx,r) < > p(Ky) < Nor'. (1.12.94)
ueW (r)
K,NB(x,r)+®

After increasing the constant, (1.12.94) holds for every r > 0. Thus y is an s-Frostman
probability. The mass-distribution theorem proved in 1.3 gives

dimg K > s. (1.12.95)

Together with (1.12.88), this proves dimy K = s. Since K C R¢, its Hausdorff dimension
is at most d, so s < d. In particular every 0 < ¢t < s lies in the defining range 0 <t < d of
the Riesz energies in 1.3.

For 0 <t < s, the layer-cake identity gives, for every x,

[o9)

j e — y| ™ du(y) = tL 1 u(BCx, ) dr

1 )

<tN, J Tl dr 4 tJ r il gr (1.12.96)
0 1

tN,
= — +1< oo,
s—t

Here the Frostman constant has already been enlarged to apply at every radius, and
the bound for r > 1 uses only (R?) = 1; no rescaling is needed. Integrating in x proves

L(p) < oo

Proof: the entropy certificate

The Shannon entropy and Lyapunov exponent are
hp)== plogp,  x(p) =~} pilogn. (1.12.97)
i i
Since p; =17,
h(p) == rilog(r) = —s . rflogr; = sx(p). (1.12.98)
i i

Thus
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h
hp) _ (1.12.99)
x(p)
For completeness, the local quotient is already exact on every cylinder:
log u(K, ) logry
= =5 (1.12.100)

log Tol, B log Tol,

For the reverse ball estimate, fix x = m(w), take 0 < r < diam K, and choose the first n
for which

diam(K)r, <r. (L12.100a)

The strict inequality ensures K| C B(x,r) even for the open-ball convention. Minimal-
ity and the final-symbol ratio give

o, > dl;%‘é() (1.12.100b)
Consequently,
_ s
H(B(x, 1) > u(Ky| ) = r:)|n > (ﬁ%) r. (1.12.100c)
Together, (1.12.94) and (I.12.100c) convert (1.12.100) into
lim M =s for p-almost every x. (L12.101)

rlo logr

This is exact dimensionality, and (1.12.98)—(1.12.101) identify its value with the en-
tropy/Lyapunov quotient. All three certificates therefore return the same exponent s.

O

[.12.8 Terminal boundary: what compactness does not supply
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Research boundary — Q-1.12.09 — Full fractal-distribution and CP-centering

theory [Q]

Here are the definitions needed to read the roadmap; none supplies the deeper theorem.
Retain B = [—1, 1]d, and set

M ={Ae MR : A(B)=1, 0€suppA},  A* =A/AB) (0< A(B) < ).

For A € M define S/ A = (($;).A)", t € R. For x € supp A, define Ty A = ((Ty,).A)*. A
probability P on . *, with the Borel structure inherited from vague convergence, is
scale-invariant if (5;"), P = P for every ¢t € R. It is quasi-Palm if, for every bounded
open neighborhood U of zero, the measure

Pu(P)(A) = ”U 1A(T2 1) dAGx) dP(2)

has exactly the same null Borel sets as P: 9y (P)(A) = 0 if and only if P(A) = 0.
The inner integration can be restricted to support points; its complement has zero A-
mass. No normalization of A|; is inserted in this definition, and the averaged measure
can have infinite total mass. A fractal distribution is a scale-invariant quasi-Palm
probability. Its restricted version is (/p),P on P(B). These are the normalized
full-space and restricted conventions of Hochman, Definitions 1.1-1.2.

To define the geometric counterpart of symbolic magnification, use the unit cube
D =[0,1]? and an integer b > 2. Partition D into the b cells G = H;lzl[ij/b, (ij+1)/b),
ij € {0,...,b—1}, closing only faces on the outer boundary of D. Let C(x) be the unique
cell containing x, and put L¢,(y) = by —i. For v(C(x)) > 0, define

lex
MbD(V’ x) = ((LC(x))*%sLC(x)x) :

For a zero-mass selected cell use an arbitrary fixed probability as the first coordinate;
this makes the map total. A probability Q on (D) x D is adapted when

j F(v,x)dQ = j j F(v,y)dv(y)d0() (F € C((D) x D)).

It is a restricted geometric base-b CP-distribution if it is adapted and invariant
under MbD . The initials CP mean conditional probability. Its associated stationary
magnification process is obtained by sampling (v, x) with law Q and iterating MbD ;
this is the CP-chain viewpoint. The unit-cube convention is affinely related to the
centered-window convention in Hochman’s Definitions 1.10-1.12. The later proof
must check the boundary conventions when translating between them; the elementary
symbolic theorem does not perform that translation.

Finally, for a law O on full-space measure/point pairs (1, x) with x € supp A, its
discrete centering and its continuous centering at base b are

N - N logb -
centy O = (4, x) = T 1).0, cent, Q = @ L (SF). centy Qdt.
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These formulas define operations, not their conclusions. Constructing a compatible
full-space extension of a geometric CP-distribution and proving that its continuous
centering is a fractal distribution are later tasks.

.12 makes no theorem claim that an arbitrary tangent distribution is scale-invariant
or quasi-Palm. It also makes no theorem claim that every geometric CP-distribution
centers to a fractal distribution, or conversely. The later full-proof owner IV.2 must
establish all of the following from its own full proofs:

(1) the quasi-Palm property and its compatibility with scale invariance;

(2) the theorem that, at y-almost every base point, every scenery accumulation
distribution is a restricted fractal distribution;

(3) geometric base-b CP-distributions with their cell-boundary discontinuities; and
(4) continuous and discrete centering, generation, and ergodic decomposition.

The scope locators are Hochman [Hoc13, Definitions 1.1-1.5, pp. 4-5, Definition 1.10
and Theorem 1.7, p. 6, Definitions 1.11-1.13 and Theorems 1.14-1.15, p. 7, and Theo-
rems 5.1-5.2, p. 33]. Furstenberg’s definitions supply historical CP-chain concordance
[Fur08, Definitions 1.2-1.5 and 5.1-5.2, pp. 407 and 419-420]. None of these source
results is asserted or used in an 1.12 F proof.

I.12.9 How the proofs fit together

The proved dependency order is

L-1.12.01 — L-1.12.03,
L-1.12.02 — L-1.12.04,
L-1.12.01 — L-1.12.05 — T-1.12.06 — C-1.12.07,
D/R-1.1-1.4,D/R-1.7-1.8 — T-1.12.08.

(1.12.102)

L-1.12.03 uses L-1.12.01 only for two nested compact-probability spaces. L-1.12.04 uses
the tangent definition and a locally displayed continuity-set argument. T-1.12.06 does
not assume global continuity of M; equations (I.12.54) and (I.12.63)—(1.12.68) discharge the
exact discontinuity. The full fractal-distribution roadmap is not used in any of the chapter’s
proofs.

[.12.10 Intuition and strategy

The following discussion explains the geometric ideas behind the proofs.

I.12.10.1 A tangent measure and a tangent distribution answer different
questions

A tangent measure freezes one selected sequence of spatial scales. One chooses radii,
renormalizes mass, and asks for a single limiting measure on all of Euclidean space. The
freedom in the mass constants is why tangent measures form a cone.
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A tangent distribution instead averages the entire zooming orbit over a long time
interval and then takes a limit in a space whose points are themselves probability measures.
It records how often different local pictures occur. A measure can therefore have many
tangent measures while generating one tangent distribution, or can fail to generate a unique
distribution at all.

1.12.10.2 Why the observation window causes trouble

To keep every scenery in one compact state space, the view is cut down to a fixed cube and
normalized to mass one. A small movement of mass across the boundary of that cube can
then produce a jump in the normalized view. The problem is not dilation itself; dilation is
continuous before restriction. The discontinuity is created by the hard window.

This is why the proofs do not turn “Cesaro averages are nearly invariant” directly into
“every scenery limit is invariant” That tempting argument is valid only when the dynamics
is continuous at almost every state seen by the limiting law. The boundary-null bridge
isolates one elementary case in which normalized restriction is continuous.

1.12.10.3 The marked point is the conditional-probability coordinate

In symbolic magnification, a state contains a measure and a point sampled from that
measure. The first digit of the point selects a cylinder; the measure is conditioned on that
cylinder and the selected digit is deleted. The word “adapted” means that the point remains
distributed according to the measure displayed next to it.

This coupling is stronger than keeping an arbitrary measure and arbitrary point in the
same pair. It supplies the estimate that makes the elementary theory work: the probability
of selecting a cell whose mass is below a is at most the number of first-level cells times a.

1.12.10.4 Why support pairs were not declared compact

It is easy to mark a point with an atom of mass 1/n. The point belongs to the support
at every finite stage, but the atom disappears in the limit. A compactness argument that
treats support pairs as a closed state space is therefore incorrect.

The repaired construction keeps the full product of measures and points as the compact
ambient space. Magnification is discontinuous on zero-mass selected cells, but adapted
laws never choose such a cell. Better still, they choose very small cells with uniformly small
probability. That quantitative fact is what permits the endpoint-cancellation argument to
survive weak limits.

1.12.10.5 Bernoulli measures are stationary under symbolic zooming

For a Bernoulli measure, conditioning on the first digit and deleting it returns the original
measure. The scenery of the measure coordinate is therefore completely stationary. The
point coordinate still moves by the shift, but its law is shift invariant.

The same product formula that gives stationarity also gives dimension. A typical
length-n cylinder has logarithmic mass approximately —nh(p), while its logarithmic di-
ameter is nlog p. Their quotient is the entropy divided by the geometric contraction
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rate.

I.12.10.6 Three certificates, one exponent
The capstone deliberately separates three kinds of evidence.

+ Coverings see how the total t-cost of all level cylinders changes with depth. This is
naturally an upper-bound mechanism.

« A Frostman estimate controls how much mass can enter a small ball. It gives a lower
dimension bound and, after integrating over scales, finite Riesz energy below the
critical exponent.

+ Entropy records the typical exponential loss of mass, while the Lyapunov exponent
records the typical exponential loss of diameter. Their quotient is a local dimension.

For the canonical separated self-similar measure, the choice p; = r; makes the entropy
identity exact rather than asymptotic. The three methods agree because they are measuring
the same multiplicative tree from three different directions: all cylinders, mass in balls, and
a typical branch.

1.12.10.7 What the later CP/fractal-distribution theory adds

The elementary chapter produces compactness and adapted invariant limits in a symbolic
model. The later theory has to prove substantially more. It must control geometric cell
boundaries, convert discrete magnification to continuous centering, and impose a spatial
Palm-type condition that says the view remains statistically consistent after moving to a
typical nearby point.

The closing formal section defines quasi-Palm distributions, geometric CP-distributions
and centering. The assertions just described are structural theorems, not consequences
of those definitions. They are postponed to IV.2 because using them here would hide the
hardest part of the scenery theory inside the word “invariant.”

1.12.10.8 The role of 1.12 in the series

Earlier chapters introduced dimension through covers, measures, energies, symbolic cod-
ing, and pressure. 1.12 supplies the dynamical act of zooming. Later volumes can then
ask whether entropy grows under convolution, whether projections preserve dimension,
whether nonlinear maps change a scenery distribution, and whether Fourier decay can be
read from multiscale structure.

The chapter is therefore a junction, not a survey endpoint. Its proved exports are
intentionally elementary enough to be reliable premises; the deep bridge theorems remain
attached to their later full-proof owners.

1.12.11 Exercises

Every exercise uses only accepted incoming nodes or definitions/results proved in the .12
formal notes. No exercise is a premise for a theorem.
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1.12.11.1 E-1.12.01 — A concrete weak metric

Let K be compact metric and let (f;) be dense in the closed unit ball of C(K). Prove directly
that

d(p,v) = Z 271

=1

J fidp— J fjdv
is a metric on Y (K) and induces weak convergence.

I.12.11.2 E-1.12.02 — A periodic empirical distribution
Let T : K — K be continuous and suppose Tz = z. Compute the weak limit of AJT\,(Z) and
verify its invariance without invoking L-1.12.01.
I.12.11.3 E-1.12.03 — Flow averages over shifted intervals
For a continuous flow (7;) on compact K, define
a+R

Ara(z) = % J Sr.. dt.

a

Show that if ag/R — 0, then A, (2) — A};(z) tends weakly to zero as R — oo.

1.12.11.4 E-1.12.04 — Tangents of Lebesgue measure

Let #9 be Lebesgue measure on R?. Determine Tan(Z¥¢, x) for every x.

I.12.11.5 E-1.12.05 — Existence under Ahlfors regularity

Suppose p is s-Ahlfors regular on its support, s > 0, and x € supp(p). Show directly that
Tan(y, x) is nonempty. Use the normalization

_ (Tx,r)*:u

o p(B(x, 1))

1.12.11.6 E-1.12.06 — Why the boundary-null clause is necessary
InR,let B=[-1,1] and

An =00 + 8141/n-
Find the vague limit of A,, compute every normalized restriction Ng(4,), and compute
the normalized restriction of the limit.
1.12.11.7 E-1.12.07 — The scenery of Lebesgue measure

For i = #% on RY, compute ,uEt and < p1 >, g for every x,t, R. Identify the unique tangent
distribution.
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[.12.11.8 E-1.12.08 — Support pairs are not closed

Let w # nin ¥ and

v, =(1- n_l)5,7 +n715,.
Verify that every (v,, ) is admissible but its limit is not. Explain exactly which attempted
compactness proof this invalidates.
[.L12.11.9 E-1.12.09 — Composition of components

If u, v are finite words and v([uv]) > 0, prove

(Vu)v = Vuy-

Deduce the iterate formula (1.12.48).

1.12.11.10 E-I1.12.10 — The exact small-cell identity
Let Q be adapted and let ¢(v, w) = v([w;]). Prove
Qu<d=| ¥ oo,
P

ieA
v([i])<a

and recover the bound Qfq < a} < #Aa.

.12.11.11 E-1.12.11 — Closedness of adaptedness

Give a self-contained proof that

k) = | PG )
is continuous for F € C(Z(2)xX). Use it to prove that the set of adapted probabilities is
weakly closed and hence compact.
[.12.11.12 E-1.12.12 — Bernoulli scenery and entropy
For a Bernoulli probability f,, prove directly that every component (), equals f8,. Then
prove its symbolic exact-dimensionality formula in the metric d,,.
1.12.11.13 E-1.12.13 — A boundary-null tangent computation

Let u be a nonnegative Radon measure, x € supp(u), ¢, > 0, and r, | 0. Assume

Cn(Tx,r,, )ult — & d

vaguely for some ¢ > 0. Compute the corresponding limit of the normalized sceneries
att, = —logn,.
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1.12.11.14 E-1.12.14 — The canonical Moran energy threshold

In the SSC capstone, prove from the Frostman bound that L(u) < oo for 0 < t < s. Then
use p; = r; to verify h(p) = sy(p) without appealing to any dimension theorem.
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Solutions to Chapter 1.1

References to numbered results below refer to Chapter I.1.

Solution 1 — Similarities

The assumed equality makes f A-Lipschitz. Theorem 4.1 gives

H(f(E)) < BI5(E). (S1.1)

The equality also makes f injective and makes f~! : f(E) — E A~!-Lipschitz. Applying
Theorem 4.1 to the inverse gives

F(E) < A°H3(f(E)). (S1.2)

Multiplying (S1.2) by A° and combining with (S1.1) yields

X (f(E)) = X Z(E).

The dimension equality follows either from this identity for every s > 0 or from Corollary
4.2.0

Solution 2 — Holder maps

Let (U)); be a 8-cover of E and set V; = f(E NU;). Then (V;); covers f(E) and

diamV; < L(diamU;)? < L&.

For every t > 0,
] 5o(f(E)) < Z(diamVi)t
< th Z(diam AL
i
Taking the infimum over §-covers and then letting § | 0 gives

' (f(E)) < L'%%(E). (S2.1)

Ift > 07! dimy(E), then 6t > dimy(E), so Theorem 3.3 gives #%(E) = o. Equation
(S2.1) gives #'(f(E)) = 0. Taking the infimum over such t proves

333
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dimy; f(E) < 67! dimy; E.

The statement is also valid when the right side is infinite. [

Solution 3 — Snowflaked metrics

Fora,b>0and 0<6 <1,

(a+b)Y <a’ +1". (S3.1)

Ifa+b > 0, divide by (a + b)Y and putu =a/(a+b),v=>/(a+b). Since u,v € [0,1],
u? > uand W > v, so u? +49 > u + v = 1; this proves (53.1). The case a = b = 0 is direct.
Applying (S3.1) to the triangle inequality for d proves

dg(x, z) < dp(x, y) + dg(y, 2).

The other metric axioms follow directly, so dp is a metric.
For every U C X, monotonicity and continuity of r — rf give

diamg, U = (diam, U)’. (S3.2)

Thus a family is a §-cover in dy exactly when it is a 81/9-cover in d, and its s-cost in dp
equals its fs-cost in d. Hence

X5, 5(E) = X o51o(E).
Letting 6 | 0 yields
%3, (E) = H (E).
Taking the infimum of the zero-measure exponents on both sides proves
dim® E = 01 dim{} E,

with the same conclusion for dimensions zero or infinity. [

Solution 4 — Open subsets of the line

Every nonempty open U C R contains a nondegenerate closed interval [a, b]. Proposition
5.1 and monotonicity give

dimy U > dimy[a, b] = 1. (S4.1)
On the other hand,
R = U[—n, nl.
n=1

Proposition 5.1 and countable stability give dimg(R) = 1. Since U C R, monotonicity
gives dimy(U) < 1, which together with (S4.1) proves equality. [J
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Solution 5 — Restricting the measure to the set

Define a finite Borel measure v by

v(A) = p(ANE)
for every Borel A C X. Then v is carried by E, v(E) = p(E), and, for x € Eand 0 < r < ry,

v(B(x,r)) = u(E N B(x,r)) < Cg(r).

Theorem 4.3 applied to v gives

%g(E)>V_E)_@
> 5=

O

Solution 6 — Positive subsets

Define v(B) = p(BN A) for Borel B C X. The measure v is carried by A, has v(A) = p(A) > 0,
and, forx € ACE,

v(B(x,r)) < p(B(x,r)) < Cg(r) (0 <r<rp).
Theorem 4.3 gives Z'8(A) > u(A)/C. O

Solution 7 — Countable modifications

Proposition 5.2 gives dimy(N) = 0. Theorem 3.4 therefore gives

dimyg(E U N) = max{dimy E, dimyj N} = dimy E.

For the failure with closure, take E = @ and N = QN [0,1]. Then dimy(E U N) = 0,
while

dimg(E U N) = dimg[0, 1] = 1.
O

Solution 8 — Products with countable sets

Write F = {y, , ...}, allowing a finite enumeration if F is finite. By Proposition 5.4,

dimy(E x {y;}) = dimy E (=1).

Since
ExF=|_JEx{y},
j

countable stability gives
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dimy(E x F) = sup dimy(E x {y;}) = dimy E.
J

O

Solution 9 — Pinned distance sets

The reverse triangle inequality gives

ld(x0, x) —d(xp, ) < d(x,y)  (x,y € X).
Thus x — d(xp, x) is 1-Lipschitz. Its image of E is precisely A, (E), so Corollary 4.2
gives
O

Solution 10 — The middle-thirds Cantor set

At level n, the set C lies in 2" closed basic intervals, each of length 37", Since 3% = 2, their
total a-cost is

2M(3TM = 1. (510.1)

For every § > 0, choose n with 37" < §. Equation (510.1) gives %5 (C) < 1; hence

H%(C) < 1. (510.2)

The Bernoulli product measure assigns mass 27" to each level-n cylinder, and its push-
forward p is a Borel probability measure carried by C. Let 0 < r < 1/2, and choose n > 0
so that

3=(n+1) < gp < 377, (510.3)

Distinct level-n basic intervals are separated by gaps of length at least 3™". An interval
of length 2r < 37" therefore meets at most two of them. Consequently

u(B(x,r)) < 2-27"=2(37M)“. (S10.4)
The left inequality in (S10.3) gives 37" < 6r; substituting this into (S10.4) yields

u(B(x,r)) < 2-6%r%. (510.5)

For 1/2 < r < 1, the same inequality follows from

u(B(x,r)) <1< 2-6%7,

Theorem 4.3 applied with g(r) = r* and C, = 2 * 6% gives
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H*(C)>(2-6%)71>0. (510.6)

Equations (S10.2) and (S10.6) show that the critical measure is positive and finite. Theo-
rem 3.3 then gives
. log 2
dimgC=a=——.
log 3
The existence and cylinder normalisation of the fair Bernoulli product measure are
available in A-RA; exact source routes are ARA-KB1, Chapter V §7 (product measure), and
ARA-KA1, Chapter IX §1 (measure-theoretic probability). [J
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Solutions to Chapter 1.2

Solution 1

Every cover counted by N,(E) is allowed for N/ (E), so

N/(E) < N,(E).

Take an ambient-centred cover of E by N’ /Z(E) balls of radius r/2. Discard balls missing
E. From each remaining ball choose a point of E. Every point of E in the old ball is within
distance at most r of the new centre, whence

NA(E) < N/, (E).

The logarithmic denominator changes by only log 2 when the scale is halved. The
squeeze therefore gives the same liminf and limsup.

Solution 2

Forr, = ek,

r
ﬁ=c>0.

Tk
If repq <r <rn, then
Nrk(E) S NV(E) S NrkJrl(E):

while

(=logres1) — (—logry) = —loge.
Dividing and squeezing proves the claim exactly as in L-1.2.02. For r,. = 2K,
Tkt1 _ o—(2k+1)
Tk

so the bounded-ratio hypothesis of Lemma 1.2 fails. Nevertheless, the gaps are small
relative to the logarithmic scale itself:

_)0’

—10g Tk+1 (k + 1)2
= —> 1.
— IOg Ty kZ

339
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Put L = —logr, and ;. = log N, (E)/Lg. For r.y; <r < 1y, monotonicity gives

Ly log N,(E) Lyt
< S A+ .
Ly

All terms are nonnegative, and the multiplying ratios tend to one. Consequently the full-
scale lower limit is at least lim infy ay, and the full-scale upper limit is at most lim sup; ay,
including infinite limits. The reverse inequalities follow by restricting to the sequence 7.
Thus both box dimensions are unchanged by this sampling.

o Ly = —logr

Solution 3

Write x;, = n~%. The mean value theorem gives constants c,, C, > 0 such that

et ¥ < x, — x4 < Cyn %1 (n>1). (S3.1)

Choose a sufficiently small constant ¢ > 0 and put

m= lcr_l/(‘”l)J.
For small r, (S3.1) and the choice of ¢ ensure x,, — x;,.; > 2r for every n < m. Hence
{x1, ..., X, } is 2r-separated, and L-1.2.01 gives
NA(E,) > m > ¢'r /(@D (S3.2)
r\Lq) = Z . .

For the upper bound, choose a sufficiently large constant C and put

M = [cr /@],

Cover the first M points individually. Partition [0, x| into intervals of length at most
r; in each interval meeting E,, choose a point of E, as centre. Radius-r balls about these
centres cover the tail and their number is at most x,;/r + 2. Consequently

NAE) <M+ M 4o
r (53.3)
< /@)

because xj; = M™%. Taking logarithms in (S3.2)-(S3.3) proves

1
14+a

dimB E(X =

Solution 4

Every centred d-packing of D consists of disjoint closed intervals contained in [—J, 1 + &].
Their total diameter is at most the length of that interval, so

P} (D) <1+ 26. (S4.1)

Conversely, fix ¢ € (0, 1). For a sufficiently large integer N,
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r= <4.
2N
The rational centres
2i—1
L= , 1<i<N,
gi ON

have mutual spacing 1/N > 2r. Their closed radius-r intervals are disjoint and have
total diameter
N@r)=1-e
Thus Pg(D) > 1—e¢. Letting € | 0, then § | 0 in (S4.1), gives

PND) = 1.

A centred packing of {x} contains at most one ball, so

FHxh< = AP =0

Since D is a countable union of its singletons, P} is not countably subadditive. The
singleton cover in the definition of packing outer measure has total premeasure zero, so
PY(D) =o.

Solution 5
Let s, = #(SN {1, ...,n}). There are 2% permitted level-n ternary cylinders, each of diameter

at most 37", hence

N3fn(K5) < 23". (851)

The points obtained from the permitted length-n words by setting the tail equal to zero
are 3 "-separated, as proved in Proposition 3.5. Therefore

25” S N3fn/2(Ks). (852)
The bounded-ratio scale lemma applied to (S5.1)-(S5.2) gives
log 2 S log 2
dimgKs = 2 liminf?,  dimgKs = —2 limsup 2.
lo non log3 , " n

Removing a finite prefix and shifting indices does not alter lower or upper asymptotic
density. Every nonempty relatively open subset of Kg contains a permitted cylinder, which
is a similarity image of such a tail set. It therefore has the same upper box dimension as K.

For an arbitrary countable bounded cover of Kg, close the intersections of the covering
sets with Kg in Kg. Baire category gives one member with nonempty relative interior.
Monotonicity and closure invariance force that member to have upper box dimension at
least that of K. Hence

mMBKS = mBKs.

T-1.2.09 converts this equality to the claimed packing-dimension formula.
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Solution 6
Every singleton has packing dimension zero, so countable stability gives dimp C = 0.
Applying countable stability again,

dimp(E U C) = max{dimp E, dimp C} = dimp E.

Take E = @ and C = Q N [0,1]. The set C has both box dimensions one, whereas
the empty set has both values zero. Thus countable modification can change either box
dimension.

Solution 7

If radius-r balls centred on E cover E, the Holder condition shows that radius-Lr? balls
centred on f(E) cover the image. Thus, for L > 0,

N,o(f(E)) < N(E). (§7.1)
Set p = Lr?. Then

—logp =6(—logr) —logL,
and division in (S7.1) followed by lower and upper limits gives the two factors 8~ 1. If
L = 0, the image is a singleton and the conclusions are immediate.
Solution 8
The interval has box dimension one by Theorem 1.3. Repeated application of T-1.2.13 gives
dimg|[0, 1]% = k.

Applying the same product theorem once more to E and the cube yields
dimg(E x [0, 1]F) = dimg E + dimg[0, 1]¥ = s + k.

Solution 9

T-1.2.13 gives

dimg(E x F) € [a + b,min{a + B, A + b}],

and

dimg(E x F) € [max{A + b,a + B}, A + B].

The first interval collapses exactly when

min{B—b,A—a} =0,

and the second collapses under the same condition. Thus each interval is a singleton
precisely when at least one factor has a box dimension. If exactly one factor has a box
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dimension and the other oscillates, the two singleton values for lower and upper product
dimensions are different. The product is forced to have a box dimension when both factors
do.

Solution 10

Choose a > dimy; E and any b > 0. Since dimgF = 0 < b, there is r > 0 with N,(F) < r~?
for r < ry. Construct a positive-radius ball cover (B(x;,r;)) of E with ) ; rf* < ¢, as in Lemma
4.2. Cover F by N,(F) balls at each corresponding scale. The product cover has total
(a + b)-cost at most

2a+b Z < 2atbe.
i
Thus #Z%t?(E x F) = 0 and dimy(E x F) < a+ b. Firstlet a | dimy E, then let b | 0.

Solution 11

For nonnegative u, v,

max{u, v} < (u? + v?)/2 < V2 max{u, v}.

Substitute u = dx(x,x”) and v = dy(y,y’). The identity map from the max-metric
product to the d, product and its inverse are Lipschitz. Hausdorff dimension (I.1), both box
dimensions (T-1.2.03), and packing dimension for Euclidean subsets (C-1.2.10) are therefore
identical for the two metrics.

Solution 12

The critical-jump proof compares different exponents:

P4(E) < (28) R (E), t>s.

The vanishing factor (25)"~* is what forces the jump. At the endpoint t = s = p, that
factor is one and supplies no information. The definition of p only locates the boundary
of the zero set of exponents; it does not say whether that boundary belongs to the zero
set, whether the measure there is finite, or whether it is infinite. Thus all three displayed
endpoint values are consistent with the definition and with every implication proved in
C-1.2.06 and T-1.2.07. An attempted universal endpoint proof fails exactly when it setst = s
in the strict-exponent comparison.
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Solution 1

The product measure gives the singleton (xy, Xo) mass p({xp})? > 0. Since the Riesz kernel
equals 4o on the diagonal,

Msz b — Y= d(u % f)x, y) = +oo.

(%0, %)
Thus finite energy rules out every positive-mass singleton, which is exactly nonatomic-
ity.

Solution 2

Orthogonality gives

IT(x) = T(y)l = lal [O(x — y)| = lal |x — yI.
The push-forward integration formula and Tonelli therefore yield
(T = [[ 116 = T duodu)

= lal L.

Push-forward by T is a bijection from Prob(E) onto Prob(T(E)). Taking the infimum of
the displayed identity over Prob(E) and then taking reciprocals proves

Cap(T(E)) = lal® Cap,(E),

including the extended endpoint conventions.

Solution 3

For0<r <D,

r—s — rt—sr—t < Dt—sr—t_

All pairs in the support of u x u have distance at most D. Integrating the preceding
inequality, with the kernel values on the diagonal understood in the extended sense, gives

L(p) < D"L(p).
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Hence finite t-energy implies finite s-energy for every smaller positive exponent. The
finite-energy exponents are therefore downward closed, hence an interval with a possibly
included or excluded upper endpoint.

Solution 4

If D > 0, then |x — y| < D for x, y € E, so every v € Prob(E) satisfies

IL(v) > DW(E)? = D~5.

Taking an infimum and a reciprocal gives Cap(E) < D*. If D = 0, then E is a singleton.
Every probability on it has an atom, so Solution 1 gives infinite energy and zero capacity,
as required.

Now suppose E is countable. If v € Prob(E), countable additivity gives

1=v(B) = Y v({x].

x€E

At least one summand is positive. Solution 1 gives L(v) = +oo. Thus the infimum over
Prob(E) is infinite and Cap(E) = 0.

Solution 5

The integrand is nonnegative, so Tonelli and symmetry about the diagonal give

L) =2 J: Lx(x —y)*dydx

1
-2 J xS dx
1-5sJo
_ 2
1-902-3)

This is finite for every 0 < s < 1. The energy criterion gives dimg[0, 1] > s for all such s,
hence dimy[0, 1] > 1. The reverse inequality follows because [0, 1] C R, so equality holds.

Solution 6

Each digit function by is Borel measurable and takes values in {0, 1}. The series defining T
converges uniformly, so T is Borel measurable and takes values in C. Thus its push-forward
is a probability carried by C. For any prescribed first n binary digits, their preimage in
[0, 1) is a half-open interval of length 27" the left endpoint is };_, a2 F. Distinct level-n
ternary basic intervals are disjoint, and T(u) lies in the one prescribed by the first n digits
of u. Consequently every such basic interval has mass 27".

For 0 < r < 1, choose n > 0 so that

3=+ « p < 371, (S6.1)

The level-n construction consists of 2" closed intervals of length 37", each of mass 27",
and distinct such intervals are separated apart from their ordering by gaps of length at
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least 37". An interval of length 2r < 2 - 37" meets at most four level-n basic intervals.
Consequently

pu(B(x,r)) < 4-27"
Since q = log 2/ log 3, equation (S6.1) gives
14 5 3-(+1g — g—(n+1),
and therefore

u(B(x,r)) < 8ri.

For r > 1, the same inequality follows from p(B) < 1 < r9. Thus p is a g-Frostman
probability and the mass-distribution principle gives dimy C > g.

For the reverse inequality, the 2" level-n intervals cover C and have diameter 37". Their
total g-cost is

(37 = 1,
For every u > g, the same covers have total u-cost 2”37 = (2 -37%)", which tends to
zero. Hence Z%(C) = 0, so dimy C < q. Equality follows.
Solution 7

For £ # 0, direct integration gives

1
ME) = J e dx
0
_1- o= 2mié g sin(rr&)
27t €&

The continuous value at zero is one. On |£| < 1, the transform is bounded by one and
€71 is integrable because s > 0. On |¢] > 1,

@) < (e,

so the integrand is bounded by 7 2|¢]*"3, which is integrable because s < 1. Theorem
4.1 and Solution 5 now give the exact identity

s—113 2 _ 2
jR B & = s

Solution 8

Since ,u(le) =1,

) < 1.

On the unit ball, therefore,
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j EF AP dE < j 614 dE < oo,
£]<1 |E]<1

. . . . 15
because polar integration reduces the last integral to a constant times [, r® dr. On
|€] > 1, the exponent s — d is negative, so

J AP dfsj FORde = j FGOP dx < +oo
[€]>1 R4 R4

by Plancherel. Theorem 4.1 gives L(u) < +oo.

Solution 9

Write I = I(1). The potential is nonnegative and | U{'dy = I. Markov’s inequality gives

x s Ud(x) > 21} < %

Thus

F=Eni{x: Ul'(x) <2n}
has p(F) > 1/2. Putv = p|F. For x € Fand r > 0,

21 > Uf'(x) > rSu(B(x,r)) > r*v(B(x,r)).

The mass-distribution principle, applied to v, yields

) i s D L 1
HP(E) > H(F) > o] 241.

Solution 10

Markov’s inequality on the probability space (S, o) gives

ole  [(u) > L} <L Ll 1) do(e)

_ Al(p)
=—
where the last equality is Lemma 5.1. If ,() is finite, the upper bound tends to zero with
L!. In particular, the union over integers L of the sets where L(y,) < L has full measure,
equivalently the projected energy is finite almost everywhere.

Solution 11

Since 7_,(x) = —m,(x), the measure y_, is the push-forward of g, by the isometry u — —u.
Distances are unchanged, so

L(p—e) = L(pe).
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The same isometry maps 7,(E) onto 7_.(E). Bi-Lipschitz invariance therefore gives
equality of their Hausdorff dimensions.
The quotient map q in the exercise satisfies, for every Borel subset A C &,

(g:0)(A) = o(g™"(A)).

In particular, A is null exactly when its inverse image is null. To apply this without a
measurability assumption on an arbitrary image, choose a Borel null set N C S! containing
the exceptional directions from Theorem 5.2 and replace it by N U (—N). This is still Borel
and null. Its image under q is Borel: on either open semicircle the quotient has a continuous
inverse, and finitely many such semicircles cover the circle. Moreover,

g '(q(N U (=N))) = NU(-N).

Thus the exceptional lines lie in a Borel gzo-null set. Conversely, the inverse image of a
null set of lines is a null set of directions. The equality of the two dimension statements
follows from the isometry already proved.

Solution 12
With e = (cos 6, sin 6), normalized arclength gives

1 21
A= —J | cos 6]~ db.
2 0

Near 0 = /2, the mean value theorem shows that | cos 0] is comparable to |6 — 7/2|.
The integral therefore dominates a positive constant times

gd_uz

o u

o0,

Thus equation (5.4) has an infinite directional constant at t = 1. Even for a nonzero
measure of finite planar 1-energy, the average of the projected kernel integrals

[J = w17 ey

is infinite by Tonelli and the same directional calculation. These are written as kernel
integrals here because the chapter defines Riesz energy in ambient dimension one only for
exponents strictly below one. The proof of Theorem 5.2 avoids this endpoint by using a
sequence t; < 1.

Finally, Hausdorff dimension one is only a critical-exponent statement. It does not
specify whether the one-dimensional Hausdorff measure at the critical exponent is zero,
finite positive, or infinite. Therefore the dimension conclusion alone requires a separate
measure argument. Here is an explicit example showing that such an implication is false.
Let

F=1Y a2 *:aq {01}, ap=0@>1)%.
k=1
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This set is compact by diagonal selection of its digits and the uniform tail bound 27"
There are 2"~V possible prefixes of length n. The associated closed dyadic intervals of
length 27" cover F, so

PP <27Vl .

For the dimension lower bound, list the nonsquare positive integers in increasing order
as ki, ky, ... Map u € [0,1) to 35, bj(u)szf , using the binary digit functions from Exercise
6, and call the resulting probability measure v. Each admissible prefix of length n has
probability 2], Boundary points cause no extra mass: a point has at most two
binary expansions, and the probability of either fixed infinite digit sequence is at most
o—n+lVn] _ 0.

If 27"1 < r < 27", a closed interval of length 2r meets at most four dyadic intervals of
level n. Hence

v(B(x,r)) < 427l

Fix 0 < s < 1. Since |y/n] — (1 — s)n is bounded above, there is C; < o such that this is at
most Cgr® for all 0 < r < 1; enlarge the constant for r > 1. The mass-distribution principle
gives dimgg F > s. Letting s increase to one and using F C R gives dimy F = 1, although F
has Lebesgue measure zero.
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Solution 1

If a = p({x}) > 0, then for every r > 0,

a < p(B(x,r)) < 1.
Thus

o< log u(B(x,r)) < loga

logr ~ logr

for 0 < r < 1; both extreme quantities tend to zero. The two local dimensions are zero.

If x is outside the closed support, some ball B(x, ry) has zero measure. Every smaller
ball also has zero measure, so the quotient in D-1.4.01 is +oo for all sufficiently small radii.
Both limits are infinite.

Solution 2

The metric inequalities give the ball inclusions

By (x,r/C) C By (x,r) C By (x,r/c).

Take masses, negative logarithms, and divide by —logr. Replacing r by r/C or r/c
changes the denominator by an additive constant. The squeeze argument from Lemma 1.1
therefore gives equality of both liminf and limsup.

Solution 3
Write the countable carrier as E = {xy, x», ...} after removing points of zero mass. Countable

additivity gives

1= ux)),

so p-almost every point is an atom. Solution 1 gives both local dimensions zero almost
everywhere. Theorems 1.4 and 2.3 make all four set-carried dimensions zero. If the support
is compact, Corollary 4.3 applies to this exact-dimensional measure and gives entropy
dimension zero.

351
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Solution 4
For x € spt y and small , the assumed inequalities imply

logC 1 B(x, 1
g4 08C _logp(BCer) o8¢
logr logr logr

where the direction reverses because logr < 0. Both error terms tend to zero, so the
local dimension is a at every support point. Thus y is exact dimensional. Corollaries 3.1
and 4.3 show that its lower and upper Hausdorff, packing, and entropy dimensions all
equal a.

Solution 5

For every z € [0, 1]? and all sufficiently small r, the area of B(z,7) N[0, 1]? lies between one
quarter of r? and 7r?. Hence

log y(B(z, 1))
- O 2
logr
Thus p is exact dimensional of dimension two. Its first-coordinate push-forward is
normalized Lebesgue measure on [0, 1]. The length of a small ball intersected with the
interval lies between r and 2r, so its local dimension is one at every point of the interval.
This proves the claim and gives a strict drop from two to one.

Solution 6

Weighted Jensen’s inequality for the concave logarithm gives

> pilog(1/p) Slog( > Pi(l/Pi)) <logN.

i:p>0 i:p;>0
This is the desired bound. Equality in both Jensen and the final cardinality bound holds
exactly when all N probabilities are positive and equal to 1/N.
In the proof of (4.4), each conditional probability vector has at most M nonzero entries,
so its entropy is at most log M. Averaging these bounds over atoms of P gives

H(u, 2 v Q) < H(u, P) + log M.

Since Q is coarser than the common refinement, refinement monotonicity recovers (4.1).

Solution 7

On the support of y;, sufficiently small balls see only the ith component. Multiplication of
ball mass by p; does not change a local dimension. Hence the mixture has local dimension
o; on a set of mass p;. The dictionaries give

dimyp = dimpp = miin o,

and
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dimyy = dimpy = max ;.
1

Iterating the finite-mixture entropy inequality changes the scale entropy by at most the
fixed label entropy — ) ; p; log p;. More precisely, it compares the mixture entropy with
Y. piH(1, D,). Corollary 4.3 and division by the scale denominator give

dime 1 = )" pyoy.
i

Solution 8

The point mass is exact dimensional of dimension zero, while normalized Lebesgue measure
on [1, 2] is exact dimensional of dimension one. Their supports are positively separated, so
Theorem 5.1 gives

dimgp = dimpp = 0,

dimygy = dimpy = 1,
and
dim, g =1-p.
Thus positive-mass carriers select the minimum component dimension, full-mass carri-

ers select the maximum, and entropy takes the weighted average.

Solution 9

At a fixed level, a cube of the original grid meets at most a dimension- and base-dependent
constant number of cubes of the translated grid, and the same holds with the roles reversed.
The bounded-intersection inequality (4.1) therefore gives

H(, 2) = Hpv + 2] < Gy

for every n. After division by nlogb, the error tends to zero. Both the lower and upper
entropy dimensions agree.

Solution 10

Periodicity gives the ordinary Cesaro limit
1 ¢ 1+
=) h(p) — = > h(pp).
= =
Thus the two quantities a, b in Theorem 5.3 coincide with

o = e + -+ h(py)
mlog 3 ’
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The same theorem gives lower and upper local dimension o almost everywhere, so the
measure is exact dimensional, and it gives entropy dimension o as well.
Solution 11

Set p = 1/4 and g = 1/2 in Corollary 5.4. Since h(1/2) = log 2, the two almost-sure local
dimensions are

—5log; —7log> , _ log2
log 3 ’ log3’

The lower and upper local dimensions equal a and b almost everywhere. Both Hausdorff
measure dimensions equal a, both packing measure dimensions equal b, and the lower and
upper entropy dimensions equal a and b. Because h is strictly increasing on (0,1/2), a < b;
the local limit does not exist almost everywhere, so the measure is not exact dimensional.

Solution 12
For the first direction, mix two positively separated exact-dimensional measures of dimen-
sions a < f. Theorem 5.1 gives

dimpgp = f > a = dimpp.

For the reverse direction, take the oscillating inhomogeneous Bernoulli measure from
Solution 11. Equation (5.18) gives

dimyp = a < b = dimpp.

Thus neither middle dimension controls the other.
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Solution 1

Let 0 <r < R < d and x € [0, 1]d. In each coordinate choose the direction from x in
which at least length 1/2 remains inside the cube. The corresponding orthant of the ball of
radius R/ (Z\Rd)) lies in the cube and in B(x, R). Its Lebesgue volume is 2~%wy(R/(2Vd))?,
where wy is the volume of the Euclidean unit ball. Any cover of the local piece by M balls
of radius r therefore has Mawyr? at least this large. For the upper bound, subdivide a cube
enclosing B(x, R) into cells of diameter at most r, and choose a centre in each cell meeting
the local piece. There are at most a dimension-dependent constant times (R/r)? such cells.
Thus

ca(R/r)? < Ny([0,1]% n B(x, R)) < Ca(R/r)?.

This includes all boundary points and the full admissible outer-radius range. Thus both
Assouad and lower dimensions are d; modified lower dimension is squeezed between them.
The global estimate N,([0, 119 < r gives both box dimensions. Restricting to r = R1/¢
gives both spectra equal to d for every 6.

Solution 2

Let 0 < r < R < ry/2. First take any centred cover of F N B(x, R) by M balls of radius r.
Each centre belongs to F, so the upper mass bound and subadditivity give

cR* < u(B(x, R)) < MCr®.

Taking the least possible M proves N,(F N B(x, R)) > cC"(R/r).

For the upper bound, take a maximal r-separated subset {x1, ..., x5’} of F N B(x, R). Its
radius-r balls cover the local piece and its radius-r/2 balls are disjoint. They are contained
in B(x, 2R), so the lower and upper mass bounds give

Ne(r/2)* < p(B(x,2R)) < C2R)%,

Thus N,(F N B(x,R)) < N < C’(R/r)*. For completeness, large outer scales do not
create a gap. Fix 0 < R; < min{ry/4, diam F} when F is nondegenerate. For R > R; and
r < Ry, the mass lower bound in B(x, Ry) gives

Ry
diam F

N.(F N B(x,R)) > % > % ( )a (R/r).

355
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For the upper bound, disjoint radius-r/2 balls centred in F have total mass at most one,
so a maximal separated set has at most ¢~1(2/r)* points. This bounds the local covering
number by a constant times (R/r)* for R > R;. When r > R;, compactness bounds the
covering number by Ny /5(F) up to a fixed recentering factor, while 1 < R/r < diam(F)/R;.
Adjusting constants covers this last case. If F is a singleton, the displayed mass assumptions
force @ = 0, and the conclusion follows directly. Consequently dim; F = dimy F = «a.
T-1.5.03 squeezes all four dimensions between these two values. The same local estimates
at r = R'/? make both spectra equal to a.

Solution 3

Every local covering number of F is at most m, so no positive lower or box exponent can
persist as r tends to zero. The Assouad upper estimate at every exponent s > 0 holds
because

N.(FN B(x,R)) <m <m(R/r).

Thus all dimensions and spectra are zero, and the modified lower dimension is zero
because every subset is finite.

Every strict miniset has at most m points. If a Hausdorff limit had m + 1 distinct points,
choose disjoint balls about them. Every sufficiently close approximating set would meet all
m + 1 balls and hence contain at least m + 1 points, a contradiction. Every strict microset is
therefore finite and has Hausdorff dimension zero. At least one strict microset exists: send
one point to the centre of the window while the magnification tends to infinity and pass to
a Hausdorff-convergent subsequence. Hence dim, F = 0.

Solution 4

At the isolated point 2, choose R < 1/2. Then

N.(FNnB(2,R) =1
for every 0 < r < R, so dim; F = 0. The subset [0, 1] has lower dimension one,
hence dimp, F > 1. The ambient Assouad bound gives dimyg, F < dimp F < 1, while
monotonicity and the interval subset give dimp F > 1. Therefore
dlmLF = O, dlmMLF = dlmAF =1.

Lower dimension is the nonmonotone quantity: it drops from one to zero under the
enlargement. Assouad and modified lower dimensions remain one.

Solution 5

Singletons are immediate. Otherwise fix 0 < 6 < 1, take R sufficiently small, put r = R/?,
and write

A’ =T(F)n B(Tx, R), A=T71(A), B. = Fn B(x,K*'R).
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Thus B_ C A C B,, and all these sets are nonempty. A centred r/K-cover of A maps to
a centred r-cover of A’. Recentering from B, to A and then using (1.4b) gives

N.(A") < N,k (A) < N j2x)(By)
< Dy(2K /)Ny py11o(B2).

If s is an admissible upper-spectrum exponent for F, the last quantity is at most

CDd(2K1+l/g)Ks(l_l/G)(R/r)s.

For a lower bound, a centred r-cover of A’ pulls back to a centred Kr-cover of A.
Recentering in B_ yields Nog,(B_) < N,(A’). Since 2Kr/(R/K)1/9 = 2K1+1/0, equation
(1.4b) gives

Ny(A") = DgK" /9 IN g ev1/0(BL).

For every admissible lower-spectrum exponent s of F, this is at least

CDd(2K1+1/9)_1Ks(l/e—l)(R/r)s'

The constants are independent of x, R. Both applications to F are valid when KR <
min{1, diam F}. The omitted outer scales, bounded away from zero, cause no gap: their
inner radii are bounded below, so compactness and (1.4a) give a uniform upper covering
bound, while N, > 1 gives a uniform positive lower bound after division by the bounded
quantity (R/r)’. Thus the same exponents are admissible for T(F). Taking the infimum for
upper exponents and the supremum for lower exponents gives

dimi T(F) < dim% F,  dim? T(F) > dim{ F.

Apply the same argument to T~!, with ambient dimension e in the covering constants,
to obtain equality. Only the inner radius was changed within a fixed local piece. No
bounded-ratio comparison of covering numbers under an arbitrary enlargement of the
outer ball was used.

Solution 6

For the max metric,

Bgyp((x, y),r) = Bg(x,r) x Bp(y,r).
Therefore

(u x vV)(B((x, ), 7)) = p(BGe, MV(B(y, 1)) = reth.

The product is (@ + fp)-Ahlfors regular for the max metric. The mass bounds and
separated-set argument in Solution 2 use only the triangle inequality, so they give lower
and Assouad dimensions and both spectra equal to « + f directly in this metric. The
modified lower dimension is squeezed between lower and Assouad dimension.
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For completeness, write dy,,; and d, for the max and Euclidean product metrics. Since
dmax < d2 < \/Edmax’

Brax((x, ¥), r/\2) € By((x, ¥),7) C Bax((x, y),1).

The same measure is therefore (@ + f)-Ahlfors regular in the Euclidean product metric.
Solution 2 gives its Hausdorff, packing, and both box dimensions, and the metric invariance
proved in I.1-1.2 transfers these values to the max metric. This identifies all requested
dimensions without treating a max-metric ball as a Euclidean ball.

Solution 7

The set Ey is

(}U{(N/n)? : n> N}

Its positive points decrease from one to zero. By the mean-value theorem,

(N/mP = (N/(n + D) < pNPw=®*D < p/N

for n > N. Thus every point of [0, 1] lies within p/N of Ey, while Ey C [0, 1]. Hence
dy(En,[0,1]) < p/N. Since NP — oo, the interval is a strict microset. Its Hausdorff
dimension is one, agreeing with dimy F, = 1.
Solution 8
Every x € [0, 1] lies between two consecutive dyadic grid points at distance at most 27"
from one of them. Since A,, C [0, 1],

dp(Ap,[0,1]) <277

Thus A, — [0, 1] in K([0, 1]). Nevertheless each A, has Hausdorff dimension zero while
the limit has Hausdorff dimension one. Hausdorff dimension is therefore not continuous
for dy; the mass selection in T-1.5.12 is essential.

Solution 9
Since Ti([0,1]) = [1,k + 1], its intersection with [0, 1] is {1} for every k. The similarity
ratios tend to infinity and the Hausdorff limit is the boundary singleton. But

dimL[O, 1] =1>0= dlmH{l}

Thus T-1.5.11 would be false if a limit confined to the boundary were admitted. The
singleton is excluded by EN (0,1) # @.
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Solution 10

If every Assouad spectrum equals «, the lower inequality becomes

which holds because 0; < 0,. The right side of the upper inequality is
1-0, 6,—
(128, ooty ,
1-0, 1-06;

For constant lower and Assouad spectra, the lower-spectrum upper coefficients sum to

0 (1-0,)+0, -0,
0,(1—6;)

The lower inequality is the same as before. All four comparisons hold.

Solution 11
Since C C F, taking ¢ = 1 and ¢t = 0 in D-1.5.08 shows that C is a Furstenberg miniset. On
the other hand,

(A0, 1] + ) N[0, 1]

is empty, a singleton, or a compact interval for every A > 1 and t € R. The Cantor set
contains 0 and 1 but omits 1/2: its first ternary digit places it in [0,1/3] U [2/3,1]. It is
therefore none of these sets, and is not a strict miniset. This exhibits the subset-versus-
exact-intersection difference.

Solution 12

If E is a strict microset, then by definition

(AkF-I—tk)ﬁW—)E, A — o0, Enw’ = @.
Each map Ti(x) = Agx + t is a homothety of ratio 4. These are exactly the conditions
of D-1.5.06, so E is a windowed weak tangent. T-1.5.10 and the hierarchy give
dimpyg E < dimp E < dimy F.

Taking the supremum over strict microsets yields dim, F < dimp F without any use of
G-1.5.14.
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Solution 1
By definition,

WOm

> =

ma
Hence for every r > 0,
H™ENB(x,r)  H™EnBx,r) FH"™ENB(x,r))
W™ B 2mym B (2rym '

Taking lim inf gives the requested formula. Taking lim sup gives the upper-density
formula.

Solution 2
Let A be the set of admissible relative radii in (2.1). Since sup A > a > f, the number S is
not an upper bound for A. Therefore some a € A satisfies a > f. If

B(y,ar) C B(x,r) \ E,

then the concentric ball B(y, fr) has the same containment.

For a geometric example, take E = {0} in R, x = 0, andr = 1. Every 0 < a < 1/2is
admissible: the interval [1 — 24, 1] is a closed ball of radius a disjoint from E. No closed ball
of radius 1/2 in [—1, 1] avoids zero. Thus the admissible relative radii are exactly [0, 1/2),
and the porosity is 1/2 without an attaining hole.

Solution 3

Fix x € cl(E) and 0 < r < ry/2. Choose x” € E with |x — x’| < r/4. Uniform porosity at the
radius r/2 gives

por(E,x",r/2) > a.
By Solution 2, with = 3a/4, there are b > 3a/4 and y such that

B(y,br/2) c B(x’,r/2) \ E.

Since
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ar _br
—_ < —_,
4 2

the ball B(y, ar/4) lies a positive distance br /2 —ar /4 from the complement of the larger
hole. If it met cl(E), a sequence from E approaching the intersection point would eventually
enter the larger hole, a contradiction. Finally,
B(y,ar/4) c B(x’,r/2) C B(x,r).

Thus the closure has an (@/4)r hole at every required point and scale.

Solution 4

If Z%(F) > 0, almost every point of F is a density point of E, because F C E. Fix such an x.
At a scale with porosity at least a, Solution 2 supplies a hole of relative radius /2, so

o
LB\ E) (/2
wariy

This occurs along infinitely many r,, | 0, contradicting density one of E at x. Therefore
no such positive-measure F exists.

Solution 5

Both balls lie inside [0, 1]%, where normalized Lebesgue measure is a constant multiple of
4. Therefore

AB(y.ar) _ wqar)’ _
ABx)  wgd

If ¢ > a?, every such inner ball is an epsilon-hole in the sense of (2.5). At interior points
and all sufficiently small radii this occurs at every scale. Hence Lebesgue measure itself
satisfies the corresponding weak mean-porosity condition. Requiring only one such large
¢ therefore cannot imply singularity.

Solution 6

Fix p; = t. Strict concavity of —ulogu shows that the remaining entropy is maximized
uniquely, apart from permutations among coordinates 2, ..., M, when

1—-1¢
M-1

P2 ==pm=
The maximal value at fixed ¢ is

F(t) = h(t) + (1 —t)log(M — 1).

Its derivative is

F(t) = log >0 (0<t<1/M).

1)
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Thus under 0 < t < ¢ < 1/M, the maximum occurs at ¢t = ¢. The maximizers are

1-¢
M-1
with the evident limiting interpretation at ¢ = 0. Their entropy is the right side of (3.15).

p1=6 p2="=pPm=

H]

Solution 7

Putszf,q:M—l,and

A =40,...b—1¥\{(b-1,..,.b— 1)k

If g = 1, then d = £ = 1 and the sole allowed digit is zero. The measure y = §; has
exactly the required masses and all the asserted properties. Assume henceforth that g > 2.
Enumerate the g elements of & as q, ..., ag-1- On [0, 1) with Lebesgue probability, define

@) = q"u) — qlg"ul, OW) = ) b7, ().
n=1

Each prescribed prefix of N digits j, corresponds to one half-open interval of length
q~N. The map ® is Borel, since its partial sums are Borel and converge coordinatewise. Let
4 be the push-forward of Lebesgue probability under ®.

We check the half-open convention rather than assume it. For any coordinate i, the
proportion of allowed digit vectors with ith coordinate b — 1 is

pi -1
b —1
The prefix probabilities show that the event of k consecutive such digits after any fixed
position has probability p*. By continuity from above, the event that this coordinate
is eventually always b — 1 has probability zero. Take the countable union over starting
positions and the finite union over coordinates. Off this null set, every coordinate tail
satisfies

p= <1l

0< Y bay) <bV.
n>N

Consequently ®(u) belongs to the half-open level-N¢t cube specified by its first N vector
digits, not to the next cube at an endpoint. All allowed cubes therefore have mass g™, all
other cubes have mass zero, and p([0,1)?) = 1. This proves existence with the prescribed
subdivision masses.

At every positive-mass block beginning, the designated descendant has zero mass. Hence
(3.1) is at most ¢ at every block for every 0 < ¢ < 1, and p is dyadic mean (£, 1)-porous.

For every x outside the null union of zero-mass cubes, each block conditional mass
equals 1/(M — 1). Therefore

H(One(x)) = p(QoG)M — )7V,
Asin (3.22),
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_ -1 log(M —1
7.0 < lim TIOEAONG) _ logM = 1)
K N—co  Ntlog?2 tlog 2

This also realizes equality in the first bound of (3.18) when n = 1 at the level of the block
entropy calculation.

Solution 8

If f : R™ — R? is Lipschitz, then

F@®R™ = (] £(B0, k).
k=1

Each image on the right is compact, so f(R™) is sigma-compact and Borel. A countable
union of such images is again Borel, and a countable union of countable unions is a
countable union. Hence C,, has both asserted properties.

Let

s = sup{u(S) : Se€ G,}

Choose S; € Gy, with p(S;) > s — 27/ and put S = U;S;. Then S € Gy, and p(S) > s; the

definition of s gives the reverse inequality. Thus p(S) = s, so the supremum is attained.

Solution 9

For each j, the constant map

i+ R" — RY, fiw) = x;,

is Lipschitz and has image {x;}. The countable union of these images carries y, so y
is m-rectifiable for every 1 < m < d, the range defined in this chapter. By uniqueness in
Theorem 4.2,

=g gy =0.

This is why absolute continuity with respect to #Z™ must not be silently inserted into
the chapter’s measure convention.

Solution 10

Choose a countable union R of Lipschitz images carrying v. Pure unrectifiability gives
7(R) = 0. Since v < 7,

(R = »(R) < 7(R) = 0.

Thusv = 0.
For uniqueness, suppose

H=l+ iy =V + vy
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are two decompositions. If R carries p,, then v,(R) = 0, so y = p|R < v,. Hence v, — p,
is a positive measure. It is rectifiable because it is dominated by the rectifiable measure v,
and is therefore carried by the same countable union of Lipschitz images. It is dominated
by p, because

Ve =l =y —Vy Sy

It is therefore purely unrectifiable: every Lipschitz image has zero p,-mass and hence
zero (v, — p.)-mass. The first part forces v, — y. = 0. Therefore the rectifiable parts, and
then the unrectifiable parts, agree.

Solution 11

Fix u € A. The fiber of K over u is the interval

{(w,t) : 0<t< f(w}.

Its top point (u, f(u)) is the only point visible in the positive e direction. Hence

Viso(K) = {(u, f(w)) : uec A}

If f(u) > 0, the full line meets the fiber in more than one point, so no point of that fiber
is bi-visible. If f(u) = 0, the fiber is the singleton {(u, 0)}, which is bi-visible. Therefore

Vis2(K) = {(u,0) : u€ A, f(u) =0}

Solution 12
The set

T,={t>0:a+tveK}

is nonempty because v € 7,(K). It is bounded because K is bounded, and it is bounded
away from zero because dist(a, K) > 0. It is closed in that bounded interval because K is
closed. Thus T, is compact and has a minimum #(v). No point of K lies on the segment
from a to a + t(v)v before its endpoint, so the endpoint is visible from a.

For discontinuity, take a = (0,0) in R? and

K ={(1,0)} u{(2cos(1/n),2sin(1/n)) : n > 1} U {(2,0)}

This set is compact and avoids a. For v, = (cos(1/n), sin(1/n)), the first hit is 2v,,, which
tends to (2,0). In the limiting direction v = (1, 0), the first hit is (1, 0). Hence the first-hit
map is discontinuous at v, even though every direction in 7,(K) still has a first hit and (5.6)
holds.



366 Solutions to Chapter L6



Solutions to Chapter 1.7

Solution 1

The composition convention gives

K = Suv(K) = Su(sv(K)) = Su(Kv)-

Since K, C K, applying S, gives K(,,) C K. For similarities,

diam(K,,) = r,, diam(K) = r,r, diam(K).

Suppose u, v are incomparable. Remove their maximal common prefix, writing u = gia

and v = gqjb with i # j. Repeated use of S(O) C O gives
5ia(0) € S(0), S5ip(0) € 5;(0).

The two sets on the right are disjoint. Applying the injective map S, therefore gives
5,(0)nS,(0) =o.
Solution 2
Since K = F(K), the triangle inequality and Lemma 1.1 give

dy(A,K) < dy(A, Fp(A)) + dy(Fe(A), Fo(K))
< dy(A, Fp(A) + cdy(A K).

Because ¢ < 1, rearrangement proves the first estimate. Theorem 1.2 and that estimate

give

d(FHA), K) < (A K) < ~—dy(4, Fo(A)).

Solution 3

Induction on n gives, for every base point xy,

n
W Xp
Ca)|n(x0) = -t —.
k ' 3n
=13 3
Letting n tend to infinity proves the coding formula. For distinct w, 7, let m = |w A 7| be
their longest common prefix length. Then

367



368 Solutions to Chapter 1.7

re(@) ~ @< Y, 2 =3
k=m+1
With y = log 3/ log 2, this is
Inc(w) — me(0)] < @) = ds(w, 1)
for distinct words. The displayed series is precisely a ternary expansion whose digits
lie in {0, 2}. Conversely, every such expansion supplies an infinite word, so its value lies in
the coding image. Surjectivity of the coding identifies this image with the attractor.

Solution 4

Since u is nonempty, the linear part A, is a similarity of ratio r, < 1; hence |A[lp) =7, < 1.
Therefore the operator series

S
n=0

converges in operator norm and satisfies

(=AY A=Y Al — A) = 1.
n=0 n=0

Thus I; — A, is invertible. A fixed point x of S, obeys

(Ig — A)x = ay,

so it is uniquely equal to (I; — A,)"'a,. Theorem 2.1 identifies this unique fixed point
with g (u™).

Solution 5

For u = w|n, contraction gives

1Su(26) = Su(30)| < "l — xpl.

The telescoping estimate (2.7) also gives

Mc"

[Suin(x0) = mp(@)] < 37 McF = ==

k=n
Using (3.7), the product law f3,, x v, and the Lipschitz property of g, we obtain

U gdM g ,(v) - I g dllfb,p‘
< L j]Rd L1S,u() — 7(@)] dv(x) dBp()
< L (J. |x — x| dv(x) + %) .

The finite first moment makes the right side finite.
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Solution 6

The set A, is nonempty because the weights sum to one. Terms with zero weight vanish,
)

Moy (V) =Y pi(Ssv.
ieA,

The restricted vector is a strict probability vector on A,. Theorem 3.1 applied to the
sub-IFS therefore gives a unique invariant probability and says that its support is K, . Since
the full operator is the same operator, this proves both assertions.

For example, take the dyadic interval IFS and weights py = 1, p; = 0. The full attractor
is [0, 1], whereas the positive-weight sub-IFS consists only of Dy; its attractor and the
support of the invariant measure are {0}.

Solution 7

The singleton {0} is invariant under every labelled map, so uniqueness of the attractor gives

K={0}, dimgK =o.

The labelled similarity dimension solves

Nr¥i=1,
and hence
log N
D)= —2>
@ = foei/n)

For fixed r, this tends to infinity with N, while the attractor dimension remains zero.
All distinct one-letter labels already form exact overlaps.

Solution 8

Induction gives

n
W - Xp

D, in(x0) = —+ —,
w|n( 0) 1 ok T on

k=
so the asserted formula follows on letting n tend to infinity.
Suppose two distinct sequences a, b have the same image, and let m be their first differing
coordinate. After interchanging the sequences, assume a,, = 0 and b,, = 1. Equality gives

Z a—be 1
kK om’
k>m 2 2

The left side is at most

1 1
ZgZW

k>m
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Equality forces a; = 1 and by = 0 for every k > m. Thus every double address has the
form

w0111... and w1000...

for one finite word w. Their common value is dyadic and lies strictly between zero and
one. Conversely, every dyadic point in (0, 1) has a finite binary expansion ending in 1;
replacing that last 1 and the following zeros by 0 and an infinite tail of 1s gives the second
address. The first-difference argument shows there are no others. A non-dyadic point
therefore has one address. The only addresses of zero and one are, respectively, 000... and
111...
Solution 9

Let

O, = {x : dist(x,K) < ¢}.
If x € O,, choose y € K with |x — y| < &. Since Si(y) € K,

dist(S;(x),K) <rlx —y| <rne<e.

Hence S;(O,) C O,. Moreover, 5;(0,) lies in the open r;e-neighborhood of S;(K). For i # j,
the sum of the two neighborhood radii is at most

2rmax€ < 0.

The neighborhoods, and therefore S;(O,) and S;(0,), are disjoint. Thus O, is feasible.

Solution 10

For every word u, cancellation gives
Su=Q°8°Q7".
Consequently
JSx) =0 (U &-(K)) = Q(K).
i i

Attractor uniqueness gives K = Q(K). Taking the coding base point Q(x,) and passing
to the limit gives

Ty = Q e .

The identities

S(K) = Q(S(K),  S(0(0)) = Q(5,(0)



Solutions to Chapter 1.7 371

show that SSC and OSC are invariant. Equality S, = S, is equivalent to S, = S,,, so exact
overlap is invariant.
For relative maps,

SiteS,=00(S;1e8)- QL.

To check continuity in the coefficient metric explicitly, if T(x) = Ax + a, then

(QoT-Q 1 (x)=RAR 'x +qRa+b— RAR b,

Both coefficients depend continuously on those of T, and the inverse operation is
conjugation by Q1. Thus conjugation is a homeomorphism of the similarity group and
fixes the identity. It preserves isolation from the nonidentity relative maps, proving WSC
invariance.

Write S, (x) = A,x +a,. If A, = A,, the conjugated maps have the same linear part and
their translation-vector difference is

qR(au - av)-
Its norm is gla, — a,|. If the original linear parts differ, so do their conjugates. Therefore
every pairwise cylinder distance, and then its minimum, obeys
Ap(®) = gD, (D).

If A,(®) > ", then the conjugated bound holds with ¢ when ¢ > 1 and with gc when
0 < q < 1, because qc" > q"c". This works either on all levels or on the same infinite set of
levels. Applying the argument to Q™! proves the converse, so both forms of exponential
separation are invariant.

Solution 11

At level n, every dyadic cylinder has the form

D,(x) =2""x+t, 2", e 7.
Because all one-step ratios equal 1/2, a word in A, ) = A(z-n) also has length n. Hence
every neighbor map has the form
DyleDy(x) = x+m, m=2"(t, —t,) € Z.

The intersection D,(B) N D,(B) # @ is equivalent, after applying D; !, to

BNn(B+m) = @.

Since B = [—1, 2], this implies |m| < 3. Thus every neighbor map is translation by an
integer in {—3,—-2,—-1,0, 1, 2, 3}. The union of neighbor families is finite, proving finite type.
Lemma 5.4 then gives WSC.



372 Solutions to Chapter 1.7

Solution 12

If, for example, v = uw with w nonempty, equality of the maps would imply

Yy =Ty = Fylys

which is impossible because 0 < r,, < 1. The reverse prefix relation is excluded in the
same way.

The words uv and vu have the same length. They are distinct: if |u| < |v| and uv = vu,
comparison of the first [u| symbols makes u a prefix of v, contrary to the first paragraph.
The other length ordering is symmetric. Since S, = S,,

Sy =Sy oSy =8,°8, =S,

Put ¢ = |u| + |v|. For n > ¢, choose any word w, of length n — ¢ and set

a, = uvwy, b, = vuw,.

The words remain distinct and their maps are equal. Thus an exact overlap occurs at
every level n > ¢.

Solution 13
Put g, = (—logd,)/n. If the first condition holds, then

gn < —logc

on infinitely many levels, so g,, cannot tend to +oo.
Conversely, if g, does not tend to 4o, then some finite M > 0 and infinitely many n
satisfy g, < M. At those levels,

5, > e Mn > (e_(M+1))n.

Thus the first condition holds with ¢ = e"M+1_ The argument includes the values zero
and infinity under the stated logarithmic conventions.
For a nonuniform example, define

e ™, neven,

S =
" e_"z, n odd.

The lower bound with ¢ = e~! holds on every even level. Given any ¢ = ¢ € (0,1),

an

2
however, every sufficiently large odd n satisfies e™ < e”** = ¢". Hence no exponential

lower bound holds at every level.
Solution 14

For every w, the ratios r(,|,) tend to zero. Hence there is a first n > 1 for which r ) < t,
and that prefix belongs to A;. It is unique by minimality.
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Choose m so large that rjj},, < t. Every first crossing occurs by level m, so /; is finite. If

u were a proper prefix of v and both belonged to A;, then v~ would extend u and

ry- <r, <t

contradicting the stopping condition t < r(,-). Thus A; is prefix-free.
The cylinders [u], u € A, are consequently pairwise disjoint, and the unique-prefix
statement says that their union is X. For the Bernoulli law with p; = r’, Lemma 4.1 gives

Bp([u]) = pu = ra

Finite additivity over the cylinder partition now yields

1=, = Y, Bp(uh) = Y 7.

ueh, ueEN,;
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Solution 1

Write S, = Y'j_; X and expand Si. Independence and centering annihilate every monomial
containing an index exactly once. The surviving terms either use one index four times or
two distinct indices twice each. There are six orderings of X]ZX,? for each j < k. Hence

E(SH =Y. EXH+6 Y EXHECD)
k=1 1<j<k<n

_ n\ 4 _ 4
= nmy + 6(2)0' =nmy + 3n(n— 1)o".

If the variables are bounded, the last expression is at most Cn?. Markov’s inequality
gives

<

etn?

P{|S,| > en} <

The probabilities are summable. Borel-Cantelli implies |S,| < en eventually, for each
¢ = 1/m. Intersecting these countably many probability-one events gives S,,/n — 0. Adding
back the mean proves the bounded iid strong law.

Solution 2

The union of cylinders [u], u € A, (¢), is the event

—h|<e.

‘ —log Poln

n

Lemma 1.1 says that the probability of this event tends to one. Since the level-n cylinders
are disjoint, its probability is exactly ), A(e) Pu-

For the upper count, every word in A,(¢) has mass at least e ("*®), 5o

1> ) py > #A,(e)e 0T,
ueA,(e)

For all sufficiently large n, the total mass of the typical words is at least 1/2. Since each

such word has mass at most e (7€),
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< Y pu < #A()e 0,
ueA,(¢)

N | =

Rearranging the two inequalities gives the asserted bounds.

Solution 3

Equicontractivity gives

x(@.p) == ) pilogr =log(1/r).

Apply the finite Gibbs inequality to p and the uniform vector g; = 1/N:

0< Zpl log —— 1/N = —h(p) + log N.

Thus h(p) < log N, and division by log(1/r) gives the claimed bound. Equality in Gibbs’
inequality holds exactly when p; = 1/N for all i.

Solution 4
Since 0 < Tpin < rmax < 1 and log(1/2) < 0, division reverses the first logarithmic

inequality and gives

Ymin 2 Ymax > 0-

If n = |w A 7], then

mm < Tpar < Mhax-

Because ds(w,7) = 27", this is exactly

dy (0, 7)min < p(w,7) < dy(w, T)max.

Each identity map between the two metric spaces is Holder, so the induced topologies
agree.

If 7 € [w|n], its common prefix with @ has length at least n, and therefore pgp (@, 7) < ().
If 7 is outside that cylinder, the common prefix has length less than n; its ratio is strictly
larger than r(,,|,). This proves the closed-ball identity.

Solution 5
The frequency hypothesis gives

logpw\n
— me(wx log p;) — — qulogpl

and
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—logr,
# = D fui@)(~logr) — = 3" glogr > 0.
1 1

Thus the ratio of cylinder log-mass to cylinder log-radius tends to the displayed quotient.
Solution 4 identifies weighted balls with cylinders, and the bounded one-step ratios show
that intermediate radii have the same limit. Under SSC, the bi-Lipschitz ball sandwich
(2.14) transfers this limit to Euclidean balls at x = 74(w). Hence the local dimension exists
and has the asserted value.

Solution 6

The contraction denominator is always log 3. If the frequency of digit 0 tends to 8, Solution
5 gives

—0logt — (1 —0)log(1—1t)

d,(x(@)) = o3

At a typical point, 6 = ¢, and this becomes

—tlogt — (1 —1t)log(1—1t)
log 3 )
For (02)*, 6 = 1/2, so the local dimension is

—log((1 - 1))
2log3

Solution 7

Uniform weights have entropy log N, while every contraction information is log(1/r).
Therefore

log N log N
sdim(p) = o8 o8 }

log(1/r)’ log(1/r)
The labelled similarity dimension tends to infinity with N, and the natural dimension is

at most d by definition. All maps have the same fixed point zero, so the invariant probability
is &y and dimyy g = 0 for every N.

dimy,¢(¢t) = min {d,

Solution 8

Stopping words are prefix-free. Let g be the longest common prefix of distinct u,v € Ay,
and write their next letters as i # j. Since q is a prefix of u™,

Tg 2Ty >t

The two cylinders lie in the images under S, of two different first-level pieces. Therefore

dist(Ky, K,) = 1y dist(S5(K), S;(K)) > 1,6 > 6t.
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If a radius-¢ ball meets m stopping pieces, select one point from each intersection. The
selected points are more than 8t apart. The balls of radius §t/2 about them have disjoint
interiors and lie inside the concentric ball of radius (1 + §/2)t. Comparing Euclidean
volumes gives

m(%)d <((1+5/20)°

which is the claimed bound.

Solution 9
Take a maximal r-separated set {x;, ..., X,,} in E. The balls B(x;,r/3) are pairwise disjoint
and, for small r, each has mass at least a(r/3)°. Hence

1> ma(r/3)°, m<a 13575,

Maximality makes the radius-r balls about these points cover E, proving the upper
bound for N,(E).

Conversely, suppose E is covered by m balls of radius r. Discard empty balls and choose
xj € E from each remaining intersection. The portion of E in the original ball lies in
B(xj, 2r), so

1< i V(E(Xj, 2r)) < mb(2r)’.
j=1

Thus m > b~ 127575, The two constants prove the result.

Solution 10

Let D = diam(K) and let § > 0 be the SSC gap. For all sufficiently long words, Ahlfors
regularity and K,, C B(x, Dr,) for x € K, give

pu = p(K,) < bD'r,. (10.1)

If v # u has the same length and g = u A v, then

dist(Ky, K,) = 6ry > 6r,- 2

ry.
max

Thus, with ¢ = §/(2rp.y), a ball B(x,cr,,) centered at a point of K, meets no other
level-|u| piece. The lower Ahlfors estimate therefore gives

ac'rt < u(B(x,cr,)) < py. (10.2)

Apply (10.1)—(10.2) to u = i". Constants independent of n bound

&n
"
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above and below away from zero. Taking nth roots gives p; = r. Summing over i yields
Y7t = 1, so uniqueness of the similarity dimension gives t = s(®) and p is canonical.
Conversely, T-1.8.06 says that the canonical measure is s(®)-Ahlfors regular.

Solution 11

Choose one map S¢ from each class. All maps in C equal S¢, so

D piS)ev =Y qe(So)sv.

ieA C
The two measure operators coincide. Their invariant probabilities are therefore equal
by uniqueness. The reduced IFS is SSC by hypothesis, so

dimgg i = ——D
- Ycqclogre
Put a0y = pi/qc- Since p; = qeagc)s

h(p)=—Y Y qctcloglgeaic)

C ieC
= h(@) + ), ach((ec)icc).
c

Equal maps have equal contraction ratios, and hence

x(®.p) =— > qclogre.
c

The labelled entropy/Lyapunov upper bound is h(p)/ y, while the actual dimension is
h(q)/ x. Their difference is the nonnegative conditional entropy term divided by y; with
strict weights it is positive whenever a class contains more than one label.

Solution 12

Terms with p; = 0 vanish from the measure operator. Thus the operator is exactly that of
the sub-IFS on A, with its strict restricted weight vector. T-1.7.04 gives uniqueness and
support equal to the sub-attractor K, . A sub-IFS of an SSC system is again SSC. Applying
T-1.8.05 to this subsystem gives

— Yien, pilog pi
—Yiea, pilogr’

If there is only one positive weight, the numerator is zero and the measure is the point
mass at that map’s fixed point, so the same formula remains valid.

dimyg p =

Solution 13

Write Q(x) = qRx + b. In the conjugate Q » S; e Q™ !, the scale ¢ from Q cancels the scale g~
from its inverse, leaving contraction ratio r;. The probability vector is unchanged. Hence
h(p), x(®, p), the measure similarity dimension, and the natural dimension are unchanged.
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The attractor of the conjugated system is Q(K). Moreover,

2 S)Qup) = 3 piQ o Sen

= Qs (Z Pi(Si)#ll) = Qs
i
Invariant-measure uniqueness gives F@p) = Qsfi(@,p)- Finally,

Q(B(x,r/q)) = B(Qx, 7).

The corresponding ball masses are equal, and log(r/q)/logr — 1. Thus local dimen-
sions, exact dimensionality, and the common exact dimension are preserved. Hausdorff
and packing dimensions are also preserved because Q is bi-Lipschitz.
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Solution 1.9.1

For u = u...u,, the chain rule gives

DS,(x) = DS, (Sy,..u, X) - DS, (x).

Each factor is a scalar multiple of an orthogonal map. Norms therefore multiply exactly:

n
a,(x) = H auj(sujﬂ___unx)'
i=1

J

If w|, = u, then S(uj - )(ﬂd”w) = o’ w. Hence
n—1 '
Spdp(w) = Z loga,,, (! w)
=0
= log a,(no" w).

This is (1.9.25).

Solution 1.9.2

For every cylinder [u],

sup Spp — sup Spi| < 1o — Yoo

[u] [u]

Thus

eVl Z,()) < Zy() < o=l Z,().

Take logarithms, divide by n, and pass to the limit to obtain (1.9.36).
For0 <A< 1,

sup S,(Ap + (1 — D)y) < Asup Sy + (1 — A) sup S,
[u] [u] [u]
Holder’s inequality for the finite sum gives

Z(p + (1= DY) < Zo(@) Zy ()1,
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After logarithms, division by n, and passage to the limit,

P(Ap + (1 — DY) < AP(p) + (1 — DP().
Taking ¢ =ty and ¥ = )y proves convexity of t = P(tyy).

Solution 1.9.3

For a similarity system,

Spd(w) = log T,y

It is constant on each length-n cylinder. Therefore

Zy(tg) = Z ry = (Z rit) :

ueA” ieA

Hence

Py(t) =log 1.
i
The pressure vanishes exactly when ) ;r’ = 1, which is the similarity equation from L7.

Solution 1.9.4

Let a; = |x; — y|, a; = |x; — ¥/, and let 0 be the angle between x; — y and x; — y. If a center
equals the common point y, there can be no other ball: that other ball would contain this
center. The bound is then immediate. Otherwise all these vectors are nonzero. Since
neither center lies in the other ball and y lies in both,

29 2 2 2
I — x;|° > af, |x; — x;|° > a5.
The cosine rule gives

a’

2 2
i +aj — 2a;a;cos0 > af,

so cos 0 < a;/(24;). Interchanging i, j gives cos 6 < 4;/(2a;). The smaller of these two
bounds is at most 1/2. Thus the associated unit vectors have mutual distance
lvi —vil = (2~ 2cos0)/2 > 1.

The radius-1/2 balls around them are disjoint and contained in the radius-3/2 ball about
the origin. Volume comparison gives at most 34 such vectors. Together with the singleton
case, this is the required bound.
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Solution 1.9.5

Letv =0,m,vy = 0,(1,m), and f = dvs/dv. The function f o 0 is measurable with respect
to 0! B(R?). For a Borel set D,

f°0dm=J fdv=vA(D)=J 1,dm.
6-1D D 6-D

Inverse images of Borel sets generate 0~'B(RY). The monotone-class theorem extends
the equality to every set in that sigma-algebra. Hence f o 0 satisfies the defining property
of E(14]6~'B(R?)).
Solution 1.9.6
The two terms inside the minimum agree when t, = log(B/a) > 0. Therefore

%) tO %]
J min{a, Be '} dt = J adt + J Be7tdt
0 0 )

= alog(B/a) + Be ™"
=a(1+log(B/a)).

Apply this with a = m(C) and B = By to each cell C in the layer-cake calculation.
Summing yields

Z m(C) + Z m(C)log By — Z m(C)logm(C) = 1 + log By + H,,(¢),
C C C

which is (1.9.54).

Solution 1.9.7

Let D be Borel. On [i], the coding identity gives

[i(]no 271D = [i] n 27 1(S(D N K)).

The restriction S; : U — S§;(U) is a homeomorphism, and S;(U) is open. It therefore
carries the Borel subset D N K of U to a Borel subset of S;(U), hence to a Borel subset of RY.
This proves PV o 1A, C PV A,

Conversely,

[1Nn7z7'D = [i] n o~ la~ (5 1(D n S,(K))).

The inverse image is Borel, which proves the reverse inclusion.

Solution 1.9.8
Write A; = 0~/ A,. By the chain rule,

H(Pv o 'P|Ay)) = H(P|Ay) + H(c™!P|P-hat v Ay),
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H(Pv o 'P|A;) = H(P|A,) + H(c"'P|P-hat v A;).

The second terms agree by (1.9.72). Hence

H(Pv o 'P|A)) —H(P Vo 'P|Ay) = H(P|A,)) — H(P|Ay) = h,.

Apply the same identity after one pull-back by ¢. Invariance gives

H(PVv o 'P|A)) — H(P Vo 'PlA)) = hy.

Adding proves the n = 2 case of (1.9.73).
For the requested information-level identity, put J; = I,,(P v 0'_1P|Aj). The same
cancellation and the pull-back rule give, almost everywhere,

Jh—=Jo=A7 Jo—Ji=Az°0, Lo—J=Ar+Aze0.

The two summands are functions, not pointwise constants h,. Invariance makes their
integrals both equal to [ A dm = h,.

Solution 1.9.9

Let the nonzero probabilities be gy, ..., g, where k < M. Gibbs’ inequality relative to the
uniform vector gives

k
9j
0< qulogm = qulogqj+logk.
J=1 J

Thus — )’ gjlogq; < logk < logM. Equality with logM requires k = M and equality in
Gibbs’ inequality, so every nonzero probability is 1/M.

At a point z, the vector (p,(z)) in (1.9.93) has at most N,(z) nonzero terms. Its entropy
is therefore at most log N,,(z) < logM,,.

Solution 1.9.10

Fore > 0,

Zm{|G|>en}§J@dm<00.
€

n=1

Invariance gives

m{|G o T"| > en} = m{|G| > en}.

For every M, the measure of the union of these events over n > M is at most the
corresponding tail of the convergent series, hence tends to zero. Thus |G(T"x)| < ¢n
eventually. Intersecting over rational ¢ > 0 gives G(T"x)/n — 0.

In Lemma 5.1, after the indices with n — j > N are controlled by the tail envelope Hy;,
fewer than N terms remain. Each is of the form (F, — F)(T" *x) /n for one fixed k < N;

the result just proved makes every such term vanish.
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Solution 1.9.11

If ripy1) <r <1y, then

V(B(x, 141)) < v(B(x, 1)) < v(B(x, 1))

First multiply v by a positive constant so that v(R?) < 1; this does not affect a local
dimension. All three logarithms of masses are then nonpositive, and all logarithms of
radii are negative. The radius-ratio hypothesis gives bounded logr, 1) — logr,, while
logr, — —oo; hence

log 141 1 logr 1
logr, ’ logr, '

Combining the monotonicity of the mass logarithms with that of the radius logarithms
gives the exact inequalities

log v(B(x, 7)) _ log W(B(x,1)) _ log v(B(x, 1))
logr,.1 ~ logr - logr,

The left endpoint is the level-n quotient multiplied by log r,,/ log r(,+1); the right endpoint
is the level-n + 1 quotient multiplied by logr(,11)/logr,. Both multipliers tend to one.
Taking liminf and limsup gives the two equalities in Lemma 6.3.

Solution 1.9.12

Let an effective symbol be L for original labels 0,1 and R for label 2. The effective IFS is
the strongly separated middle-third Cantor system, so the projected tail determines the
effective tail code. The original first symbol is independent of the tail under the Bernoulli
law. Hence

H(Plo ™ ot,) = —polog po — p1log p1 — pylog ps.

The full projected point determines whether its first effective symbol is L or R at every
point: the two first-level Cantor cylinders are disjoint, so there is no endpoint ambiguity
in this effective coding. Suppose first that ¢ > 0. Conditional on L, the probabilities of
original labels 0, 1 are py/q, p;/q; conditional on R, label 2 is certain. Therefore

p
H(P|sty) = —po log ;0 ~pulog

Subtracting gives

hy (o, Bp) = —qlogq — py log p,.

This is exactly the entropy of the effective two-symbol process.

If g = 0, then p, = 1; the symbolic measure is supported on the constant sequence with
label 2. Both conditional entropies and h,, are zero. This agrees with the final formula
using 0log 0 = 0; the intermediate conditional probabilities p;/q are not used in this case.
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Solution 1.9.13

A scale class is nonempty only if there is an integer k satisfying

o) et <2k

min =

Equivalently,

nlog,(1/rax) — 1 < k < nlogy(1/ryin)-

The number of integers in this interval is at most

2+n (logz(l/rmin) - logz(l/rmax)) =2+ nlogz(rmax/rmin)-

If every r; = r, all length-n words have ratio r"*; only one scale class is needed. The
packing estimate (1.9.152) then gives M, < C; uniformly in n.

Solution 1.9.14

Subexponential prefix multiplicity and (1.9.83) give

ha(o,my) = hy, (0).
The exact-dimensional formula (1.9.142) therefore yields

hmt (0' )
Xo(m)

dim(rz,m;) =
Rearrange (1.9.31):

b, () = Po(t) + t xo(my).

Division by yg(m;) > 0 gives (1.9.157). Att = sq, pressure is zero, so the right side is sg,
proving (1.9.158).
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Solution 1

Convexity and K(0) = 0 imply that the secant slope K(¢)/t is nondecreasing in ¢, with its
continuous value K’(0) at zero. Put t = ¢ — 1. Then

The negative of a nondecreasing function is nonincreasing, so H, decreases with g.
Since

, > a; log a;
K’(0) = Zl " = Zl: a;log a;,

one has

él_)rl} Hy(a) = -K'(0) = — Z a;log a;.

Solution 2
Fix ¢ > 0 and restrict to points at which
r®te < u(B(x,r)) < r* ¢
for all smallr. If g, > 0, then
p(B(x, )t > rs(ate),
If g_ < 0, the upper mass bound and the decreasing map y — y?- give
H(B(x, ) > -0,
Thus a maximal disjoint family of N, balls satisfies, respectively,

Nrrq+(“+8) < ﬂ”(q+, r), Nrrq*(a_g) < ﬂy(q_, r).

The reversal occurs exactly when the inequality u(B) < r®7¢ is raised to the negative
power g_. The covering calculation in Theorem 1.6, followed by ¢ | 0, gives both bounds
and hence their minimum.

387
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Solution 3

The pressure equation is

N
r—T(Q) Z plq = 1
i=1

Therefore
log ¥, pi Y pi log py
w(q) = ———, r'(q) = 2L =2
logr 0 plq) logr
Forg>0,q # 1,
Dy — log ¥; pf
¢ M (@—1Dlogr

At g = 1, ’Hopital’s rule or Solution 1 gives

pded ) 2 iDi logp _ —Yipilog P
ogr —logr
Solution 4
Fori=1,2,
logp; _log(1/8) 3
logr; log(1/4) 2
Fori =3,

logrs  log(1/5)  log5 2

logps _ log(3/4) _log#/3) . 3

Thus ¢, = 3/2, and its extremal face is the two-symbol face {1, 2}. Its dimension s,
solves

2(1/4)%+ = 1,

so sy = 1/2. Theorem 3.3 therefore gives dimy E,(3/2) = 1/2, not zero.

Solution 5

Differentiate

0= 6i(q)(log p; — 7’(g) logr;).

Since

0/ (q) = 6:(q)(log p; — 7’ (q) logr;),
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a second differentiation gives

0= 6(@)(log pi ~ ' (@logr) (@) ). (@) logr

This is the displayed formula. Its denominator is negative and its numerator nonnegative.
If 7 is affine on an open interval, then 7”(g) = 0 at any point of that interval. Every
6:(q) > 0, so every squared term vanishes:

log p; = 7/(q) log;.

Writing s = 7/(q) gives p; = r’; summing gives ) ;7 = 1. Conversely, if p; = 1,
substitution in the pressure equation gives 7(q) = s(q — 1), which is affine.

Solution 6

Set

A = Jg&odms, B, = J¢dms <0, A =T(q+h)—T(g).
Evaluate the pressure at g + h using mg:

0> hmq +(g+h)A; —T(q+h)B; = hA; — AB,.

Thus AB; > hA,. Division by hB; < 0 reverses the inequality and gives

=|>

<o
Bq
Evaluate the pressure at q using mg.:
02> hy +qAgin = T(@)Bgin = —hAgin + AByip.
Hence ABy,p < hAgyp, and division by hB,,p, < 0 gives

Agih
Ay Zath
h Bq+h

The negative sign of the geometric average B; causes both reversals.

Solution 7

Pressure zero at the tilted equilibrium state says
b (@) +4 [ Yoy ~7@) [ gmy =
Put A = fl//oqu, B= fgbqu < 0. Since a = A/B,

hy, = —qA + T(q)B.

The separated conformal entropy/Lyapunov formula gives
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hm,  —qA+T(@B A

dimy(7.my) = = 5 “93° T(q) = qa — T(g)

Solution 8

The ratio is

9+ (1-e)l.

When g < 0, €1 —» o as ¢ | 0, while (1 — ¢)4 — 1. Thus the ratio tends to infinity.
Bounded incidence controls how many pieces a cylinder meets, but it gives no positive
lower bound on the mass of each piece. One arbitrarily small grid-cut piece can therefore
make the negative-order grid moment arbitrarily larger than the cylinder moment.

Solution 9

For a tail cylinder [v],

m([u] 0o M [v]) = m([uv]) < Com([um([v]).

IfA= |_|;-<:1[vj] is a disjoint finite union, add these inequalities to get

m([u]l no ¥ A) < Cym([u])m(A).

The cylinder algebra generates the Borel sigma-algebra. Both sides are continuous under
increasing unions and decreasing intersections, so the monotone-class theorem extends
the inequality to every Borel A.

For a stopping antichain €, decompose 7~ E over the disjoint cylinders [¢]. On [u],

[u] N7 E = [u] n o Mz=1(S;1E).

Apply the tail inequality to each term and sum:

u(E) < Cp Yy, m([uDp(S; E).

ueg

Solution 10

Fix £. Repeatedly use the inequality with the second block of length £. Forn = kf +r,
0<r<it{,

Ar(CgAe)k, 1<r<H,

Agpqr <
ktar Ae(CfA{)k_l, r = 0,

The second line removes any need to invent an undefined A,. After absorbing the
finitely many factors into G, > 0,

log A, < logc, + log A,

lim sup <
n—oo n £
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This holds for every £. Let £ — oo along a subsequence realizing the liminf of ¢~ log Ag;
the ¢! log ¢, term vanishes. Hence

A log A
lim sup % < liminf 8 r

n n n n

so the limit exists. If all inequalities are reversed, use the same two remainder cases,
absorb their finitely many positive factors into a positive lower constant, and reverse the
limsup/liminf comparison.

Solution 11
The recursion makes t, positive and decreasing. Suppose t, — t > 0. Then

n
logb, = th >tn
j=1

for large n, while log(A,e”*") = o(n). Hence A,b,e”*" > 1 eventually, so the recursion
halves t,, at every subsequent step. This contradicts convergence to a positive ¢t. Therefore
t, — 0.

There must be infinitely many halving steps. At every index that triggers a halving, the
corresponding series term is at least one. Thus

Z Apbe™ = oo,
n

Monotonicity of ¢, gives

80 byyn < byby. Finally t; <t = ¢ gives b, < e

Solution 12

The sequence x = (%) tends to zero because 9% = 0 and w(p) — 0. Cesaro convergence
gives

n—1 n—1
1 1
=Y @) ==Y 5 — 0.
n n
k=0 k=0
Therefore the sum is o(n). If the one-step derivative comparison has logarithmic error
at most Cw(9%), multiplication along a word gives a total multiplicative error bounded by

n—1
exp (C Z a)(f}k)> = o),

k=0
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Solution 13
Let the side length be § = 27", Color the cube with index k = (ky, ..., k;) by

(ky mod L, ..., k; mod L),

where

L = [8Vd] + 5.

There are L? colors. If two distinct cubes have the same color, their indices differ by
at least L in some coordinate. Points chosen in those cubes are therefore separated by at
least (L — 1)8, which exceeds 4+/d 8. Thus balls of radius 2v/d § about the chosen points are
disjoint.

Each such ball contains its cube, so for a fixed color,

> Q) <Y u(Blxg. 2Vd 8)) < M (g, 2Vd ).
Q

Q of that color

Summing over L¢ colors proves the required comparison with a scale-independent
constant.

Solution 14
The chain is:

1. Two-sided quasi-Bernoulli supplies upper quasi-Bernoulli for g > 1 and lower quasi-
Bernoulli for 0 < ¢ < 1. Lemmas 6.5 and 7.2 give the two perturbed product
inequalities. Lemmas 7.3 and 7.5 then give the finite dyadic limit for every g > 0,
which is Theorem 8.3.

2. Lemma 8.1 uses ¢ > 0 to compare dyadic moments with centered disjoint ball
moments. It identifies the two spectra.

3. Since t > 1, the upper quasi-Bernoulli half of Lemma 7.5 gives the upper ¢t-Gibbs ball
estimate (1.10.193).

4. Lemma 8.2 supplies a finite concave all-real lower packing spectrum. At differentia-
bility, Lemma 5.4 uses the upper Gibbs-ball estimate and the neighboring exponents
t = u to show that the auxiliary measure is carried by E, (¢’ (¢)).

5. The local dimension lower bound for that auxiliary measure gives dimy E, (¢’ (t)) >
t7’(t) — z(t). Theorem 1.6 gives the reverse inequality, and concavity identifies this
value with the full Legendre infimum.

No step uses a separation condition or uniform bounded distortion; the geometric input
is the e°™ pull-back comparison of Lemma 6.5.
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Solution I.11.1

Put g(z) = f(z) — z. Since E¢ > 1, g(1) = 0 and g’(1) > 0, so g(z) < 0 immediately to the
left of 1. Also g(0) = P(¢é = 0) > 0. If g(0) = 0, then zero is the second root. Otherwise
continuity gives a root in (0, 1).

The supercritical hypothesis forces P(¢ > 2) > 0, so f, and hence g, is strictly convex
on (0,1). A strictly convex function with g(1) = 0, negative values immediately to the left
of 1, and a nonnegative value at zero has exactly one root in [0, 1). Thus there are exactly
two roots counting 1.

Let gy = 0 and g, ; = f(gy)- Since f is increasing and q; > qq, induction gives g, 1 > qp-
The sequence is bounded by one, so g, — ¢, and continuity gives f(q) = g. If a is any fixed
point in [0, 1], then gy < a and induction gives g, < a. Hence g < a, so q is the smaller fixed
point.

Solution 1.11.2

Assume j < k. Since A; is F;-measurable and F; C F_,

E(AjAr) = E(AE | Fi-1)) = 0.
Thus the differences are pairwise orthogonal. Since M, — M, = Y., Ay, Pythagoras
in L? gives
n
EIM, - M,* = > E|A%
k=r+1
Also
n
E|M,[? = E[M* + ) ElAc.
k=1
If the left side is uniformly bounded, the series of nonnegative difference norms con-
verges. Its tails tend to zero uniformly in n > r, which is exactly the L?-Cauchy property.

Solution I.11.3

The generating function is

393
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f(x)=1-p+pzt

Its fixed-point equation factors as

f@@)—z=(z-1D(pz— (1 - p)).
Thus

1-p
g=—=<1.
p

Moreover,

m = E& = 2p, 02 = E& —m? = 4p— 4p? = 4p(1 — p).
Formula (1.11.20) gives

4p(1 -
lim Ew? = 14 —PAZP) 1
n—>co 2p2p—-1) 2p-—1

All denominators are positive because p > 1/2.

Solution I1.11.4
Writing g, = EX?, recurrence (1.11.45) and g, = 1 give

n—1 n

CInzc"+BZc/:c”+B <.
— 1—c¢
Jj=0
Because 0 <c <1,
EX2 = lim g, = —.
@ n—>°0q” 1—-c

This is at least one, as it must be since EXj, = 1; that inequality also follows by taking
the limit in g, > (EX,)? = 1.

Solution 1.11.5

For a first-level label i, the definition of Q and the cylinder formula give

Qr(l; = i) = E(1gea, i Xi) = P(i € A = 6.
For a word u = uy --- u, with positive cylinder probability and a label i,
n
QrUlnsy = ui) _ [Tj=1 0,0 _o
QT(I|n =u) H;l:l ‘9uj v

Thus the next label has the same law independently of the past.
Finally, for a Borel set C,
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Or(Xy, €0) = > E(lyeryaXulix ect)

lul=n
n
=E(Xppx,ec) D, [ 16
juf=n =1
= E(Xp1x,ec})-

This is the claimed size-biased law.

Solution I.11.6

Let D = diam K. Independence along words gives

E Y (Dr)' = D'ot)".

ueT,

Since t > s, ®(t) < 1, and therefore

EY Y (Dr) =D' ) &) < .

n>1u€eT, n>1

Tonelli implies that the nonnegative double series is finite almost surely. In particular,
its generation-n term tends to zero. The sets S,(Kg), u € T, cover Kr, and their maximum
diameter is at most D(max; ;)" — 0. These covers are admissible in the definition of %,
and their t-cost tends to zero. Hence %'(K7) = 0.

Solution I.11.7

Given #,, the descendant environments of the Z, retained cubes are independent copies of
the root environment. Each survives with probability ¢ = 1 — g. Therefore

Vo | F, ~ Bin(Z,, 9).
Conditional Chebyshev gives

(1 -9
]P(an _‘9Zn| > EZn | g:n) < ¥
27,
On S = {W > 1/k}, eventually Z, > m"/(2k). Intersect the deviation event with this
lower bound, integrate the conditional estimate, and sum:

n
Z]P(an —9Z| > eZy, Z,> ’"—) <Cop Yom™ < oo,
n 2k ’ n

Borel-Cantelli proves convergence of the ratio on Si; the union of the S is survival
modulo null sets.

The count Z, includes retained cubes whose descendants later become empty. Such
cubes need not meet K, so selecting one point of K from each retained cube is impossible.
The live count V,, is what supplies the separated covering lower bound.
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Solution 1.11.8

Let Ay = Xgvr on the full symbolic space, set equal to zero on extinction. For a word u of
length n,

EAr([u]) = E(1yenm "X,) = p"m™" =b7".

Finite unions of symbolic cylinders form a generating algebra. Thus EA; is the uniform
b-ary probability on all symbolic Borel sets. Push forward by ). Its image is Lebesgue
measure, so EAT(A) = & 4(A) for every Euclidean Borel set A. This order avoids assuming
zero boundary mass before proving it.

If H is an M-adic boundary, then Z%(H) = 0, hence EAr(H) = 0. Nonnegativity implies
Ar(H) = 0 almost surely. A countable union over all generations has the same property.

Solution 1.11.9
From

b
Your =670 Y Wi,
i=1

the diagonal terms contribute b~ 'EW? EY??, while the b(b—1) ordered off-diagonal terms
contribute (b — 1)/b. Thus, with a = EW? /b,

b-1
Gn+1 = aqp + T’ q0 = 1.

Consequently,

_an+b—11—an
an b

1—a
whena # 1,and g, = 1 +n(b — 1)/b when a = 1. If a < 1, this sequence is bounded. If
a = 1, it grows linearly; if a > 1, it grows exponentially. Since b > 2, this proves

supEY2 <00 < EW?<b.
n

Solution 1.11.10
Partitioning the Peyriere integral over first-generation cubes gives

b

QW €C) = Y b EW¥1gyecy)
i=1

= E(Wlgyecy),
because W, and Y; are independent and EY; = 1. At generation n, the same calculation

gives

Q(Yy, € ) = E(Y 1yyecy)-
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Taking C = [0,e™*") yields

Q(Yy, <e™)<e .

Taking C = (e, ) and using Y1y~ < t71Y? yields
QYy, >e") < e "EY?.

Solution I.11.11

Take 1 < £ < n. If A > MY, the desired bound is trivial with a constant at least A. Otherwise
fix an offset a with 1 < a < A < M". If adding a propagates through at least ¢ digits, then
the residue of j modulo M* lies among the final a residues

Mt —q, ... M —1.

There are at most a[M"/M"] < 2AM" ¢ such j, when ¢ < n. For a negative offset, the
residue must be among the first |a residues, giving the same bound. A union over the at
most 2A nonzero offsets gives probability at most Cy4_ vM™t. Indices leaving {0, ..., M" — 1}
can simply be discarded and only reduce the count.

In d dimensions, union over coordinates multiplies the constant by d. With £ = [en],
the probabilities are summable. Borel-Cantelli and a countable intersection over rational
€ > 0give R,/n — 0.

Solution 1.11.12

The variable Y,, is measurable with respect to weights strictly below the vertex v. If u = v
have the same length, that descendant weight family is disjoint from:

1. every weight on the path from the root to u; and
2. every weight strictly below u, which determines Y,,.

Tree-indexed independence therefore makes Y, independent of

,U(Qu) =b™" (H Wu|j> Yu,
=1

even if the two paths share an arbitrarily long proper prefix. Consequently,

E(p(Q) Yy >n) = En(Q)P(Y > 1) <b ™.

For v = u, summing gives at most t 'EY?2. There are at most Jb" neighboring ordered
pairs, so

EY? +
Q( max Y, > t) < J
vey ()
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Solution 1.11.13

At level n, a word contributes to the deletion cascade exactly when it is retained. Every
retained path has weight product p™". Therefore

Y,=b""p""Z, = (pb)"Z,.
The equal-ratio weighted branching sum has r;, = M~ = (pb)™", so
X, =(pb)™"Z, =Y,.

Apply the same computation in every descendant environment and pass to the L? limits
to obtain X, =Y, for every word on one probability-one event. Hence, for retained u,

HQ) _ (MY, mx,
Y Y Xo

vr([u]).

Grid boundaries have zero mass, so equality on cylinders proves equality of the two
Borel probabilities.

Solution 1.11.14

Statement (.11.165) has the form

P(w : V¢, E(w,0)} | K # @) =1.

Statement (I.11.167) has the form

Vae R\ {0})*, P{w : E(w,a)}] all factors survive) = 1.

The universal quantifier lies inside the probability in the first statement and outside it
in the second.

For a concrete example, take Q = [0, 1] with Lebesgue measure and, for a € [0, 1], let
E, = Q\ {a}. Every E, has probability one, so VaP(E,) = 1. But

N &-o
ag(0,1]

and therefore P(Va E;) = 0. This is why a source’s for-each-fixed-parameter statement
cannot be silently upgraded to a common event over an uncountable parameter set.
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S-1.12.01 — A concrete weak metric

Every summand is nonnegative and symmetric, so the same is true of d. The triangle
inequality follows term by term. If d(y, v) = 0, then

ijdu = ijdv G>1). (S112.1)

For f € C(K), put a = max{L, | f|e}. Choose f; with |[f/a — flw < &/a. Then

‘dey—dev ijdy—ijdv

Letting ¢ | 0 and using Riesz uniqueness gives p = v. Thus d is a metric.

If p, — p weakly, each fixed summand tends to zero. Split the series at J: its finite head
tends to zero, while its tail is at most 2j>] 27J. Hence d(,, 1) — 0.

Conversely, if d(p,, 1) — 0, then the integral against every f; converges. Approximate
an arbitrary f/a by one fixed f; as in (5.1.12.2). The two approximation errors are uniform
inn, so [ fdu, — [ fdp. This is weak convergence.

<2+a = 2¢. (SIL12.2)

$-1.12.02 — A periodic empirical distribution
Let the orbit have period dividing g and define

q—1
P=L1%5, (S.112.3)
q9 =0

Write N = kg +r,0 <r <gq. For f € C(K), complete blocks contribute k3, f(T2),
while the remainder has absolute value at most ¢| f|l.. Therefore

2 00
‘ J fdAL(z) - J fdP‘ < q%n —0. (S.1.12.4)
Also
12
T.P== 8y, =P, (S.1.12.5)
q j=0

because T9z = z cyclically permutes the summands.

399
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$-1.12.03 — Flow averages over shifted intervals

For f € C(K), the symmetric difference of the intervals [0, R] and [ag, ag + R] has length
at most 2|ag|. Hence

2|ag|

[ rdara e~ [ rania| < %

This is weak convergence of the signed difference to zero.

< Iflec — O. (S1.12.6)

$-1.12.04 — Tangents of Lebesgue measure

Translation and scaling give

(T ) 24 = rizd. (S112.7)

Thus every tangent sequence has the form

e,ri . (S112.8)

If it converges vaguely to a nonzero Radon measure, testing against one nonnegative
fe C.(RY) with positive Lebesgue integral shows that cr? — ¢ for some finite ¢ > 0.
Testing every other compactly supported continuous function then identifies the limit as
¢Z?. Since the limit is nonzero, ¢ > 0. Conversely, choosing ¢, = cry,; 4 realizes every e
Therefore

Tan(Z%, x) = {cZ? : ¢ > 0} (S.L12.9)

S-1.12.05 — Existence under Ahlfors regularity

Choose any 1, | 0 and put A, = A, . If p has Ahlfors constants c, C for all sufficiently small
radii, then for fixed R > 1 and all large n,

2, (B0, Ry) = B R C (S112.10)
H(B(x,1)) ¢
Use the countable test family with cutoffs from the proof of L-1.12.02. For each test
supported in a fixed compact ball, (51.12.10), with a slightly larger radius, bounds its
integrals uniformly for all sufficiently large n. Each of the finitely many earlier integrals is
finite. Diagonal extraction thus makes the integrals of all countably many tests converge.
Uniform approximation on a common compact support and the same local mass bounds
make the integrals of every f € C.(R?) converge along that subsequence. Their limits
define a positive linear functional L with |L(f)| < G, fle When supp(f) € B(0,m). The
allowed locally compact Riesz theorem gives a Radon measure A representing L. Hence
Ap, — A vaguely. Moreover,
An(B(O, 1/2)) = M > c
pB(x.r)) — C
Choose a nonnegative compactly supported function that is one on B(0, 1/2). Equation
(S.1.12.11) shows that the limit is nonzero. Hence A € Tan(y, x).

275, (S112.11)
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$-1.12.06 — Why the boundary-null clause is necessary

Vague convergence of Dirac masses gives

Because 1 + 1/n lies outside B,
Np(A,) = 8. (8.1.12.13)
But B is closed and contains the boundary point 1, so
Ng(X) = %(50 +8)). (S112.14)
Thus normalized restriction is discontinuous here. Exactly the new mass on 9B = {1, 1}

causes the failure.

$-1.12.07 — The scenery of Lebesgue measure

For a Borel set A C B,

((S)(T). ZN)(A) = e 24 (A), (S.1.12.15)

while

L4 x+e'B) = e U F4(B). (S.L12.16)
Therefore, with mg = £%|5/ £ (B),

(DG, = mp, (L) 2R = Oy (S.1.12.17)

The unique tangent distribution is p,,,.

$-1.12.08 — Support pairs are not closed
Since v,({w}) = 1/n > 0, every open neighborhood of w has positive v,-mass. Hence
w € supp(v,). Weakly,
Vg — & (8.1.12.18)
Because w # 1, some cylinder contains w and excludes ; that cylinder has zero §,-mass.
Thus o ¢ supp(d,). The example invalidates any claim that the support-pair subset of
P(2)xX is closed, and therefore invalidates compactness arguments based on that claim.

$-1.12.09 — Composition of components

For Borel A C 3, use the definitions twice:
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vu(vA) _ v(uwvA)/v([u])

(uu(A) = v(VD ~ v([wv])/v([u]) (S112.19)
_ v(uvA) e (4) L12.
v([w])

For an admissible pair all prefix masses are positive. Apply (S.1.12.19) inductively while
deleting one symbol at each application of M; this gives

M (v, w) = (v, 0" ). (8.1.12.20)

$-1.12.10 — The exact small-cell identity

Adaptedness permits sampling v first with law Q and then w with law v. For fixed v, the
selected first symbol is i with probability v([i]). Therefore

Qlg<a}= J > (i) dOW). (S.1.12.21)
i:v([ih<a

There are at most #A summands, and every displayed summand is less than a. Hence

Qg < a} < (#A)a. (S.1.12.22)

$-1.12.11 — Closedness of adaptedness
Suppose v — v. Add and subtract the integral of F(v,n) against vj:
|Jr(vi) — JrW)| < sup [F(v, ) — F(v, )|
n

|| Fom ) - | Foan v N

The first term tends to zero by uniform continuity on the compact product; the second
tends to zero by weak convergence. Thus Jr is continuous.
If Qy are adapted and Qp — Q, their first marginals converge. Passing to the limit in

JFko = J JrdQy (S1.12.24)

gives the same identity for Q, so Q is adapted. The adapted set is closed inside compact
P(Ys), hence compact.
$-1.12.12 — Bernoulli scenery and entropy

For words u, v,

_ Bp(w])  pyp,
~ B py

Cylinders determine the probability, so every positive component equals f,,.

(Bpu(lvD) = pv = Pp(lvD. (S.1.12.25)
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For a typical sequence, the strong law gives

n

n
1 1
—log By([ln]) = — D log pu, —> D pilog pi = —h(p) (S1.12.26)
j=1 i

A radius p" ultrametric ball is a prefix cylinder up to one harmless index. Dividing
(S.L.12.26) by log(p") = nlog p proves

 logfp(Bg (@.r))  p(p)
im -

= S.1.12.27
rlo logr |log pl ( )

almost surely.

$-1.12.13 — A boundary-null tangent computation

Lebesgue measure gives zero mass to 9B and ¢c& 4(B) > 0. L-1.12.04 therefore gives

z4 74
L. s _ Z"Is (S1.12.28)
o cF4B) ZL4B)
The tangent scalar c disappears under probability normalization.
$-1.12.14 — The canonical Moran energy threshold
The Frostman estimate is
u(B(x,r)) < Cré. (S.1.12.29)
For 0 <t < s, layer cake gives
K =t [ [ B dr duco)
0
1 00
<iC J -1 g J' 1 g, (S.1.12.30)
0 1
= £ +1 < oo,
s—t
Finally, p; = 17 gives
h(p) = — Z 1 log(r?) = —s Z 1 logr; = sy(p). (S.1.12.31)
i i

No dimension theorem is used in this algebraic identity.
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